
① (a)
gsinceTislinea@We have that

1- ( Or)=T( Out Or 1=1-10
v1 1-1-10 v1

Add - Tlov ) to both
sides to get

-Tlorlttlol =
- I%0v1tT(

on

Tw
501

Ow=T ( Ov )

①Cbn=É
① (c)

(D) Suppose that
T is a linear

transformation .

We prove
this by induction

.

If n=l, then
1- ( ax ,) = ✗

,
T(× , )

by the
def of linear transformation

.

Suppose
k≥ 1 and n

k hypothesis
1- ( €,

✗ixi) = €
,

✗itfxi ) [
induction]



Then,

1- ( &
'

til ;) = 1- (4×11-4×2 + ' " + ✗KXK) that , ✗ kti) )
i = I

def
Ñ=T(4×1+4×2 1- ' ' ' + ✗KXK)tT(✗k+ ,

✗ ✗+ , /

% T( d.✗ ittnzxzt
' ' - +LKXK)t✗k+iT(✗ K+ ,)

linear
trans .

A- t.TK/.)tdzT(Xz)t...tdkT(Xk)tdktiT(Xk+
,
)

by inductionhypothesis =
ditch ;)

e-=\

By induction ,
the formula is true

for all n .

n

(G) Suppose 1- (
Éxixi/ = Eaitxi

)
i= , e-= 1

for all × , . . ,
✗NEV and hi, :-,

KEF

and any n ≥ 1

Setting 4=22--1
and n=2 gives

T( ✗ it ✗2)
= T( × ,) +

1- ( Xz )

Setting n=1 gives

1-(4×1)=2,1-1×1 )
thus T is a linear

transformation ,



② (a)

[e+"×¥-b ,c) and y=(d. e.f) be in 1132

and ✗
,p
EIR .

Then ,

1-(✗✗ 1- By/ = 1- (
✗ (a) b.c) +

Bcd ,e. ft )

= 1- ( ✗at pd ,
✗btpe , ✗

ctpf )

= (✗at pd
- ✗b- pe ,

2 (✗ctpf ) )

= ( ✗at Pd
- ✗b-Be,

Zxct 213 f)

and

✗1- (x) tptly )
= ✗ 1- (a) b.c)

+ pT( die ,f)

=
✗ ( a- b ,

2c) + 13 ( d-
e
,
Zf )

= (✗ a-
2b
,

22 c) 1- ( Bd
- Be , Zpf )

= ( ✗a- ✗btpd
- Be ,
Zxctzpf /

= ( ✗at Bd
- ✗b- Be ,

Zac + Zpfl .

Note that 1-(2×+139)=217×1+131-1 y
)



( it Let's compute Nlt )

Note that (a)b. c) C- NCT )

iff T(a,b ,c)
= ( 0,0)

iff ( a- b ,
2.c) = ( 0,0)

a- b = 0iff z?⃝
So we need to

solve this system
: a-bzc==

This is
equivalent to a-bc

This is a
reduced system .

with

leading variables
a ,c

and free
variable b.

Set b =t
.

The solutions
are ① c=0

② a=b=t

Thus, (a)b ,
c) ENCTI

Iff ( a ,b ,c)
= (t,t ,

ol = t (1) 1,0
)

A basis for Nlt ) is 13 = { ( 1,40)}



( in ) from part i we get that

nullity (TI
= dim ( NCTII =L

Ciii) From
HW 3 # 6cal we

knowthatt-is-iffd.NO
Since this

isn't the
case,

T is

(w)¥¥¥erank-m.t
dim ( IRS )

= dim /NCTII
+ dim ( RCTI )

so ,
3=1 1- dim (RCTI

) .

Thus ,
dim ( RIT 11=2

.

bbc.nu/--:tR3-lR2weseethatRCT#
a 2 - dimensional

subspace
of the 2- dimensional

vector space
IR? Thus , RCTI

= R? ,R2←dim
IR
}

so
,
T is onto

'☐€→
(
vi)AsseeninpartV,R(T)=lRF



② (b)
T is not linear .

