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Test 2

-



Theurem : Let G be a

-

group
and HEG .

The operation

(aH)(bH) = (ab)H

on the left cosets is

well-defined if and only if

is
a normal subgre

(8) Suppose HG.

set ofLet's show the above

·operation on
G/H left

is well-defined.

Suppose al = ch



and bH = dH

where a
,

b
,

c
,

dEG .

We must show that

(a()(b(t) = (ab)It
is equal to

(cH)(dH) = (cd)(t

Since alt = cH andealt
a = al

we know a ch.

So
,

a = ch
,

where hit H.

Similary since bl = dH we

have b = dha where hetH
.



Then,

ab = (ch ,
)(dhz) = C

Since H& G we know

Hd = dH .

Since hid-Hd we

know hidEdH.

So
,

h
,
d = dhy where hel

Then,

ab = chidhn= highe
-

But hghzEl because HEG ,

so ab = cdhghzE(cd)H-

recall :

ThThus
, (ab)H = (cd)HX XH = Y H

iff XEY



#)see online notes .
#

I Let G be a

Therem:

group
and HIG .

set of left&Then , G/H = cosets

under the[is a group
(alt) (b() = (ab) H.

operation
eH = H

The identity is

The inverse
of alt is a H.

ithe identity of G



Aeroof:

D (closure) Let X
, yeG/H .

Then
,

x = aH
, y

= bH

Where a
,

b EG .

We know ab G because

G is a group

So, ⑮
S

xy = (a()(bH) = (ab)H = %H

-

② Let X
, y ,

ze G/H.

Then
,

x = alt
, y = bH

,
z = ch

where a
,
b

,
c EG .



We get ⑳f

(at)((bH)(cHi]H)
= a(bc)(

G is⑮ociative (ab)cH

⑫((ab)()(cH)
·

(a(t)(eH) = (ae)( = alt

(e(t)(aH) = (ea)H = aH



So
,

elt is an identity element

for 6/H where e is

the identity for G.

#Letal -> G/H where ad

-
I

Since G is a group ,
a

exists in G.
identityof

We get -

(a()(a H) = (aa)( = 2H

(H)(a() = (a)H = eH

Thus,
alt is an inverse

-altin 8/H.



Ex:

G = Da = El, r
,
r,

s
,

su,
sus]
s=

H = < 5) = E1, 5] Fr"= 1

-Klaim:Do rs = sr-k

of: ↳
Leftcosets :

-

H = 51 , sy =
SH

rH = Er, rs] = Er, st = Er, so] = (sH

rH = Er? rs] = Ers] = Eris] = GitH

rH = Er
, rs] = Er

,
sry = (sr)H

right cosets

i+ = 51
,
s] = Its

Hr = Er, sr] = H(sr)



Hr = Ers) = H(sr'

Hr= Er?, so = H(sr') #

:Do = El
,
r

, rin, s,
su

,
su sil

H = 51,
r
,

r3r33

Heftc2

,3)

SH = Es,
so

,
see,

se]

rightPets+ = 51
,

5
,

r2,
r3]

Hs = Es,
rs,

rs
,

rish = Es, Ss,
si]

=Es,
sr

, srsr]



HDs Lidentity
Do /H = EH,

SH3

=
&

(H)= jH = 1) = H

order of It is !
order of st is

Po/H is cyclic ,
generated by sl


