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Theorem : Let n be
-

an integer withM, 2.[Then, n can be written

as the product
of one

Or more prime S

EXi
-

n = 120 = 2
: 2 :2 : 3 : 5 is

the product of five primes[-n = 2 is the "product"
of one prime



Iroof by
strong/complete

Induction:

Let S(n)
be the

statement :

In can
be written

as

the product of
one or

more primes .

"

When n = 2 ,
the statement

S(2) is "I can
be written

as the product
of one or

"which is true

more primes

since n = 2
is prime.

Let k be an integer

with RT2 .



Assume S(n) is true ] induction
for all 2IRCR

hypothesis

E : If k= S
,
we are assuming#S(2) , S(3) , S(4) are true , ie2

, 3 , 4 can be
factored into primes

al: Show S(k) is true ,
ie

R is the product of one or

more primes .

el: Suppose k is prime.

Then k is the product
of one prime and so

S(k) is true.



ce2 : Suppose k is not prime.

This implies there is a positive

divisor w of R where

WF1 and WER .

So , 2WCR .

Then ,
k = wz for some

positive integer
z.

If z = 1
,
then w = R which

can't happen.

If z = R , then
w = l which

can't happen.

So , 2[z
< R.

Since 2w < k and 25ZR



we know S(w) and S(z)

are true

So
,

W = P , P20 Pr

and = 9 , 920
· As

where PiPzs- Pr , 192)" ; As

are primes.

Then

k= wz
= P , Pz .. Pr 9 ,92

.. As

is a product of primes .

So , S(k)
is true.

By magical
powers

of induction

Scal is
true

for all,
2.

#



Semma: Let x, y ,ze]

with XF0 .

If x(y and x((y + z),

then XIz.

↓

proof :

Suppose xly
and x((y + z).

Since xly we know y = X &

where REX.

Since x/cy + z) we know

y + z = xl for
some lER.

Consequently,
z = xl - y = xl

- xk



= x(l - k) .

Since &
,
REZ we know l-kEX.

Soz = x(l-R) implies

that XIE.

=



Theorem (Evclid)
-[There are infinitely manyprimes .

I
roof by contradiction

:

Suppose there
are finitely

many primes PisPus ..., Pr

Let

N = P ,R ... Pr
+ 1

online
N = 2 . 3 . 5 + 1 = 31
-



Our previous theorem
tells

vs that N has at least

one prime divisor .

So at least one of the

PlsP2 , ... Pr
will divide N.

WLOG (without loss of generality

assume P , IN.

So
, p . /(iii+ 1)

N

But also Pil PiPz : " Pr

The lemma gives then P . /I .

Then P , = /



This can't happen since

p , is prime ,

Contradiction .

So there must be an

infinite # of primes.

-

takulusmethoda ent
2 log(log (n)) -
2[p > n
p Prime



-

Ex: n = 6

2 = z + ( + 57(oy(log(6))
- 1·2[PS6

Let n=

[7X
P prime~
this sum diverges

+ + - + - + E + + + . .
2

minfinite# of primes.