For example ,

1- ((1,11+11,21)--1-12,3)=(2-3,32)--1-1,9
)

and

1- (1,11+1-11,2)=(1-1,12)+(1-2,22)
= (0,11+1-1,4)
= C- 1,5 )

thus ,

1- (
(1,11+11,21)=11-(1,11+171,2)

You could
also

do something
like this :

1- (2. (
1,111--1-(2/2)=(2-2,221--10,4)

and

2. 1- (1) 1)
= 2. (1-1,12)=2

' / 0,1 / = ( 0,2
)

S" T( 2. ( 1,1) ) -1-2.1-(1/1)



② (c)

Tislineas
Let ✗=( 8:& E.) andy

-

- lad:{ ¥1

and d)PER .

Then ,

T(✗ xtpy)=T( (Ida,
'%i% ,

/ + (Had} ¥2 ¥:))

✗a. + Baz
✗ b) +Bbz

✗ at Bcz

= T( ✗d.+ Bdz ✗eitpez
✗ fitpfz )

= (
2(✗a. + Paz

) - ( ✗bit Pba )
(✗9+1341+2 /

✗d.tpdz)
◦

0

= (
229

- ✗bi ✗cited . / + (
2Pac

- Pbc Pcztzpdzy
O

O

O O

=
✗ (
29
-bi 9+2d) + p /

Zac
- bz Cztzdz )
o

o

o
°

=
✗ 1-G) tptly )



lil lad ? f) ENKI

iff 1- (GIF )
-_ ( I ;)

iff (%b%ᵈ)=( ! :)
= 0

iff Z"bc+z
iff A-¥ba+zd=②
This is a reduced system

wit¥¥÷
leading variables

: a ,c _ ,

free variables
: b. d)

e ,
f

set b-- t,d=s,e=u,f=v
and then

solve ①② .

② gives [
= -
2d = -2s

① gives
a = { b =#

to



Thus
, ( ad ! f) c- NCT)

def / = (
Et t -2s

iff (
a b '

s u v )

iff 12¥ / = e- (E ! :/ + sfi
:?)

+ ul: : :/
+ v1 : : ;)

where t ,s , u ,
u can

be any
real # s .

Let

E- { 1¥ :| .ci
: :') , / : : :| ,

( : : :| }

Then ,
NCT / = span

(p ) from
above .

You should
also check

that p
is a)

You

¥:O
linearly independent

set
.

3iiN
Iii ) From i ,

din (NCT)) = 4



( iir ) From problem 6cal
,
T is 1- I

iff dim (NCTII = 0 .

Since dim INCH 1=4 we know that T

isn-
Civ) By the rank

- nullity theorem

dim (Mz , >
( IR) ) = dim

(NCH) 1- dim
(RCTI )

so 6=4 1- dim
( RCTII .

Thus,dim(R(Tl#
(✓ I RCT ) is dimension

2

RCTI is a
subspace

of 142,2 (R) ,;m

Mz ,z ( IR
) has

dimension 4 . g

Thus, RCTI
≠ Me , , ( IR

) Ms} "Rl Me ,zHR )

so
,
T is not onto .

dim



Gi)

Claims Lets = { ( I :) /
miner}

Then , RCTI -_ S .

PI First note
that

1- ( GIF) = (
2 :-b

'¥ / c- S .

So ,
RCTI ≤ S .

Let (Tiles

set a= Em ,
6=0,

c = n ,
D= 0 ,

e=O,f=0 .

Then , .tk?f1--T(% : :)

= (
21%1-0

n'-21° ' ) = ( T %)
0

So
,
S ≤ RCTI .÷



② (d)

tislinearletfi-atbxtcxgfz-dtextfxZE.pl/R)
and 413 C- IR .

Then ,

1-(✗fit ✗
f
,
)=T(✗atxbxtxcxtpdtpextpfx

)

=T( (xatpdltlxbtp
e) ✗ + (✗ctpf

/ ✗2)

= @at Pd)t(
✗ btpe) ✗

3

= @a tab ✗
3) + (pdtpe

✗3)

= ✗ ( atb ✗
3) + p ( dte ✗3)

=
✗ T(a+bx+cx4tBT(

dtextf ✗4

= ✗ 1- (f , / t BT
( fa )

☒



(i ) atbxtc ✗ZENCT
)

iff Tlatbxtcx
21=01-0 ✗ +0×2+0×3

iff atbx
}

= 0+0 ✗
+0×2+0×3

iff a--0,6=0 ,
C is any

real number

Thus ,

Nlt ) -_ { cx
≥ / < c- IR} = span /

{ ✗
2 } )

thus , p={ ✗
2 } is a basis for

NCTI .

i+iit=
Bytwp6a
T is I - I iff

dim (NCT )) = 0 .

