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Abstract

Monoids and Categories of Noetherian Modules
by

Gary John Brookfield

In this dissertation we will investigate the structure of module categories by considering
how modules can be constructed by extensions from other modules. The natural way to
do this is to define for a module category S, a commutative monoid (M (S),+) and a map
A:S — M(S) so that the relevant information about S is transferred to M(S) via A.
Specifically, we construct M(S) so that if A, B,C € S and there is a short exact sequence
0—-A—B—C—0,then A(B) = A(A) + A(C) in M(S). We also require that M (S) be
the largest monoid with this property, meaning that M (S) has the universal property for
such maps.

Let R be a ring, R-Mod the category of left R-modules and R-Noeth the category of
Noetherian left R-modules. Then we will prove

e M(R-Mod) is a conical commutative refinement monoid.
e M(R-Noeth) is semi-Artinian and strongly separative, meaning that
2a=a+b = a=0b
for all a,b € M(R-Noeth).
e The Krull dimension of a Noetherian module can be determined from its image in
M(R-Noeth).
e If R is left fully bounded Noetherian, in particular, if R is commutative Noetherian,

then M (R-Noeth) is Artinian, primely generated and weakly cancellative, and has
<-multiplicative cancellation.

The strong separativity of M (R-Noeth) leads to one of the most interesting results of
this dissertation: If A, B, C are left R-modules such that A®@C = B® C with C Noetherian,
then A and B have isomorphic submodule series.
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1 Introduction

It is the hope of all module theorists that modules can be understood and classified by
considering how they can be built from a family of simpler building blocks. The prototype
for this idea is the classification of Noetherian Z-modules, that is, finitely generated Abelian
groups: Every such group is a finite direct sum of the groups Z and Z,» for p,n € N and
p prime. Thus the building blocks for finitely generated Abelian groups are the groups Z
and Z,~, and the glue that holds them together is the direct sum operation. Moreover, two
finitely generated Abelian groups are isomorphic if and only if they are built from the same
building blocks. This is the best possible situation and reflects a complete understanding of
Noetherian Z-modules.

This happy situation, when it occurs, has many simple consequences. Some of these
which will be important in discussing other module categories, we list here:

e Cancellation: If A, B and C are Noetherian Z-modules such that A C = B & C,
then A = B.

e Multiplicative Cancellation: If A and B are Noetherian Z-modules such that A™ = B"
for some n € N, then A = B.

e Refinement: If Ay, Ay, By and By are Noetherian Z-modules such that A; & Ay =2
B1 @ Bs, then there are Noetherian Z-modules Ci1, Ci2, Ca1 and Cag such that

A =2 C1 @ Cr2 Az = Co1 @ Caa
By =Ci1 6 Co By =2 Ci3 ® Cos.
If we write A < B when A is isomorphic to a direct summand of B, then we have

o Antisymmetry: If A and B are Noetherian Z-modules such that A < B < A, then
A=B.

o <-Cancellation: If A, B and C are Noetherian Z-modules such that A& C < B&C,
then A < B.

o <-Multiplicative Cancellation: If A and B are Noetherian Z-modules such that
A" < B™ for some n € N, then A < B.

e Decomposition: If A, By and Bs are Noetherian Z-modules such that A < By @ Bo,
then there are Noetherian Z-modules C7, Cy such that C; < By, Cy < By and
A=CL o 0,.

e Descending Chain Condition: If Ay 2 Ay 2 As 2 ... is a decreasing sequence of
Noetherian Z-modules then there is an N € N such that A,, & Ay for all n > N.

All of the above properties derive from the classification theorem for Z-Noeth. (The
notation used in this dissertation is explained at the end of this section.) The reason
for their importance is that, for other rings and in other circumstances, they occur even
without a complete classification theorem, and hence can be considered consolation prizes
when a complete classification is not possible. Indeed, almost no category of modules can
be classified the simple way that Z-Noeth is. Even though the full classification may not
be possible, there is still some hope that some of these other weaker properties may occur.
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Before considering more general module categories, we note the special properties that
the building blocks of Z-Noeth have: A nonzero Noetherian Z-module P is one of the
building blocks described above if it has the following property:

o Primeness: If A and B are Noetherian Z-modules such that P < A® B, then either
P<Aor P<B.

It will be very useful to add an element of abstraction to the classification of Noetherian
Z-modules which will enable us to discuss the successes and failures of similar classification
schemes for other module categories:

Definition 1.1. Let R be a unital ring and S C R-Mod a class of left R-modules which

is closed under finite direct sums and contains the zero module. For any module A € S, let

{2 A} be its isomorphism class. Let V(S) be class of all isomorphism classes of S. We will

write + for the operation on V(S) induced by the direct sum, that is,
{=A}+{=B}={=Ae B}

for all A,B € S.

It is easy to see that V(S) is a well defined commutative monoid (though perhaps not a
set; see 5.1). The identity element of V(S) is the image of the zero module, {= 0} = {0},
which we will write as 0 € V/(S).

The classification of Noetherian Z-modules discussed above is then a statement about
V(Z-Noeth):

e V(Z-Noeth) is a free commutative monoid with basis {& Z} and {& Zy} for
p,n € N and p prime (5.13).

Corresponding to the properties of Z-Noeth described above are the following monoid
properties. These we define for an arbitrary commutative monoid M:

P1: Cancellation: If a,b,c € M such that a + ¢ = b + ¢, then a = b.

P2: Multiplicative Cancellation: If a,b € M such that na = nb for some n € N, then

a="b.

P3: Refinement: If aj,a2,b1,b0 € M such that a; + as = by + be, then there are

C11,€12,C21,C22 € M such that

ai = c11 + ci2 a2 = C21 + C22
by = c11 + ¢ by = c12 + c22.
For A, B € Z-Noeth we have
(A< B) < (3C such that A® C 2 B) < (3C such that {& A} + {= C} = {= B}).
Accordingly, in an arbitrary commutative monoid M, we define a relation < by
a<b <= dce M suchthata+c=0»
for a,b € M (6.1). Thus, A < B in Z-Noeth if and only if {= A} < {= B} in V(Z-Noeth).
Corresponding to the remaining properties of Z-Noeth we then get the following monoid
properties:
P4: Antisymmetry: If a,b € M such that a < b < a, then a = b.
P5: <-Cancellation: If a,b,c € M such that a + ¢ < b+ ¢, then a < b.

P6: <-Multiplicative Cancellation: If a,b € M such that na < nb for some n € N, then
a <b.



