
theorem : Let V be a vector

space over
a field F.

Suppose dimfv )=n
> 0 .

Then the following
are
true :

① Let V1 , V2 , . .
.

,
Vm C- V.

(a) If
m > n ,

then V , ,
Vz , .

. .>
Vm

are
linearly dependent

.

(b) If man ,
then V , ,Vz , - a.)

Vm

do not span
V.

(c) If m=n
and V1

,
V2 , . . Vm

span
V
,
then Vi , V2, . . .,Vm

are
also linearly

independent

and hence form
a basis for

V.

(d) If m=n
and V

, ,Vz , . . , Vm

are
linearly independent, then

✓ 1)
V2
,

- c. ,
Vm Span

V and

hence form a
basis for V.



:L
② Let W be a subspace of V.

Then W is finite - dimensional

and dim (w ) try
dincv )

Moreover, W=V
if and only

if dim (w ) -_
dim ( V ) .

⑤



proofed We have that dimlvl-n.PL

① Let V , , V2 , ooo,
Vm C-

V.la/Supposethatmsn.5incedimCV1--nwe know
that

V has a
basis with

n
vectors .

So
,
V is spanned by n

vectors .

From a previous
theorem,

since

m > n
we know

that

are
linearly dependent.

Let's show that
V1 ,
V2
,
, , ,
Vm÷÷÷÷÷÷÷*.do not span

V.

did span
V.



Then from our previous results, P
since MLN ,

and V1
,
V2
,
. . ., Vm

Span V
,
we

would have

that any set
of n vectors

must be linearly
dependent .

But since
dimcv )=n

there

must be
a
basis for

V

of size
n .

So
,
there is a

set of
n
vectors

in V that
are
linearly

independent .

Contradiction .

So, Vyvz ,
. . >
Vm

do not span
V.



(c) Suppose m=n and p⑤
Vi
,
V2, • no , Vm span ✓

We want to
show that vi. v2,

. . ,Vm

are linearly
independent .

HWZT- # 7-b)

eVt-{
8} is spanned

by

some finite
set S

of vectors
.p,,,yna,,.me,u,,e+o

is a basis
for V

Let 5
= { vi. V2 , . . ,Vm

} .

By this
HW problem,

there is a

subset s
' of s that

is

a
basis for

V.

Since dim
(V1 =n ,

every
basis for

V

has n
vectors

in it .

So ,
S
' has m=n

vectors .

Thus,
5=5 .

Thus,
5- {v.

Whoosh}

Is a
basis for ✓ and

is thus

linearly
independent.



(d) Suppose m=n=dim(V1 PL
and Vi

,
V2, . . .,Vm

Are linearly

independent .

We want to
show that Visva ,

. . ,Vm

span
V and hence are

a
basis

for V.

Let W= span (
{ 4) V2 , . .> Vm

} )
.

So W is a subspace
of V .

We will now
show

•
V

that W=V .

We know
WEV .

We need
to show

that VEW
.

Let VEV .

Since dim ( V1
=n=m we

know that

the nH=mH
vectors

V1 , V2 ,
. . .im,V

are linearly
dependent from

part (a) .



Thus
,
there exist pg7L

C- 1) Chin, Cm , Cmt ,
C- F
,

not all equal to
zero ,

where
→

C
,
V

,

tczvzto.otcmvmtcmi.lv
= 0

If cm+ ,
= 0
,
then

9 Vit Czvzto
. . 1- Cmvm

=
É

zero .

with not all
c
, ,cz, . . . ,

Cm
equalling

But this would
contradict the

fact

that V1
,
V2 ,

. . . ,Vm are
linearly

independent .

Thus, Cmt ,
-1-0 .

So,
we can

solve for
v
in

C
,
V

,
tczvzt ii.

1- Cmvmt Cmt
,V=É
B.



and we get pgc

✓ = Cid , (- GV ,
-Cik

-

in
- Cmvm)

w

exists

since Cmg , -1-0

So,

v-fcm-i.ci/v,tfcm-+icz1va1...t(-Cm-+icm)Vm
Thus

,

VE span ({ Vi ,
V2
,
. . ,
Vm } )=W .

So
,
✓ = W and V , ,

✓
2)
ii. ,
Vm

span V
and are thus a

basis for V. ☒

Now for part 2 .



pgc②
Let W be a subspace of V.

We first will show
that W is

finite-dimensional and

dim (w ) E n
= dim (V1 .

If W={ É }, then
W is

finite - dimensional
and

dim ( W ) = 0
< n =

dim (V1 .

Now suppose
W =/ { 8 } .

Then there
exists × ,

EW with

×
.

-1-8 .

☐Then, { × ,
} §

✓

is a linearly
independent
set of vectors

.

Because if c. × ,=É then 4=0 ¥¥¥?



Continue to add vectors from W Pgc

to this set
such that at

each stage K ,
the vectors

{ ×
, ,Xz , . . . )

✗ he } are
linearly

✓

independent . W

Since WEV and ?⃝÷dim (V ) =n , by

part Cal, there

must reach a stage ko In

where so = { × , ,Xz , . . , ✗no }

is linearly independent
but

adding any new vector from

W to S. will
yield a

linearly dependent
set

.



Pst
HW 2- 7cal

'

Letsbea finite
set of

linearly independent
vectors from

V

and let ✗ c- V with
✗ ¢-5 .

Then Su { ×}
is linearly dependent,ggxggpa?⃝

Let ✗ EW .

If ✗ c- So ,
then ✗ c- span (so) .

If ✗ ¢ So, then by
the construction

of so we have that
5.U{ × }

is linearly dependent
.

So by

HW 2
,
7- (a) , ✗

E span (
Sol .

Thus,
if ✗ EW , then

✗ c- span (5) .

So
,
W= span (5) .

Since
So is a

1in .

Ind .

Set,
So

is a basis
for W

.

Thus,

dim (WI = ko E n
= dim (V )

.



Now we show that W=V pay

iff dim ( w ) = dim ( V1 .

(ED) If V=W, then
dim (V ) -- dimlwl.

(G) Now suppose dim
( w )=dim(V1 .

Let's show that
W=V .

Then W has a
basis of

n=dim(V1

elements,
call it B={

wiswz , ",
Wn}

So
,
W= span ( p) .

p is a set
of

÷:÷÷: :n
vectors that

are linearly
independent and

V also !

So, 13 is
a
basis for V .

Thus , W= span
(B) = V. ☒