Since this
isn't the case

T is not 1- 1 .



( in ) By the rank - nullity theorem

dim ( BGR) ) = dim (NCH ) + dim
( RCTI )

so, 3 = It
dim ( RCTI) .

So
,
dim ( RCTI )

= 2

PB(Rl←d
" I

Since RCT ) is 2 - dimensional
and sits

inside a 4 - dimensional space
B. ( IR )

we have RCTI
≠ BAR )

¥I⇔i÷¥¥ian
= span /{ 1 , ✗

3 } )

so , { 1
,
✗
3 } is a basis for

RCTI .



② (e) T is not linear .

For example ,

1- (8) = T (0+0×+0×2)

= (1+0)+(1+0) ✗ + (1+0)×2

= It ✗+ ✗
2
=

.

Recall a linear transformation
sends the

Zero vector
to the zero vector

by

problem 1cal .



③
Let f) 9 C- [ ( IR) and t.BE

IR .

Then
, b

1- ( ✗ftp.g ) = Stfltltpgltlldt
a

b

= ✗ fabtltldttpfoltldta

= ✗ 1- (f) tptcg ) .

So
,
T is a linear transformation

.



④ Cal

4+1×1--1 ! :) =/¥7s:/=/
'

(b)

Law = (Éi to 9) 1T¥ , )

= f-
it tilt 4 to

( Iti )
(-2^-11-0-1.57)
2

fritz -1.57)

= ( 0.432 _zi )



⑤ Let T : ✓→ W be a linear transformation

Let V. is , . . .vn EV and ✓ = span / {risk , . . . ,Vn} )

Let 5- span ( { TCH ,TCH, . . . ,TWnl} )

wewanttushowthats-RIVRLTIVioe.TN
)

We break the proof into
two parts.

CIaiml-i-Firstweshowthatsc-RCTI-LLe.ly
c- 5 .

← we will show this implies
that YERCT) .

Thats

Then , y
c- span ({TWITCH

,
.

That} ) those
.

So there exist
scalars a.Cy .

. . ,cn C- F

where y=c,T(v.It czT(v2)
1- ◦ • • tcntlvn )



~

RCTI

+iy;÷.ñ+"+ñ÷
Then ,

y= C
,
Tlv ,
It cztlvalt . - it

Cntlvnl

= TCGV , + cast
. . .
+ cnvn) = 1- (v)

t

b¥%¥
where ✓ = - intent

. "
+ an

is a linear

Because V1 ,
V2 , ii. , Vn

are in V we know

that V=c ,
V
,
1- cist

. . .
+ Cn Va is

in V.

Thus, y
= 1- (v1 C- RCTI .

RecaHRCH={TCH1xev}-É
So
,
We have shown

claim I , s ≤RCTI



claim2.lt#- :::÷:
Let y c- RCTI .
# this y is

also in 5 .

Then by the
definition of RH we know

that y
= 1- (x) where ✗ C- V.

Since ✗ c-V and ✓= span ({Vyvyan,
Vn} )

we know
that there

exist a ,cz, . . ,
GEF

where ✗ = C ,
V
,
t Czvzt .

. .
+ Cnvn .

Then ,

y =
17×1=1-614 +

. . .
+ cnvn )

= C
,
TCU ,) tcztcvz )

1- ii. + GTCvn)

So
,
y c- Span({THbTCv,tn}

)

this is S
V

so
,
yes .

Thus, RCTI
≤ s .

So we have
shown claim

2

is true .

By claim
1 and claim

2

we have that
RCT 1=5 .

☒



⑥ (a) We want to prove the following :

Tisone-to-oneiffNCT1={Ñ@
(D) Suppose that T is one- to - one .

We will
show that this implies

that NGI
_- { ou }

Because T is a linear
transformation by

a theorem
in class ( and in this

Hw)

we know
that 1- ( Ov )

= Ow .

✓
W

Thus , QENCTI
so, { or}

≤ Nat

Why are
these

two

sets equal ?

Suppose ✗ c- Nlt )

Then TG )
=Ow .

But Ow=T( Or ) .

Thus,
T(× / = Ow -_T(Out .

By T is one - to
- one

and so since 17×1=1-104

we know that
✗= Or .



We have shown that if ✗ E NLT ) , then

✗=→Thus, NCTI
≤ { or} .