Section 1: Introduction 3

P7: Decomposition: If a,by, by € M such that a < by + by, then there are ¢y, co € M such
that C1 S bl, C2 S b2 and a = c1 + ca2.

P8: Descending Chain Condition: If a1 > as > a3z > ... is a decreasing sequence in M,
then there is an N € N such that a, > ay for all n > N. Note that we require
a, > apy rather than a,, = any. See Section 2 for details.

The basis elements of V(Z-Noeth) can be characterized within M = V(Z-Noeth) as
those elements 0 # g € M with the following property:

e Primeness: If a,b € M such that ¢ < a + b, then either ¢ < a or ¢ <b.

Elements of a commutative monoid which satisfy this condition are called prime ele-
ments.

Any free commutative monoid, in particular V(Z-Noeth), has all of the properties P1-
P8. In arbitrary commutative monoids these properties are not independent of each other.
For example, if a commutative monoid has refinement then it has decomposition. One of
the main purposes of this dissertation is to prove other interdependencies. For example, we
will show that if a commutative monoid has refinement and the descending chain condition
then it also has <-multiplicative cancellation (13.1). These same conditions do not suffice
to make the monoid cancellative.

With this new level of abstraction we can discuss structure theorems for module categories
of the following form: Let S be a class of modules and A: S — M a surjective map where M
is a commutative monoid with monoid operation + induced from some module composition
operation in S. Then a structure theorem for S is simply some statement, with P1-P8
serving as prototypes, about the structure of M. The significance and utility of such a
theorem depends on these criteria:

C1: How big is S? The bigger, the better.

C2: How small are the equivalence classes A=!(a) for @ € M? The ideal situation is
that these equivalence classes are isomorphism classes of modules, so that knowing
A(A) = A(B) in M implies A = B as modules. Such a map provides the most
detailed information on S.

C3: Which of the properties P1-P8 does the monoid M have? The more it has, the closer
the theorem is to the ideal represented by the classification of Z-Noeth.

C4: Is there a small class of prime elements of M such that every element of M is a
finite sum of these elements? If so, are elements of M uniquely expressible as sums
of these elements? Is M isomorphic to the free commutative monoid generated by
these elements?

As is usual, any structure theorem involves making a compromise of these conflicting
goals. It is the main theme of this dissertation that gains can be made in items C1, C3
and C4 of this list by sacrificing the ideal situation in C2. Before explaining this, we
will show by example that even for a commutative Noetherian ring R and S = R-Noeth,
maintaining the ideal situation in C2, requires compromises in C3. Specifically, we will
show that V' (R-Noeth) does not, in general, have refinement, decomposition, cancellation,
multiplicative cancellation, or <-multiplicative cancellation.
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Example 1.2. Let S =R[X,Y]/(X?+Y? —1), the coordinate ring of the unit circle. We
will write x,y for the images of X, Y in S. Let ®: S — S be the ring automorphism such
that ®(z) = —z, ®(y) = —y and ®(r) = r forallr € R. Let R = {r € S| ®(r) = r}.
One readily confirms that R is the subring of S consisting of all polynomials such that the
total degree of each term is even. Considered as functions on the unit circle, R contains all
polynomials f(x,y) such that f(x,y) = f(—x,—y).

Let A={a € S| ®(a) = —a}. Considered as functions on the unit circle, A contains all
polynomials f(x,y) such that f(x,y) = —f(—xz,—y). A is not a subring of S, but it is an
R-submodule, since if r € R and a € A, then ®(ra) = ®(r)®(a) = —ra, that is, ra € A.

We will prove that A 2 R as R-modules by showing that A is not cyclic: Suppose f € A.
Then it is a topological fact that there must be some point (zo,yo) on the unit circle such
that f(xo,y0) = 0. If xg # 0, then the polynomial x € A is nonzero at (xg,yo), S0 is not in
Rf. Similarly, if yo # 0, then the polynomial y € A is nonzero at (xg,yo0), so is not in Rf.
Since, of course, xg = yg = 0 is not possible, we have Rf # A. Thus A is not cyclic and
can not be isomorphic to R.

Next we will show that A® A= R® R as R-modules: Define V: S®S — S@S by

U(s1,52) = (812 + 52y, 51y — S2)

for all (s1,82) € S@® S. It is easy to check that ¥ is an R-module homomorphism, that
VoW =idg, and that W(RGR) = ADA and V(A®A) =R®R. Thus ADAZ R®R.

Let r = {& R} and a = {= A} in the monoid V(R-Noeth). Then we have 2a = 2r but
a # r. Thus V(R-Noeth) does not have multiplicative cancellation.

Since X2 +Y?2 — 1 is irreducible, S is a domain, and since R is a subring, R is also a
domain. In particular, R has no nontrivial direct summands, so that A £ R and a £ r.
It is then easy to see that the inequality a < r 4+ r can not be decomposed, which means
V(R-Noeth) does not have decomposition or refinement. Also, we have 2a < 2r but a £ r,
so that V(R-Noeth) does not have <-multiplicative cancellation.

We also want to show that cancellation can fail in V/(R-Noeth), for R a commutative
Noetherian ring. One standard example of this, due to Kaplansky and Swan [29] is the
following:

Example 1.3. Let R = R[X,Y, Z]/(X? +Y? + Z? — 1), the coordinate ring of the unit
sphere. We will write x,y,z for the images of X,Y,Z in R. Let : R®& R® R — R be
the R-module homomorphism defined by n(a,b,c) = ax + by + cz. Since n(x,y,z) = 1, this
homomorphism is surjective. Let P = kern, then we get the short exact sequence

0-P—R®R®RLR—0.

Since R is projective, this sequence splits to give (R® R)® R = P& R. In [29, Theorem
3] and [23, 11.2.3] a topological argument, similar to the argument used in Example 1.2, is
used to show that P 2% R® R.

Let r = {= R} and p = {= P} in the monoid V(R-Noeth). Then we have 2r+r =p+r
but 2r # p. Thus V(R-Noeth) is not cancellative.

For many more examples of this type see [21].

In particular, from these examples we see that for R a commutative Noetherian ring,
V(R-Noeth) can not be a free commutative monoid, and so there is little hope of under-
standing the structure of this monoid in terms of sums of building blocks as was done for



Section 1: Introduction 5

V(Z-Noeth). Of course, these difficulties are not made any easier if we want to study
noncommutative rings or non-Noetherian modules.

