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Topicscontinued ... )

has a multiplicative inverse,·then it's unique inverse
--I

will be denoted by a

Define

= &En)hasive
⑭em = St2n/gcd(a,

n) = 1)
L



# Let calculateTo
We have
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,a)

gcd(0, 10) = 10 + 1 gcd(5, 10) = 5 +

,10) = 1 gcd(6,
10) = 2 + 1

g(d(2, 10) = 2 + ⑫(10)= 1

3,
101 = / gcd(8

, 10) = + /

scd(4 , 10) =2) =

T,
E

,a)

T" = T because ToT = T

5= 7 because 5 . F= =T



= 5 because

5= 5 because 5 . % = 51 = T

-
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In is a group under tEngroveunder

Waring(t,
%)
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⑳ a

,
b > 0

,
X = gcd(a ,

b)

y = gcd(a ,
a + b)

Prove: X = Y
-

rot: Since X = gcd(a ,
b)

we get X/a and x1b .

So
,

a = X l ,
b = x m where m

,
leX.

Thus,
a + b = x/l + m)

So
,

x)(a + b) .

Thus
, x/a and x/(a+ b) .

So , x is a common
divison

of a and a + b.

But y = gcd(a , a+b) +

So
, X1 #



⑪ a
,

b, > 0

If g(d(n, b) = 1 and cla

then gcd(b ,
c) = 1.

~oot : Since ged (a , b) =

We get ax + by = 1 where

⑭2
Since cla we get a = ck where

REZ-

Thus
, c(kx) + b(y) = 1.

Since <Xotbyo = 1 has an IW

integer solution we get3ecd(c , b) divides I.

(b)
=1



Ex: Let's calculate
and every elements multiplicative
inverse .

215 = [0 ,
i
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5

, . . . ,3,4)

gcd(0,
15) = 15 F) 5, 15) = 1

, 15)= 1 g(d(9 , 15) = 3 + /

2, 15) = 1 gcd(10,
151 = 5

g(d(3, (5) = 3 F) ,151 = /

9 (d (12 ,
15) = 3 +

4,
15) = 1

(13,
151 =

=gcd/S , 151 = 5 # /

(14,

151
g(d(6 , 15) = 3 +

,, E, ,
T1,3,4)
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=T3 &T
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T3 = 7[
T . T = 121 ⑮it-
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Multiples of IS Z-5
,

30, 45,
60,

75
,

90
,

los
,

120 ,

150
,

165
,

180 ,
19.,

T4 . T4 = F : F =T
T

~odis

act: If p is prime ,
then

Ep = E,
T

,

z

, ..., ]

Z = ET,
z, ..., ]

(because gcd(a , p) = ) if (a = p - 1)



Ex: 2z = [,
T
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Z = 5 T,
2

,
3

,
4

,
5

,53

Because7 is prime
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-[Ep is called a field

When c is primeI



Theorem: Let neZ with n2.

Then
,
In is closed under

multiplicationn.

That is
,

ifa,
JE **

en2

Then at and 5
"

exist.

Let's show at has a

multiplicative inverse.

We have

( . 5) · (5 +)

== J . T : a

T = n .
"

=T



So
, ( · 5)" = %a

Thus
,

2. To has a multiplicative inverse.

And so , a : be EnY
--

Hem: Let p
be prime.

Then the only elements

of I that are
their

own inverse are T and FIF .

A prof:

We have T . T = T and

F .
=T

.

So
,

T and =

-
are their own inverse .

1-



Why are these the only ones ?

Suppose EZ is it's own inverse.

Then
,

T . =

T

.

So, =

T

.

Thus
, x* = / (modp),

So
, pl(x= 1) .

So
, p((x+ 1)(x - 1) .

Since p is prime we get]ip((x + 1) or p((X - 1) ↓

So ,
T

1) = -1 (modp) or X = /(modp) .



So either

T = Fork = T
.

So
,

T andFl
=

are the only elements

with their own inverse.

--