Since {or} ≤ NAI and NCTI ≤ {Or}

weknowthatN(T1={o#
(G) Suppose that NCTI

= { or }.

Let's show that
this implies that

T is one-to-one .

Suppose that
1- ( x ) = Tly )

where ×,y C- V .

We must
show that

this implies that

✗= y to show
that T is one - to - one .

Since 1- (x ) = Tly)
we

have that Icty 1=0

Thus,
T( ×- y )=OÉTii_

So, ×
- y EN

(T ) '
here we

used 00 '

thus , ✗
- y = Or

. ←assumptionthatNGl=Ñ@
So
,
✗ =y .

The above argument
shows

that if
NCT)={out

then this
implies

that T is

one -
to- one .



⑥ (b) The assumption for this problem is

that V and W are finite dimesional and

that dimcvtdimlwl .

T : V -7W is a linear transformation
.

Prove.Tisone-to-uneiffTisonto@fff1SvpposethatTisvne-to-one.To
show that

this implies that
T is

onto we
must show that

RCT)=w .

Because T
is one - to - one

we
know

from

problem 6cal that NCT ) = { Or }
and

so dim ( NCT11=0 .

Also above we
have the

assumption for
this

problem
that dim (

v1 = dim /
WI .

yrank.nu/litytheoremJThus,

dim (w ) = dim
(v1 = dimwit

/ + dim ( RCTI )

= Ot dim (Rft ))

= din ( RCTI ) ,



Thus
,
din (w) = dim / RCTH .

V
Since Rlt) is a

subspace
of Wandg

dim (Ntl ) = dimlw)

we have from a theorem

in class that
W = RCTI .

Thus, T is onto .

(thtTionto .

we
will show

that T is one -
to - one by

showing that
NCTI = {ou} .←(This will

use

problem 6 (a )
)

since T
is onto we know

RCTFW .

Thus,
dim ( RCTI ) = dimlwl .

By the assumptions
of this problem we

know that

dimCv1-dinlW1.grank-nullitythm@Thus.d
in (w) = dim

(V ) = dim (
NCTM + dialRAH

hee are equal

so
,

dimlwl = dim (Nltlltdimlwl



Thus
,

dim /NCTII -_ 0 .

So
,
Nlt ) = { or } .

Thus, by problem
6cal ,

T is one - to - one .

⑥ (d Suppose that T is one-to-one

and onto .

Since T is one - to - one we know
that

NCTI = {ou }
and so dim CNCTII

=0

by problem
6cal .

Since T is onto , we
know RCTI = W

and

so dim CRCTN = dimlwl .

Thus , by the
rank - nullity theorem

we
have

dim (V1
= din ( NCTII 1-

din (RCTI )

= 0 1- dim 1W )

= dim (w ) . ☒



⑦ (a) [Method 1)

Suppose that dim /v1 < dim (WI .

Then ,

dim ( RCTI ) ≤ dim / NITH +
dim ( RCTI )

=dimÑrank-nuHitythmJ
< dinlw )

Thus ,

dim (RCTI )
< dim /w ) .

Since RCTI is a subspace
of W and

din ( RCTI )
< dim (w) we

must

have RCTI ≠ W - v
w

☐→Thus,
T is

not onto '

☒



⑦ (a) [Method 2]

Let's prove
the contrapositive :

" If T is onto, then
dim (v ) ≥ dincw )

"

suppose T is onto .

Then , RCTI
=W .

Then ,dimCRlt11-dimlw1.grank-nullitsthm@Thus.di
m(v1 = dim

/Nlt) )tdim(
Rltll

≥dim(R(tldim-NCt
=
dimcwl .

Thus
,
dim (v ) ≥ dimlwl

.

☒



⑦ (b)

Let's prove the
contrapositive :

"
If T is one - to - one ,

then dimcvl ≤ dimlwt .
"

suppose T is one - to - one .

Then by problem 6cal we know
that

NCT ) = { or }
and so dim (Nlt 11=0 .

Because RCTI is a subspace of
W

we know that
dim ( RCTI ) ≤

dimlwl .

rank-nullitytheoremfthvs.fr
dim (v1

= dim (Nltlltdimcrcill

=
Ot din ( RCTI

)

=
dim (RCTI

≤ dimlwl .

So
,
dim (v ) ≤ dim

(w ) .
☒