We should mention here a few other situations where, in spite of the above examples, one
can say something about V' (S). The properties of V(Z-Noeth) that we have been discussing
occur for any PID, commutative or noncommutative. So if R is a PID, then V(R-Noeth)
is a free commutative monoid with basis {& R} and all elements {& A} where A is an
indecomposable Noetherian R-module. In this case V(R-Noeth) has all of the properties
P1-P8.

If R is any ring and S = R-len, the class of R-modules of finite length, then the Krull-
Remak-Schmidt-Azumaya Theorem is equivalent to saying that V(S) is a free commutative
monoid with basis all elements {2 A} where A is an indecomposable finite length module.
In more generality, we get the same result if S is the set of all R-modules which are finite
direct sums of modules with local endomorphism rings.

It seems that, except for some simple cases, V(R-Noeth) is too complicated to get a
handle on — the monoid V (R-Noeth) retains too much of the complexity of R-Noeth itself.
One approach to this problem, the one taken in this dissertation, is to define a commutative
monoid M (S) for each class of modules S and a map A: S — M(S) in which we abandon
the ideal hoped for in C2, in exchange for gains in C1, C3 and C4. We do this by changing
the glue that we use to hold modules together. Instead of the direct sum operation, we use
extensions. Specifically, we will consider a module B to be built from the modules A and
C if there is a short exact sequence

0—-—A—-B—-C—=0

in R-Mod. Of course, in this circumstance, the module B is not determined, even up to
isomorphism, by the modules A and C, and this is exactly where we make our compromise
in C2.

The details of the construction of the monoid M (S) are in Section 16 so we will just outline
the main features here: Let S be a Serre subcategory (16.1) of R-Mod. The monoid M (S)
and the map A: S — M(S) are constructed so that the monoid operation is induced from
extensions in the same way that the operation in V(S) is induced from direct sums. Thus
we require that if A, B,C € S and there is a short exact sequence 0 - A — B — C — 0,
then A(B) = A(A) + A(C). Such maps are said to respect short exact sequences. We also
require that the monoid M (S) be universal for maps which respect short exact sequences
from S to arbitrary monoids. Another way of saying this is that we require A and M (S) to
compromise C2 as little as possible given our choice of glue.

It turns out that it is possible to construct uniquely (up to monoid isomorphism) such a
monoid. The image of a module A in M (S) will be written as [A]. For any Serre subcategory
S C R-Mod, the monoid M (S) is contained in M (R-Mod) so we do not need to distinguish
[A] € M(S) from [A] € M(R-Mod). The image of the zero module [0] is the identity element
of M(S).

What do we lose by studying M (S) rather than V(S)? Certainly M (S) contains less
information about S than V(S). In regard to C2, we can be quite precise about when
two modules map to the same element of M(S): If A,B € S, then [A] = [B] if and only
if the modules have isomorphic submodules series. That is, there are submodule series
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0=A4 <A <---<A,=Aand 0= By < By <---< B, = B and a permutation of the
indices o, such that A;/A; 1 = B,/ Bo(iy-1 for i =1,2,...,n.

For a simple example, consider again Z-Noeth and the modules Z and Z & Zy. These
are, of course, non-isomorphic modules since they map to distinct elements of V' (Z-Noeth).
On the other hand, we have the standard short exact sequences

0—=Z—7Z—Zy—0

and
0—-Z—>Z®Zy— Zg—0

in Z-Noeth, so in M (Z-Noeth) we get [Z] = [Z] + [Z2] = [Z & Z2]. In our analogy, each of
the modules Z and Z @ Z5 is built from Z and Zs, but they are glued together in different
ways. The monoid M(Z-Noeth) records only that they are made from the same parts,
and ignores the way they are constructed from these parts. This means that no property of
M (Z-Noeth) can distinguish these two modules. For example, the fact that Z is a uniform
module and Z @ Zs is not, can not be seen in the structure of M(Z-Noeth). On the plus
side, both of these modules have Krull dimension 1, and this is a property that can be
seen in the monoid, since the Krull dimension function on Z-Noeth respects short exact
sequences. See 17.4. This loss of information about S in going from V' (S) to M(S) should
not be considered a disadvantage if, in compensation, we have better information about
M (S) than about V(S).

The above example shows another important feature of M (Z-Noeth), that it is not can-
cellative: We have [Z] = [Z] 4 [Z2], but [Z3] # [0] = 0. The reason that cancellation fails
here is that [Z] is too big compared with [Zs]. One of the main results of this disserta-
tion (17.4) is that we do get cancellation in M (R-Noeth) when the size of the canceled
element is controlled relative to the remaining elements. Specifically, for any ring R, if
a,b,c € M(R-Noeth) with a + ¢ =0+ c and ¢ < a, then a = b. This cancellation property
is called strong separativity and is equivalent to

2a=a+b — a=25b

for all elements a, b of a monoid. See 8.12.
We show that strong separativity occurs in Example 1.3:

Example 1.3 (continued). We have R® R & R = P & R with, of course, R and P
Noetherian. In M(R-Noeth) we get 3[R] = [R] + [P] and hence 2(2]|R]) = (2[R]) + [P].
Since M (R-Noeth) is strongly separative, this implies 2[R] = [P] and [R @ R] = [P]. We
will confirm that R® R and P have isomorphic submodule series even though R® R ¥ P. ..

It is easily checked that the homomorphism 7: R ® R@® R — P given by 7(a,b,c) =
(a,b,¢) —n(a,b,c)(x,y, z) is the projection from R® R® R onto P. Thus P is generated by
7(1,0,0), 7(0,1,0) and 7(0,0,1).

Note that 7(x,y,z) = 0 and, more generally, 7(a,b,c) = 0 if and only if (a,b,c) is
a multiple of (x,y,z). With this fact, a simple calculation shows that T is monic when
restricted to R® R @ 0, so that the submodule Q = T(R® R® 0) = R7(1,0,0) + R7(0,1,0)
is isomorphic to R ® R.

To investigate the quotient module P/Q we define the homomorphism v: R — P/Q by
v(c) = 7(0,0,¢) + Q. This homomorphism is surjective by construction and a calculation
shows that kery = Rz. Thus P/Q = R/Rz.
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Since R is a domain, we also have Rz 2 R. Thus 0 < Q<P and0 < RPRz< R® R
are isomorphic submodule series for P and R & R with factors isomorphic to R & R and

R/R:z.

In contrast, the same example shows that if R is commutative Noetherian, V' (R-Noeth)
may not be strongly separative: We have in Example 1.3 that 2r +r = p 4+ r, and hence
2(2r) = (2r) + p, but 2r # p.

