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Aroof
of theorem from Monday

Let a
,
b
,
>EX where

a and b are not
both zero .

Let d = gcd(a , b) .

①
() Suppose there

exist

integers X and y
where

ax + by = c .

Our goal is
to show

that &k .

Since d= g(d(a , b)
we
know

that dla anddlb .

Thus
,
a= dk and

b =d

where R,&EX.

Plug these into axtby = c



to get dRX + dly = C .

So
, d[rx + 1y] = c
-

this is an integer

Therefore
,
d/c .

(0)
Now assume

that da.

Our goal is to
find x,ye

where ax
+ by =

c.

Since dlc we know c =am

where me
&.

know use

Since d = gcd(a ,b) we Euclident

axo + by . =
d J algorithm

for some X .,YoEX.

Multiply by m to get



a(mXo) + b(my) = dm

This gives

ax + by = c

Where X=MXo, y
= Myo-

-
② Suppose axtby = c

has integer
solutions .

for
Let's find

a formula

all of
them.

Let (xosYol
be a particular

solution , that
is suppose

axotby.= a
where XocYoEl

Our goal is
to show that

every solution
is of the form



X = X
.

- t(5)

y = y . + t(q) Y(x)
Where At

Let's first check that (* )

gives a solution by plugging

it in .

We get :

ax + by
= a(Xo - t(z)) + b(yo + t())
= axo - t() + by + t()
= aXo + by

= C



But why does (* give
us

the solutions ?

We are assumingby
.

= c.

Suppose we have
another

solutionby=

Subtract to get

a(x - Xo) + b(y - y)
= 0

Thus
,

b(y -y) = - a(X
- Xo)

So,
b(y - yo) = a(Xo - X)

Thus ,

(y-3) =(x-x) (*



-

I because da , alb2d = ycd(a ,b)

(** ) tells us that 1y-30)
From a previous

theorem wa

know that ged (*
= 1.

From another previous theorem

Since gad() = 1 and

· Ely-20) we know

that G((y -yo).

Thus
, y-yo

=At
Where teZ.



Sot()
Plug y-y . =A(q) into (

**/

to yet :

[t(z)) = (x
.

- x)

So
,
A(z) = Xo- X.

This(
So every solution

of axtby= c

is of the form (* ).
②

&Followsat
=



#: (HW2 #4(f)

Solve

+17 y = 22
Let
d = gcd(39 , 17) .

Evclidean algorithm time
-

= 2. +5
# = 3 .5+e
5 = 2 .2 +⑪

E = 2. + 0

aboveto solve 39Xo + 17y=/

Rewrite above with remainders on lefde.



J5 = 1 :-2 . 17[ F

2 = 1 .F-3 .⑤
1 = 15-2. ⑰
We get

F1 = 1 . 5- 2 . 2

=--
= 1 . (152·) - 2 . (1-3)
= 1 .-4. + 6.
= 1 .59-4+6)
= 7 .-16.



Mus= 39(7) + 17) - 16)

Multiply by 22 to get :

22 = 39(154) + 17)
- 352)

Thus

39X
.
+ 17 % = 22WWhere Xo = 154 , y = -352

Every solution to

39x + 17y = 22

is of the form

X = Xo - t(z) = 1S4 - t()
y = y . + t(z) = - 352 + t(3)



That is, any solution is of the

x = 154 - 17t-y = - 352 + 39t

Where t is any integer


