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↓et : Suppose AAz, A3 , or.

are an infinite number
of sets,

Then ,

↑ An = A ,
MAzMAs & ...

i= 1

=Ex/* is
in
everSee]

& An = A ,

WAaVAs U
:

i = 1

=Exlneof S



Lef: Let A and B be

sets. Amotion f from

A to B , notated
f : A-B,

is a role that assigns

to each element of
A

a unique element
of B

-

Ex: Let

S = SCH ,H), (H ,+) , (T, H) ,
(T, T)Y

represent flipping
a coin twice
.

f
Let f : S

-> IR where

heads occured.
counts how many

Sos
f(H,Hi =

Z f(T, H)
= 1

f(H ,+ ) = 1 f(T,+ ) = 0



S 1IR
f - 3(H ,H -

-z
IG I(T,T

I
- 1

Later in the
class,
f will

be called a random variable.

-



Exampleof making a probability
.

space
-

Suppose we
want to model

the

experiment of rolling
a 4-sided die

Let

S = 21 , 2 , 3, 43
#

S is called the
sample space of

all possible outcomes
.

Let Nega
⑪
r = 54 , 513 ,

523 , 433 , 543

[1 , 23 ,
51 , 33 ,

51 , 43,

32 , 33 , 52 ,
43
,
53 , 43

51, 2 , 33, 51 ,
2
,
44 , 51 ,

3, 44,

32 , 3, 43 , 51,
2
,
3
,
433

- is the set
that contains

all the subsets of S .



-> is called the set of events .

-> contains all the
events that

we want to be
able to

measure the probability
of.

When S is finite (like now

we usually make-
consist

of all subsets of
S.

do these events
mean ?

What
ts no

number

↓ represen the die
appeared on

rolled it
when you

2
represents a

5237 occured when you

rolled the die

represents either
51,437 I or 4

occured



When you roll the die

to that
3 represen

52 ,3 ,44 either 2 or
3 or 4

occured

to that
represen

51 , 2 , 3 ,437 either (or 2 or
4 occured

3 or

Now we make a probability
function P :-IR

Let's assume each
side of

the die
is equally likely.

First assign

P(q) = 0



Then assign the probability
of each outcome ,

P([13) = Y4 these
add

P((23) = Y4 & up

P([33) = Y4 to

I

P(543) = Y4

Now we extend P across

all of 12 by doing disjoint
sums. For example,

P(52, 43) = P([23) + P(543)
= # + T
= E



P(E1, 2 , 33) = P(513) + P(523)
+ P(933)

= 4 + 4 + 4
= 3

4

P([1 , 2 , 3 ,43)
= P(513) + P(323)

+ P(533) + P(543)

= 4 + y + 4 + t

= 1



#ef : A probability space
-

consists of two sets and a

function (S, ,
P)

.

S is called the
sample space
-

The elements
of our experiment

.

of S are called
the outcomes-

of the experiment
.

-f is a set
whose

elements

are subsets
of 5 .

The elements
ofoh are

called events
.

-

is a
function

P :1- R

where for each
I in h

we get a probability PCE)
.

Furthermore , the following



properties must hold :

D S is an element ofth

You want to
be able to

[ measure PCS) J
② If E is an event in ,

then E is an event in me.

③ If E Is Ez , E3 , 00 .

is a finite or infinite

sequence of events
from oh,

thenSte is in 12.

①OP(E)) for all

events E inh



⑤ P(S) = 1

⑥ If EisEz , Es ....
is a finite or infinite

sequence of
events from-

that are pair-wise disjoint

[means : [ilEj = @ if it j)
-

ie there is no overlap
in

L &
the sets

Ez... s
then

P(WEi) = [P(Ei)
i~m

PLE ,VEzUEyU ...) = P(Ei) +
P(Ez) + P(Es) +...

-> f def-



This def is based on
the

#Work of Andrey Kolmogorov

1930s

-

Remark: A set12 satisfying

D
,
Q, above is called a

Ealgebra or Enfield
-

Rank: If et
is a r-algebra

one can
show that

(a) t -

(b) If EvEz ,
Es , ...

are

in M ,
then Ei
i

is in

Look at online
notes for proof.
-



How to construct a probability[space when S is finite

Suppose S is a finite sample

space .

Define -2
to be the set

of all subsets
of S.

w in S

For each out
come

pick a
real number

OMall

and define P(Ew3)
= No

EX :

5= 51 , 2 , 3 , 43

P(213) = Y = R, P([33) = 14 = My[P(523) = (4 = n2 P([y3) = Yy = My



At the same time pick the

numbers so that

[P(Sw3) = 1 Ex above

ni + Ma + 13 + n4
WES

means : Sum
over[~ = 4 + y + 4 + t

all win S
= 1

Now extend P too all
of th

as follows :

If F = EW ,
Wa , ...,

Wel is

an event in
2

,
they define

M

P(z) = [P([w=3)
i = 1

= P(5w ,3)+4(5w23) +
.. - + P(dw(z)

EX :=(1, 23) = P(513) + 4(524)



If E = P, define P(4)
= 0

.

-

Threem: The above construction

is a probability space.

see proof in notes.
-