The strong separativity of M (R-Noeth) leads to one of the most interesting results of this
dissertation (17.10): If A, B, C' are modules such that A@® C = B ® C with C € R-Noeth,
then [A] = [B] in M (R-Mod).

The strong separativity of M (R-Noeth) is a consequence of two other important prop-
erties of M (R-Mod). The first of these is that for any ring R, the monoid M (R-Mod) has
refinement (16.10). This is itself a result of the Schreier refinement theorem for submodule
series in modules. The second of these properties is that M(R-Noeth) is a semi-Artinian
monoid (14.1). This is a weak type of descending chain condition for monoids which will be
discussed in Sections 14 and 13.

The situation for semi-Artinian refinement monoids seen in M (R-Noeth) is an example
of another of the main themes of this dissertation, that commutative refinement monoids
which have descending chain conditions also have cancellation properties. As well as the
semi-Artinian monoids already mentioned, we will define Artinian monoids which satisfy
the descending chain condition of P9 (2.13). In Section 19, we will show that if R is a
fully bounded Noetherian (FBN) ring, in particular, if R is commutative Noetherian, then
M (R-Noeth) is an Artinian monoid.

Artinian refinement monoids have the strongest descending chain condition and so have
many cancellation properties. These include <-multiplicative cancellation, as well as the
weak cancellation and midseparativity properties that are defined in 9.1. They also have
the property that every element is a sum of prime elements. This is getting quite close to
the ideal situation in C4, though there are some subtleties about the unique representation
of elements by sums of primes.

In Section 19 we will show another interesting aspect of M(R-Noeth) when R is a
Dedekind domain, that the ideal class group of the ring is embedded in the monoid in a
natural way. Thus one can consider the monoid M (R-Noeth) as a generalization of the
ideal class group in the sense that it contains similar information. Though the ideal class
group is defined only for Dedekind domains, the monoid is defined for any ring.

Apart from this introduction, the dissertation falls naturally into three parts:

Part B. Ordered Classes. As mentioned above, the order structure of a commutative re-
finement monoid is crucial in understanding its cancellation properties. In this part
of the dissertation we collect all the definitions and theorems about ordered classes
which we will need to study monoids in Part C. In addition, we will investigate the
Krull length function which will enable us to get a handle on the order structure
of Noetherian and Artinian modules. This in turn will allow us to derive the order
properties of the corresponding monoids M (R-Noeth) and M (R-Art) in Part D.

Part C. Commutative Monoids. The bulk of this dissertation is devoted to the investiga-
tion of the relation between the order and cancellation properties of commutative
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refinement monoids. Because of the absence of a suitable source in the semigroup
literature, we will have to start at a very basic level with the discussion of various
isomorphism theorems, free monoids, direct products and direct sums of monoids.
The preorder on monoids and the refinement and decomposition properties are in-
troduced in Sections 6 and 7. In Sections 8 and 9, we define the main cancellation
properties: separativity, strong separativity, weak cancellation and midseparativity.
Primely generated refinement monoids have a lot of cancellation properties. These
we discuss in Section 11.

Finally, in the last four sections of Part C, we consider cancellation in commutative
monoids with chain conditions. Artinian refinement monoids have the strongest
chain condition and hence the most cancellation properties. Semi-Artinian refinement
monoids have a weaker chain condition and a correspondingly smaller number of
cancellation properties.

Part D. Modules. In the final part of the dissertation, we apply our understanding of order
and cancellation in monoids to monoids constructed from categories of modules. The
construction itself and its basic properties are discussed in Section 16. One of the
main results of this dissertation is that M (R-Noeth) is a semi-Artinian refinement
monoid with no proper regular elements, and so is strongly separative. This theorem
and its consequences are in Section 17.

In the final section we discuss the case where R is an FBN or commutative Noe-
therian ring. We will show that, in this circumstance, M (R-Noeth) is an Artinian
refinement monoid and has as a consequence strong cancellation properties. In fact,
considerable information about M (R-Noeth) can be obtained because we know what
the prime elements look like. This is used in the last theorem of the dissertation
which shows that for a Dedekind domain R, the ideal class group is embedded in
M (R-Noeth).

No graduate student works in a vacuum. The study of modules, in particular, has a
long history filled with folklore, open conjectures, failed conjectures, personalities, hopes
and ideas. Complementary to this history is current information: Who is doing what? Who
wants to know what? What’s hot? What’s not? What might make a good thesis topic? All
this behind-the-scenes information, though not written down, is as vital to success as the
theorems that one claims to be learning.

Thus, in the long development of this dissertation, I have enormously benefitted from
the help of my supervisor, Ken Goodearl. He has kept me from trying to prove obviously
false theorems, pointed out the probably true ones, and directed me to the appropriate
references for those already known. He provided examples and counterexamples, asked the
right questions, and knew how to find the answers. Not to be forgotten are the hours
he spent checking the proofs, reducing the number of typos and making suggestions for
improvements to this dissertation. Perhaps most important, he made the process of getting
a Ph.D. a pleasure.
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A Note on Notation

We collect here most of the notation that will be used in this dissertation complete with
references to the precise definitions whenever possible.

N

Z

7+
(z+)>
Ln,

R

R+
RH+

C

{0, 00}
Ord
Ord”
Card
Krull

Natural numbers, {1,2,3,...}
Integers

Non-negative integers, {0,1,2,3,...}
Z+ U {oo}

Cyclic group of order n € {2,3,4,...}
Real numbers

Non-negative real numbers

Strictly positive real numbers
Complex numbers

The monoid such that co 4+ co = oo
The class of ordinal numbers

Ord U {-1}

The class of cardinal numbers

The Krull monoid. See 3.21.

Throughout this dissertation R will be a unital ring. The following are Serre subcategories
of R-modules:

R-Mod

The category of left R-modules.

R-Noeth The full subcategory of R-Mod consisting of all Noetherian modules.

R-Art
R-len

The full subcategory of R-Mod consisting of all Artinian modules.
The full subcategory of R-Mod consisting of all modules of finite length.

Though we are using here the nomenclature and notation of category theory, we will only
be interested in full subcategories of R-Mod. So we will think of categories as subclasses of
the objects of R-Mod, and modules as elements, rather than objects, of these categories.

Let A and B be modules.

A= B
{= 4)
A<B
A<B
A~DB
A

A is isomorphic to B.

