
theorem: Let V and W be vector PSL
spaces over a field F

.
Suppose that

V is finite - dimensional and p={ Vyvz ,
.  

og Va }

is a basis for V
.

pa Let w , ,wz , . . , Wn EW .

① There exists a unique linear
transformation

T : V → w where TCV ; ) = Wi for

w

⇒ " .

-

this unique linear
transformation

is

given by the formula

Tfcihtczvztoootcnvn
) ) ( * )

= C
,

W
,

t Cz Wz t  e  oo t Cn Wn

j

② T given
above is an

isomorphism

iff pi = { w , ,Wz ,
. .

,
Wn } is a

basis for W ,



pay
All linear transformations between

V and W are constructed as in

① above .

That is
,

if L : V → W

is a linear transformation ,
set

U
,

=L ( Vi ) for i  
= 1,3 .  " In

And then the formula for L is

L ( C
, Vit Cz Vat .

. . t Cn Vn )

= C
,

U
,

t Cz uz t . . .

t Cn Un

W

L
✓

,
o

- .
U I

÷ .

-
a .



proof: pg

① Let T be defined by ( HI
.

£
That is ,

TCCN
,

t . . . tcnvn ) = C
,

w
,

t . . . tcnwn

for any Ci EF
.

Let 's show T is a
linear transformation

and TC Vil= wi for all i
.

Whyis ?

Let x
, y EV and d ,

SEF
.

Since B is a basis for V
,

we

can write X=

e
,

V
,

to . .

tenthand y = d
,

V
,

t . . .
tdnvn whereEi

,
di EF .

Then ,

T ( xx tfy )

=T( He , Vito
.  otenvn)t8(dint .

. . tdnvn ))

= TC He ,

t8dDYt
. .

. t &

entsdn
) Vn ) =



He ,t8dDYt. .
. t &entfdn ) Va ) pµ

ItIe
,

tsd , )w ,
tent Kent Sdn ) Wn

=

Le
,

W
,

t . . . t Len Wn

+ Sd ,
wite  not Sdn Wn

=L ( e
,

w
,

tie . ten wa )

+ 8 ( di wit . . .
tdnwnl

Et' LT ( e
,

Vit . . .
ten Vn )

+ ST ( div ,
tint dnvn )

=L Tcx ) t ST Cy )
.

So ,
T is linear ,

Also ,

Tlv , )=T( 1. Vito . Vet  into .vn/=/ew,=w ,

vn1=T( o.v.to
. t . .

.tl.vn/--lrwn--wn

So
,

T ( Vi )=Wi for all i .



Why is T unique ? pg

Suppose S : V -3 w is another €

linear transformation with S (

Vi
) =

wefor i  
=

1,2
, . .  y

N ,

Let x EV ,

Then ,
since B is a

basis to -
V

,

X =
C

,
V

,

t Czvz tie . t Cn Vn .

And ,

S ( x ) =

SCciVitCzVztiiitCnVnl-gg.s@ciSCviltczSCv.cltintcnSCvn1_ciWitCzVztii.t
Cn Wn

J

sky=①
=

TC9YtczVztintcnvn1fETCx7gd@SqS-TonV.So

,
T is the unique linear

transf .

with Thit-

- wi Hi



¥;i÷÷÷¥⇒⇐
Suppose is

' is a basis for W
.

Let 's show that T defined by Ct )

is I - I and onto
,

and hence an
isomorphism

: Suppose Tcx ) =TCy ) for

Some
X

, y E V ,

Since p is a
basis for V

,

X = C
,

V
, t . . . t Cn Vn

and y =D
, Yt  n it dm

for Ci ,
di EF

.

Since T Cx ) = Tty ) , by def of Dwneaue

C
,

w
,

t . . . t Cn Wn = di wit , . . tdnwn

-
-

T Cy )
TC xD

S "
( c

,

- d
, ) w

,
t . . . . t ( Cn - dnt Wn = 8

By assumption , p
'

is a tin
.

ind .

set ,
so

0 = C
,

- d ,
= Cz - dz = .

. .  = Cn - dn



pgSo
,

C
,

=D , , Ceda ,
. . . , Cn=dn ↳

and hence

X=c ,
V

,
t . . . tcnvn = di Vit .  - . tdnvn =y .

④ : We need to show RCT ) = W
.

By a previous them ,
since p={ Vyvz ,

" y
Vn }

spans V
,

we know RCTKspan@TCv.b. . . TW )
.

So ,

RCT ) = span ( { This . . . ,T( Vn ) } )

= span ( { Wig . . . , Wn } )

= W
.

→

E÷÷÷÷÷ so
.

tis onto
W

.

Thus ,
T is an isomorphism .



¥ ) Now suppose T is an
Pg

isomorphism ,
ie I - I and onto .

⑥

Let 's show p
' is a basis for W

.

Since T is onto
,

RCT ) = W
.

Therefore ,

W -

- RCT ) = span ( { Tlv ,
)

, .  ,
That } )

= span ( { w , ,
. . . ,

Wn } )

So
, p

'
spans W

.

Is p
'

a lie
.

ind .

set ?

Suppose →

di w
,

ti . . . t dawn =

OwWhere di EF .

Since T is I - I and onto ,
T

'

exists and is linear ( from Monday )

and T
- '

( Wi ) = Vi for it ,
. . .

,
n

,



pgSince T
"

is linear
, T

- '

CEw )=8v
. ↳

So
,

o→v=TYO→w) = Ttd, wit  cut dawn )

= d
,

T
' '

( w ,
) t . . .  it dnt

- '

( an )

=
d

,
V

,
t . .

.
.

tdnvn

Since p
-

- Ev , , , . .

,
rn } is a

basis

and 8
v

=D ,
Y to . .

t dnvn

we get d
,

= dz =  ice
= dn = O

.

Thus
, p

' is a 1in .

ind
.

set
.

Since if d
,

w ,
t . ..tdnWn=8w

then d
,

= Az = in = da = O
.

So
, p

'
is a basis for W .



pg

Suppose L is a linear transformation
'd

and Ui =L ( Vi ) for i' 1,2 , " yn .

Then ,

L ( c
,

Vite . . . t Cn Vn )

= C
,

Lcr
,
) t . . . ten L Cvn )

§ = C
,

U
,

tic . ten Un
.
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