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There's one more property
about IR that we will

assume .

It's called the

completeness axiom
.

Let's

work up to stating it.



&ef : Let SER where SFP.

· We say that b is anper bound

#S if XIb for all XeS .

If there exists an upper bound

for S
,

then we say that

bounded from above.

Sis-

· If b is an upper bound for S

and bec for all other

upper bounds a of S
,

then

we call b the least upper bound

for S
,

or premums,
-

and we write b = sup(s) .

· We say
that b is aer

bound for S if beX
-

for all X-S .

If there exists a lower bound



for S then we say that

S is bounded from below .

-

· If b is a lower bound for S

and c*b for all other

lower bounds a of S
,

then

we call b the createst
bound for s

,
or

How mof S, and we

-

write b = inf(5) .

:S = (1, 2) W5-3]
S

A[11 - 1234
- 3

- 4 - 3

&↑4 ↑ ↑ 4 + 4/
-3 = inf(s) z= sup(s)

other
other lower upper bounds

brunds



:S = [,
0)

S

III
+ ↑

&
there are

no upper
bounds for SEthere is

no Supremum&
SS **

If sup(s) exists,
then its unique.

# inf(s) exists,
then its unique .

-

Kof: HWI #
-



TheCompleteness axiom for I
-

Let SEIR and SFP .

If S is bounded from above,

then sup(s) exists in R
.

If S is bounded from below,

inf(s) exists in IR
then

-

Note:1 has this property,

butI does not.

Let

s = EX(x(Q,
0x ,

xx2)

#

X
pointsins



S is bounded from above
, by

say
2

,
but sup(s) does not

exist. The points in S get

closer and closer tor but

don't reach2 .

The sup would

be E but thats not in Q.

~eorem (Archimedean property

Let XEIR- Then there

exists neIN with XM

#Xe 9 .

42.

#root
: See online notes.

Al



Theorem (Inf-sup theorem)

Let SER where SFP
-

(a) Suppose b is an upper bound

for S
.

Then
,

b is the

of S if and only if
Supremum

for every 30 there exists

XeS satisfying b-3X1b .

S *

"
-

(b) Suppose b is a lower bound for

5. Then ,
b is the infimum of S

if and only if for every E > 0

there exists XES satisfying

b1x = b + E

S
R X

~



Let's prove (a)

Hot (b) is similar

Let b be an upper bound for S.

#) Assume b is the supremum

for S.

Let 270 be fixed .

Since b-25b and b

is the least upper
bound

for S we know that

b-e is not an upper

bound for S
.

-bem

not an

upper bound for S



Since b-a is not an upper bound

for S there exists XES

Where b-5 < X.

Since XES and b = sup(s)

we know X = b.

~
Mos

,
b- <X = b.

(8) Now suppose for every

370 there exists XES with

b -X = b.

We will show that b is

of S.
the supremum

We were given that b is an

upper bound for S.

Let's show b is the least



Upper bound for S.

Let b
.

Let's show that a cannot be

an upper
bound for S.

Let E = b - c > 0.

By assumption I[there exists -
XES with E

b - 3X = b.

So, X = b

Thus, c is not an upper

bound for S

So
,

b must be the least

near
bound for 3.

All