Isomorphism class containing the module A

A is a submodule of B

A is isomorphic to a direct summand of B

Modules A and B have isomorphic submodule series. See 16.2.
The ~-equivalence class containing the module A.
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Let £ be a preordered class, M C L and z,y € L.

£O
{<}
{> =}
[z,9]
xr = Yy

LE x}
L

M
L
Arad L
zVy
T Ay

The dual of L. See 2.1.

{yelly<az}

{fyelly=a}

{zeLl|z<z<y}

z<y<cz

{fyelly=x}

The universal poclass associated with £. See 2.2.
The lower class generated by M.

The class of lower classes of £ ordered by inclusion. See 2.4.
The Artinian radical of £. See 2.16.

The supremum (join) of x and y.

The infimum (meet) of x and y.

Let M and M’ be commutative monoids, N a submonoid of M, o € Ord and a,b € M.

M= M
I<M
a<b
{<a}
a=b
{=a)
M
a<<b
{<a}
a=<b
{=<a}
axb
(=)
M
an~;b

M is isomorphic to M’. See 5.3.

I is an order ideal of M. See 6.12.

There is some ¢ € M such that a+¢c =05

{beM|b<a}

a<b<a. See6.3.

{b€ M | b<a<b}, the =-equivalence class containing a € M. See 6.3.
The universal partially ordered monoid constructed from M. See 6.3.
a+b<b. See 6.5.

{beM|b<a}

There is some n € N such that a < nb. See 6.16.

{beM|b=<a}

a<b=<a. See6.18.

{b€ M | b < a < b}, the Archimedean component containing a.
The universal semilattice monoid constructed from M. See 6.18.
a+r=>b+r. See 10.2.

The ~,-congruence class containing a € M.

See 5.5

The ~py-congruence class containing a € M.

The Artinian radical of M. See 12.3.

See 14.3.

The semi-Artinian radical of M. See 14.3.

The socle of M. See 14.21.

See 14.25.

The Loewy radical of M. See 14.25.
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2 Artinian Ordered Classes

In this section we present the notation, definitions, and propositions we will need to
discuss the order structure of monoids, and hence, the order structure of module categories.
The monoids that we will study may not be sets - typically a monoid will be constructed
from a module category, and the fact that the objects of a category do not, in general, form
a set is reflected in the size of the monoids we will have to deal with. As a consequence, we
discuss in this section ordered classes rather than ordered sets.

The prototypical ordered class is the class of ordinals, (Ord, <). Ord has the property
that for any ordinal «, the elements of Ord which are less than « form a set. This is typical
of the ordered classes which will arise from module categories. See, in particular, 16.13.

Definition 2.1.

e A partially ordered class, (£, <), is a nonempty class L and a relation < on L
which is
1. reflexive: (Vx € L) (z < x)
2. transitive: (Vz,y,z € L) (x <yand y <z = x < 2)
3. antisymmetric: (Ve,y € L) (x <yandy <z = x=y).

We will abbreviate “partially ordered class” as “poclass”, and “partially ordered
set” as “poset”. The greatest and least elements of any poclass L, if they exist will
be labeled T and L respectively. A bounded poclass is a poclass which has both a
mazimum and a minimum element.

e A preordered class, (£, <), is a nonempty class L and a relation < on L which is
reflexive and transitive, that is, it satisfies 1 and 2 above. Every preordered class L
has a dual preordered class, L°, with the same elements as L but reverse order.

o A function ¥: K — L between preordered classes is increasing if

(Vxl,xg € IC) (.Il <z — 7/)(1'1) < 1/’(1’2))

Note that if v is increasing as a function from IC to L, it is also increasing as a func-
tion from K° to L°. A function ¢: K — L between preordered classes is decreasing
if it is increasing as a function between Kand L°.

e A function : KL — L between preordered classes is an isomorphism if it is increas-
ing and there exists an increasing function ¢: L — K such that ¢op and Y o¢ are the
identity maps on K and L respectively. If such a function exists then IC and L are
isomorphic. Note that a bijective increasing function may not be an isomorphism.
See 2.9 for an example.

If K and L° are isomorphic, then we say K and L are anti-isomorphic.

o If a function ¢: K — L between preordered classes restricts to an isomorphism
P K — (K), we will say that v is an embedding, and that K is embedded in
L. It is easy to check that ¥ is an embedding if and only if

Vo1, 22 € K) (21 <12 = Y(21) < (22)).
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Of course, any subclass of a preordered class L is embedded in L by the inclusion
map.

It is convenient to use the the following notation: Let £ be a preordered class, and x € L.
We will write
{Lay={zeL]|z<z}
{>a}={zeL]|z>za}
This form of notation we will extend to other relations as appropriate, for example, {< x},
{=z}, {R z}. Also, if z <y in L, we will write

[z,yl ={ze L]z <z<y}

Let £1 and L5 be two preordered classes. We will write £1 X Lo for the Cartesian product
of £1 and L, with order given by

(z1,22) < (y1,Y2) <= (21 < y1 and z2 < ys)

for all (z1,x2),(y1,y2) € L1 X Lo. Notice that {< (z1,22)} = {< 21} x {< a9} for
(581,562) € Ly X Lo.

There are projection maps m1: £1 X Lo — L1 and mg: L1 X Lo — Lo defined by 71 (21, 22) =
x1 and ma(x1,x2) = x9. Also each of £; and L5 can be embedded in £q x Lo: If 21 € L4
then the map from Ly to £1 X Ly given by zo — (21, 22) is an embedding. We have defined
preordered classes to be nonempty so that such embeddings always exist.

It is easy to show that £1 X £2 = EQ X El and (,Cl X ,Cg) X £3 = [,1 X ([:2 X [:3)

If ¢1: K1 — L1 and 19: Ko — L5 are maps between preordered classes, then we will write
11 X 1 for the map from Ky x Ko to £1 X Lo given by

(Y1 X Yo) (w1, 22) = (Y1(71), P2(x2)).

If 41 and 19 are increasing, then so is ¥ X 5.
Any preordered class £ has a poclass, to be called £, associated with it:

Definition 2.2. Let L be a preordered class. Define a relation = on L by
r=y < rz<yandy <z

It is easily shown that = is an equivalence relation. We will write {= x} for the equivalence
class containing x € L, and L = L/ = for the class of equivalence classes. L is a poclass
when given the order

[z} <{=y} < o<y,
Thus the map {= }: L — L taking = to {= z} is increasing. Of course, if L happened to be
partially ordered to start with, then this map is an isomorphism of L and L.

