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.o Pasch Geometries

Def : We say that a
metric

-

geometry (B ,
2
,
d) satisfies

the

Pasch Postulate (PP) if given
-

a line ,
a triangle DABC ,

and a point Don
& with A-D-B,

then either MACF & or 1C + ↑

C l

--A ⑧

⑲ I-B
Spicture has ent + 4)



It turns out that in metric

geometries the Pasch Postulate

is equivalent to the
Plane

separation axiom .

Millman/Parker (pys 79-80)

they give an example of

a metric geometry
called

the Bystripplane

that doesn't satisfy

the PP or PSA .



Theorem (Pasch's Theorem /
-

If a metric geometry (8,2, d)

satisfies PSA , then it
satisfies PP .

Prof
: Suppose we have

a

Metric geometry (B, 2 ,
d) that

satisfies PSA .

Let DABC be a
triangle ,

le1 with
Del and A-D-B .

We will show that
either

MEC dur Ec d.

-
A-D ⑧ i
·

Los



el
:

Suppose &MEC F % .

Then we're done .

Case 2 : Suppose MEC = b .

-

We will show this implies MBLEd .

CWe know Atl

Since MAC = & o
-

A*
e

and A EAC D

Why is BEC ?

suppose Bel . B

Then Del and Bel
and

DFB (because A-D-B) gives

that I
= BB

.

But AEIB Since A-D-B .

contradiction Since Atl
.



Thus .

in
A-D-B

FDEAB1 &I
HW7

By the PSA
,
A and B are un

#6
opposite sides of l .

Note that CH Since EC = 4 .

Since A
,
Ce and MAC = d HW7

we know A
,
c are on the #6

same side of & by PSA

Since A
,
B are un

opposite sides of & D

and Ac me on theA



same side of 1 , we HW7
know B

,
2 one On

# 8
opposite sides of .

I
Mus

,
BCRlF4 .J

#
-

Theorem : Let (2,2 , d) be
-

a metric geometry
that

satisfies Pasch's Postulate
(PP) .

Then it satisfies
PSA .

# See notes .

#



Def: If a metric geometry

(8, ,
d) satisfies the PSA

Cor equivalently PP) then

We call it
a Pasch geometry .

-

Ex: Two examples of
Pasch geometries are the

Euclidean and Hyperbolic

planes .

-



TheCrossbar Theorem

Hef: Let (2,2 , d)
be a metric

geometry .

Let A ,BE

with AF B .

them
of the ray

#B is

int(AB) = AB - [AY
o
A

-

Theentrof the segment
AB

is int (B)
= AB- [A ,BY

-
-B
A



Def : Let (8,2 , d) be a
-

Pasch geometry .
Let A , B ,

C

be noncullinear points
from B .

The Her
of LABC ,

denoted by int(ABC) ,

consists of the
intersection of

the side of B that contains (

with side of
BC that contains A .

side of BC that
contains A

A A↑ -· ⑧

R - ~
⑧I xW
· ot 38
I dA 2

⑧



!)(inst



Therem (Cross-bar theorem)
-

Let (8, 4 , d) be a
Pasch

geometry . Let A ,B ,C ,
P - G

where A , B ,C
are noncollinear .

If Pe int(LABC) , them

there exists
a unique point

FE where A-F-C

=
8

C

*f
: See notes




