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② ( proof by contradiction)

Let ✗ER with ✗ 70 .

Suppose also
that ✗ EE

for every
E > 0 .

We will
show that

✗ =o .

Suppose
instead that

✗ > 0 .

Then E=¥ > 0 .

But by assumption

then we
would

have ✗ EE

But then
✗ ⇐ ¥ .

This implies that
¥ c- 0 .

This gives
✗ so

which

contradicts
✗ 70 .

Hence ×> o
can't be

the
case

and so
✗
=



③ Suppose a and b are both

svpremums
of 5 .

Thus, a
and b are both

upper
bounds for

5 .

Since a is a supremum
for S

and b is an upper
bound

for 5, by
def of supremum,

we have that
a c- b.

Since b is a supremum
for S

and a
is an upper

bound

for 5, by
def of supremum,

we have that
b sa .

Since a Eb and bea
we

have that a=b . ☒



④ We are given that b is an

upper bound
for 5 and that be 5 .

Let's show that b = sup ( s ) .

(e) We already
have that b is

an

upper
bound for 5

.

Iii) Let's show
that b is

the least

Upper
bound for

5 .

Let c
be another upper

bound for S .

Then ,
✗ Ec

for all ✗ c- S .

Since BES
this gives

Bec .

Thus , b is
the least upper

bound

for 5 .

By lil and Iiit ,
b-
- sup (s ) .

☒



⑤ (a)

Pro) - Thismethodusedef of supremum

we are given that
a⇒ up (A)

and b-- sup
(B) exist .

We are
also given

that AAB -1-0 .

claim-ABisbefromabc.ve
Note that

✗ ⇐ a
for all ✗ c- A

because
a

is an upper
bound

for A.

Since ARB C- A
this means

that

✗ c- a
for all

✗ c- ARB .

Hence a is
an upper

bound

for AAB - ☒



Similarly one can show that

b is an upper bound
for AAB .

Thus
,
✗ sa

for all ✗ c- ARB

and ✗ Eb
for all XEAAB .

Therefor ,
if c-- min { a,b}

then ✗ Ec
for all ✗ c- AAB.

So
,

c=min{ a,b}

= min { sup
(A1
, sup

(B)}

is an upper
bound for

ARB .

Because AAB is bounded

from above we know
that

sup (
AAB) exists .



Since sup (AAB ) is the supremum

of An B and c is

an upper
bound for AAB,

by the def of
supremum

we have
that sup (

AAB) EC .

[supremum
is the

least]
upper

bound

Thus
,

sup CAMBIE
min {sup catsup

( BB
.

☒
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⑤ (c)

Proof1J_Thismethodvsesthe@defofsvpLeta-svplA1andb-svplBl.We
will assume

for this proof that

a Eb .

If we assumed be
a the same proof ][ Would work

with a &
b interchanged .

Since aEb we
have that

b=max{ÑFAs, ÑÉB )} .

a:bisa^÷d¥B
Let ✗ c- AVB . 6

If ✗ c- A ,
then ✗ Eat

b.

If ✗ c- B , then ✗ E-b.SI?up@



Thus no matter the case we have

that ✗ Eb .

Thus
,

b is an upper bound
for

sup ( AUB
) .

-

claimZ-bf.is/-hAeupfeastupperbovnd-
Suppose c is another upper

bound

for AVB .

Then
,

✗ Ec
for all ✗ c- AVB .

This implies that
both

✗ Ec for all ✗ EA

and ✗ c- C
for all ✗ c- B.



Thus c is an upper bound for A

and c is an upper bound for B.

Thus
,
aec and be c

by def of supremum and

since a⇒ up (A) and b-- sup
(B) .

Thus, max { a,b } ±
c.

Thus
,

bec .

so
,

b is the least upper

bound for AUB .

By claim
1 and claim 2

,

sup
CAVB)=b=max{SIEN , sv¥B¥



% -/ This proof is slightlydifferent than proof 7-
in that it uses the

vsefulsvplinffactc.nl
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