Proposition 2.3. Let: K — L be an increasing function between preordered classes. If L
is a poclass, then there exists a unique increasing function ¥ making the following diagram
commute.
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Proof. Straight forward. |

If M is a nonempty subclass of a preordered class L, then M is defined as above,
independently of its embedding in £. But since M is easily seen to be isomorphic to
{{=2} e L]z e M} C L, we will make the following identification:

M={{=z}el|ze M}

One can readily check that for preordered classes £1 and Lo, we have £1 X Lo = L1 X Lo.

Definition 2.4. A subclass J C L of a preordered class is a lower class of L if
(Vz e J) ({2} CJ).

The class of lower classes of L we will denote by || £, and we will order | L by inclusion.
Some authors use “hereditary subclass” for “lower class”.
A subclass J C L of a preordered class is an upper class of L if

(VzeJ) {zz}CJ).
The class of upper classes of L we will denote by L, and we will order } L by inclusion.

Thus ) and £ are upper classes and lower classes of £. Also {< z} is a lower class and
{> x} is an upper class of L for any x € L. Note that || £ and f} £ are poclasses even if £
is only preordered.

It is easily checked that arbitrary unions and intersections of lower classes are also lower
classes, (thus | £ is a complete bounded lattice). In particular, if M C L is an arbitrary
subclass, then M generates a lower class | M defined by

IM=({TelL|Mc T},
or equivalently,
IM=J{< 2} |z e M}

If 7 is a lower class in £, then it is a union of =-equivalence classes and 7 is a lower class in
L. In fact, it is easy to see that the function {= } induces an isomorphism {= }: | £ — |} L.

Of course, everything we have said in the previous paragraph applies to upper classes as
well. In particular, we will write T M for the upper class generated by M C L. If J is a
lower class of £ then the complement of 7, £\ 7, is an upper class, and this is easily seen
to provide an anti-isomorphism between |} £ and 1 L.

We introduce next certain classes of functions (exact, exact® and strictly increasing)
which, we will find later (2.17), behave well with respect to Artinian and Noetherian pre-
ordered classes.

First we note that increasing functions can be characterized by how they act on upper
and lower classes:

Proposition 2.5. Let ¢: K — L be a function between preordered classes. Then the
following are equivalent:

1. v is an increasing function.
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[\

AL Y(@)} 2 v({<L x}) forallz € K.

. ™! maps lower classes of L to lower classes of K.

Az ()} D> x}) forallz € K.

¥~ maps upper classes of L to upper classes of K.

OU = W

Proof.
1=2Ify € v({< z}), then there is 2’ < x such that y = ¢(z’). Since ¢ is increasing,
Y(a') < (x), that is, y € {< ¥(z)}.
2 =3 Let M be a lower class of L. If z € ¥~1(M) then we have ¢(z) € M and also
v({< a}) C{< ¥(2)} S M. Thus {< z} C ¥~ (M).
3=11If x € K then {< ¢(x)} is a lower class in £ so by hypothesis, 11 ({< ¥(x)}) is a
lower class in £. Since z is in ¥~ ({< ¢ (x)}), so is any 2’ < z, that is ¥(a') < ().
By duality, 1 implies 4 implies 5 implies 1. (|
We will be interested in functions which have properties “inverse” to those of increasing
functions:

Proposition 2.6. Let ¢: K — L be a function between preordered classes. Then the
following are equivalent:

1 {< 9(2)} C p({< 2}) for allz € K.
2. Y maps lower classes of KC to lower classes of L.
Also the following are equivalent:
3. {>¢Y(x)} CyY{>=x}) forallz € K.
4. ¢ maps upper classes of KC to upper classes of L.
Proof.
1 =2 Let M be a lower class of K and y € ¥)(M). Then there is some z € M such that
y=1(x), so {<y} ={< (@)} SY({< 2}) S YM).
2=1 If z € K then {< z} is a lower class in K and hence, ¥({< x}) is a lower class in L.
Since ¥(z) is in Y ({< 2}), we have {< ¢(z)} CY({< x}).
Of course, the equivalence of 3 and 4 follows by duality. |

Items 1 and 2 are not equivalent to 3 and 4, so we are led to define two types of functions:

Definition 2.7. A function ¢: K — L between poclasses is exact if it satisfies either 1
or 2 of the conditions of the previous proposition. It is exact®(dual-exact) if it satisfies
either of conditions 3 or 4.

Some easy examples:

e The map {= }: L — L is increasing, exact, exact® and surjective.

o If M C L, then the embedding of M into L is always increasing, but it is exact if
and only if M is a lower class, and exact® if and only if M is an upper class. Thus
the restriction of an exact function to a lower class is an exact function.

e The projections 7, and 7y of £1 X Lo onto £1 and Lo, are increasing, exact and
exact®.

Proposition 2.8. Let ¢: K — L be a bijection. Then 1 is exact if and only if 1 is exact®
if and only if v~ is increasing.
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Proof. Easy consequence of 2.5 and 2.6. |

Example 2.9. A function ¥: K — L which illustrates exactness, and the relations among
the previous three propositions is:

T
—l—//
- = = = >
\A
1 ——‘\\\\A
K L
L

The function 1) is increasing but not exact or exact®. The function ™! is exact and exact®
but not increasing. Note also that v is an increasing bijection but not an isomorphism.

Definition 2.10. A function 1: K — L between preordered classes is strictly increasing
if it is increasing and

(Va1,20 € K) (21 < 29 and Y(z1) > Y(22) = 1 > 2).

If I and L are poclasses, then this definition coincides with the usual one, namely, 1 < x5
implies ¥(z1) < ¥(z2). The reason for the peculiar form of this definition is that we want a
map ¥: K — L between preordered classes to be strictly increasing if and only if the induced
map between K and L is strictly increasing in the usual sense. Exact and exact® maps also
have this property:

Proposition 2.11. Let : K — L be an increasing function between preordered classes.
Then there is a unique increasing function : K — L which makes the following diagram
commute:

Further, 1 is exact (exact®, strictly increasing) if and only if ¢ is evact (exact®, strictly
increasing).

Proof. Using 2.3, we get a unique increasing function from /C to £ making the diagram com-
mute. The claim about exact and exact® functions follows from the fact that the functions
{=} induce isomorphisms between || £ and |} £, and between |} and |} K.

It is a simple calculation to establish the property of strictly increasing functions. O

It is also an easy calculation to check the following:

e The composition of increasing (strictly increasing, exact, exact®) functions is again
increasing (strictly increasing, exact, exact®).
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o If y1: Iy — L1 and ¥9: K9 — L5 are maps between preordered classes, and v, and
19 are increasing (strictly increasing, exact, exact®), then so is 11 X 1.

