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Topic 3- Fundamen talIWTheorem of Arithmetic

Previously in Math
4460 :

-[p PrimeIf plab , then pla or plb

Theorem : S uppose p is prime
-

and a , az , ..., an
EZ
,
n, 2[If pla , 92.

· an ,
then

there exists i where

Plai Chere(in)



A proof: Let p be prime.
CP is fixed through the proof]

Let S(n) be :

"If pla ,ae . an where

al , ans ..., an EX ,
then therecexists i where planand 1 In"

We will induct on n32.

We've already proved
the

base case when n
=2 :

Inthen pla ,
or plan"



Let's induct !

Assume S(K) is true for

some R, 2.

Let's show SCR + 11 is true.

Suppose pla ,a ... apar+
Where a

, az , ..., Apart
EX

.

Thos
, pl(a , az ... am) ar+

By S(2) we get either

pla ,acam or plant .

:Suppose pie



·iwherePlanand
kea

Cae2: Suppose plant

Then , set i
= k+ 1.

So
,
Sch+ 1) is true.J

In either case S(RH1
is true,

By the magical powers
of

induction we
have

theorem.
proven the

- Lannecani//I*ON!=
- &

/1111111111



Theorem: (FTOA)
Let neZ with n> 2 .

Then, n factors
into a

product of one
or more primes.

Moreover, the
factorization

is unique apart
from the

of the prime factorsordering
-

#: n = 300
same

300 = 2 . 2 . 3 . 5 . 5 factorization

just the

= 3 . 5 . 2 . 5 . 2
ordering
of the

= 5 . 5 . 3 - 2 - Z &
Primes is

different
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LetneZ with n, 2.

Previously , we
showed that n

can be factored as the product

of one or more primes .

We now prove
the uniqueness

of such a factoring.

Suppose , by way
of

contradiction ,
that n

has two different
prime

factoriza tions

By dividing off
the common

factors this would imply that

P , 42" Pr
= 9 , 92 Em (*)



where P is Pas ... Pr , &192 , ... Am
are primes and Pe#95
for all is j.

Explanationof above

S upposen factored in two ways.

n = Si Sot . U . U - w two
factorizations

n = S . U . Y - Y . ZF
I So, S · tonew = yoy - Z I
~ -

PiPzPs · PY 9 . 7273~



(Back to Proof
Equation ( # ) tells us that

P: 19 ,72: "Am

By the previous
theorem

P , 19 ; for
some 1jM.

Since q; is prime either

P, = 1 or p ,
= 9;

We can't have p ,= 1 since p ,
is prime.

So
, P , = q

This contradicts the
above that

said P, 9·

Thus
,
the factorization

of

n is unique.



#
Let X, y , zE2

with X # 0.

Prove: Xlyz iff gys) *
-
mmmm-

of:
Let d = gcd(X,y) ,

C) Suppose x /Yz
.

&Then
, yz

= Xk where RER.

Divide by d
to get

(2)z = (*)k
u
- Sadie-

are integers1



Recall that god(E)=When d = gcd (x, y).

We have that * (3)
and gcd() = 1

,
so

by another theorem from
-

Glaswe get thatE.

If clab and gcd(cal =[thenclb
Done !

# Suppose EE .

Then
,
z = ( *) & where ReX.

So
,
dz = X 1 .



Since d = gcd(X ,y) we
know dly.

Thus
, y

= am where meI.

Multiply dz =Xl by m

toyetz = x(ml)
Y

So
, yz = x(ml)

Then
,
XlyZ.

-#-