Lemma 2.12. Consider the following commutative diagram with IC, £ and M preordered
classes:

K—2=r

N

M

1. If o is surjective and increasing, and ¥ is exact (exact®), then T is exact (exact®).
2. If T is injective and increasing, and v is exact (exact®), then o is exact (exact®).

Proof. We prove 1 in the exact case only. The other cases are similar:
Let J be a lower class in £. Since o is surjective, we have o(c~1(J)) = J, and so

Uo7 H(T)) = 7(a(0™(T))) = T(T).

The function v is exact and o is increasing, so ¥(o~3(J)) = 7(J) is a lower class in M.
Since 7 maps lower classes of £ to lower classes of M, it is an exact function. O

The following definitions are standard for poclasses:

Definition 2.13.

e A poclass L is Artinian if either of the following equivalent properties is true:
1. FEvery nonempty subclass of L has a minimal element.
2. For every decreasing sequence r1 > xo > T3 > ... in L, there is an N € N
such that ., = xn for alln > N.
e A poclass L is Noetherian if either of the following equivalent properties is true:
3. Every nonempty subclass of L has a maximal element.
4. For every increasing sequence v1 < xo < x3 < ... in L, there is an N € N
such that ., = xn for alln > N.

The equivalence of 1 and 2 (or 3 and 4) is an easy and standard result. Of course, any
subclass of an Artinian (Noetherian) poclass is also Artinian (Noetherian).

We extend these definitions to apply to preordered classes in a rather simple minded but
nonetheless useful way:

Definition 2.14. A preordered class L is Artinian (Noetherian) if and only if L is
Artinian (Noetherian).

It is easily checked that if M is a subclass of a preordered class £, then M is Artinian
(Noetherian) if and only if M is an Artinian (Noetherian) subclass of L.

It is a standard result that for poclasses £1 and L2, we have that Lo X Lo is Artinian
(Noetherian) if and only if £4 and £ are Artinian (Noetherian). This result extends easily
to preordered classes using the equation £o x Lo = L1 X Lo, which is valid for preordered
classes.
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It is convenient to define minimal (maximal) elements for preordered classes in such a
way that the definitions of Artinian and Noetherian preordered classes take the same form
as in 2.13:

Definition 2.15. If M is a subclass of a preordered class L, then an element x € M is
minimal in M if

MyeM) y<z = y>uz).
Mazimal elements are defined dually.

In a poclass, of course, minimal and maximal have their usual meanings. We have made
these definitions so that z € M is minimal in M if and only if {= '} is minimal in M.
With this definition, a preordered class £ is Artinian if and only if any of the following
are true:
1. Every nonempty subclass of £ has a minimal element.
2. For every decreasing sequence x; > xo > x3 > ... there is an N € N such that
z, > xpy forallm > N.

Of course, a dual statement is true for Noetherian preordered classes.

We have noted already that an arbitrary union of lower classes is a lower class. It is also
easy to see that an arbitrary union of Artinian lower classes is Artinian: Any decreasing
sequence in the union, x7 > xo > x3 > ..., is contained in the same Artinian lower class
that contains z;. Thus we define

Definition 2.16. The Artinian radical of a preordered class L, written Arad L, is the
union of all Artinian lower classes. As we have seen, it is also the largest Artinian lower
class.

Clearly, a lower class is Artinian if and only if it is contained in the Artinian radical.

Now we can we present the main theorem of this section:

Theorem 2.17. Let): K — L be a function between preordered classes and ) # M C L.
1. If ) is strictly increasing and M is Artinian, then ~*(M) is Artinian.
2. If 9 is strictly increasing and M is Noetherian, then 1~*(M) is Noetherian.
3. If ¢ is exact and increasing, and K is Artinian, then (K) is Artinian.
4. If 1 is exact® and increasing, and K is Noetherian, then ¥(K) is Noetherian.
If K is a poclass, then the hypothesis that 1 is increasing can be dropped from 3 and 4.
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Proof.
1.

Let J C ¢~'(M) be nonempty, and let zop € J be chosen so that ¢(zg) is minimal
in ¥(J) € M. We claim z is minimal in J.

If y € J and y < xg, then ¥(y) < ¥(xp), so, by the minimality of 1(z¢), we have
Y(y) > ¥(xp). Since v is strictly increasing, this implies zg < y.
Dually.

3. Let J C ¥ (K) be nonempty and let x¢ be minimal in ¥ ~1(7). We claim that 1 (zo)

4.

is minimal in J.

Ifye Jand y < ¢(xp) then y € {< ¢(zo)} C({< zo}), so there is some = < zg
such that y = (z). But x € ~1(J), so by the minimality of zg, we get z > x¢
and, since 1) is increasing, y = (x) > (o).

Dually

If K is partially ordered, then in the last line of the proof of 3 we get, by the minimality
of g, that x = xg and so y = ¥(xo). O

Corollary 2.18. Let ¢¥: K — L be a function between preordered classes.

1.

Ul N

Proof.
1.

2.

If v is strictly increasing, then v~!(Arad £) C Arad K.
If ¢ is exact and increasing, then ¥ (Arad ) C Arad L.
If ¢ is exact, strictly increasing and injective, then Arad K = ¢~ 1(Arad £).

If ¢ is exact, strictly increasing and surjective, then Arad £ = 1 (Arad K).
If J is a lower class in L, then Arad J = (Arad L) N J.

Arad £ is an Artinian lower class, so by 2.17 and 2.5, ¢»~!(Arad £) is an Artinian
lower class in K.

Arad K is an Artinian lower class, so by 2.17 and 2.6, )(Arad K) is an Artinian lower
class in L.

Using 1 and 2 we get
Arad K = ¢ 1 (¢(Arad K)) C o~ (Arad £) C Arad K.

Thus Arad K = ¢~ (Arad £).
Using 1 and 2 we get

Arad £ = (b~ (Arad £)) C (Arad K) C Arad L.
Thus Arad £ = ¢(Arad K).

. The inclusion ¥: J — L is exact, strictly increasing and injective, so from 3 we get

Arad J = ¢ 1 (Arad £) = (Arad £) N J.
]

Let ¥: K — L be an increasing function between preordered classes. From 2.17 we have
that, if I is Artinian and v is exact, then (k) is Artinian. We will see next that, with the
stronger hypothesis on I that | IC is Artinian, and the weaker hypothesis on 1) that v is
increasing, we can get the same conclusion.
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Though everything here applies, via 2.11, to preordered classes, it will be convenient to
discuss only poclasses. We introduce some standard concepts for poclasses:
Definition 2.19.
e A chain is a subclass C of a poclass which is totally ordered, that is, c1,co € C implies
c1<cyorcy<c.
e An antichain is a subclass A of a poclass such that if ai,as € A and a1 < ag, then
a; = ag.
A chain is Artinian and Noetherian if and only if it is finite. More generally we have

Lemma 2.20. A poclass L is both Artinian and Noetherian if and only if all chains in L
are finite.

Proof. If L is both Artinian and Noetherian, then any chain is Artinian and Noetherian and
so is finite.

Conversely, suppose all chains in £ are finite. Then the image of any decreasing or
increasing sequence in £ is finite. Thus £ is Artinian and Noetherian. O

We now consider the condition that |l £ is Artinian for a poclass L:
Proposition 2.21. [17] Let L be a poclass. Then the following are equivalent:
1. VL is Artinian.
. L is Artinian and contains no infinite antichains.

. Every nonempty subclass of L has a nonzero finite number of minimal elements.
. Bvery infinite subclass of L contains an infinite strictly increasing sequence.

O = W N

. Bvery infinite sequence a1, as,as, ... in L whose image is infinite, contains a strictly
increasing subsequence.

6. Every nonempty upper class in L is finitely generated.
7. L is Noetherian.

Proof.
1= 2 L is embedded in the Artinian poclass |} £ via the map = — {< z}. Hence £ is
Artinian.
Suppose L contained an infinite antichain A = {a,as,...}. Then the sequence
of lower classes

LAD [(A\{a1}) 2 [ (A\{a1,a2}) 2 ...,
is strictly decreasing, so |} £ could not be Artinian.
2 = 3 Since £ is Artinian, any nonempty subclass of £ has a minimal element, and since
the minimal elements form an antichain, there must be a finite number of them.
3 = 4 Suppose M7 C L is infinite. Let A; be the set of minimal elements of M;. Then

My = U ({> a} N My).
ac€A;

Since M is infinite and A; is finite, there must be some a; € A; such that
{> a1} N M; is infinite. Set My = {> a1} N M;. Then My is infinite, and we can
use the above process to get some ag € My such that M3 = {> as} N My is infinite.
Repetition of this process then gives a strictly increasing sequence a1 < as < az < ...

in Ml.
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4 =5 Let aj,as,as,... be an infinite sequence in £ such that A = {a1, ag, as, ...} is infinite.
By hypothesis, there is an injective function o: N — N such that

Uo(1) < Ug(2) < Qg3) < ...

is a strictly increasing sequence. We define another function ¢: N — N inductively
by ¢(1) =1 and

Y(n+1) =min{m € N | o(m) > o((n)) and ay(m) > Go(pn))}
for n € N. This is well defined since for a fixed n the sets {m | o(m) < o(x(n))} and
{m | ao(m) < aopny)} are finite, so there is some N € N such that o(m) > o((n))

and Gy (m) > Qo (yp(n)) for all m > N.
By construction, o(1(1)) < o(¥(2)) < o(¥(2)) < ..., and so

Ao (1) < Qo((2)) < Ao(p(3) < -+
is a strictly increasing subsequence of the original sequence.

5 = 6 Suppose to the contrary that J # () is an upper class of £ which is not finitely
generated. We proceed inductively to construct a sequence aq,aso,... of distinct
elements in J as follows:

Let a; € J be arbitrary. For the induction step, suppose we have already chosen
a1,a2,...,a, € J. Since J is not finitely generated, J \ (T {a1,a2,...,a,}) is
nonempty, and we pick a,41 to be any element of this subclass.

By construction, {> a,} does not contain a,, for any m > n. In particular, for
any n € N, {> a,,} contains at most a finite number of elements from the sequence.
Hence aq, ao, ... has no infinite strictly increasing subsequence.

6=7Let /1 C Jo C J3 C ... be an increasing sequence of upper classes. Set J =
Unen Jn, then J is also an upper class so is finitely generated. Each of these gener-
ators is in some J,, so there must be some index N such that Jy contains all the
generators. Thus Jy = J and J,, = Jy for allm > N.

7=1 | L and f}£ are anti-isomorphic.

O

Note that any totally ordered Artinian poclass satisfies 2 of this proposition. In particular,
J(Z") is Artinian.
Combining 2.20 and this proposition we get immediately
Corollary 2.22. Let L be a poclass. Then the following are equivalent:
1. L is finite.
2. L is Artinian and L is Noetherian.
3. L has no infinite chains or infinite antichains.

Corollary 2.23. Let ¢¥: K — L be an increasing function between poclasses. If | K is
Artinian then so are J(K) and ¥ (K).

Proof. From 2.5, 1)~ maps lower classes of 1(K) to lower classes of K. This map is strictly
increasing. By 2.17, || K being Artinian then implies that |} ¢(K) is Artinian. From 2.21,
J9(K) Artinian implies ¢(KC) is Artinian. O
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Corollary 2.24. Let ¥: K — L be a map between poclasses.

1. If VK is Artinian, L Noetherian and v increasing then ¥ (K) is finite.
2. If VK is Artinian, L Artinian and i decreasing then ¥(K) is finite.

Proof.

1. From 2.23, |¢(K) is Artinian. We also have ¢ (K) is Noetherian, so, by 2.22, ¢¥/(K)
is finite.

2. Dually.
d

Item 2 of this corollary can be considered as a generalization of the fact that the image
of any decreasing sequence (that is, the image of Z* under a decreasing function) in an
Artinian poclass is finite.

Proposition 2.25. Let £1 and Lo be poclasses. Then || (L1 x L2) is Artinian if and only
if L1 and | Lo are Artinian.

Proof. The poclasses || £1 and |} Lo are easily seen to embed in | (£ X L3). Thus if
V(L1 x L2) is Artinian, then so are | £1 and | Lo.

Conversely, suppose |} £1 and || Lo are Artinian. Let (x1,v1), (z2,¥2), (z3,¥3),... be
an infinite sequence in £q x Ly such that A = {(z1,y1), (z2,y2), (3,y3),...} C L1 X Lo is
infinite. We will show that this sequence has a strictly increasing subsequence. . .

Since A is infinite, at least one of the projections 7 (A) C £1 and m2(A) C Lo must
be infinite. Without loss of generality, we will assume that 71 (A4) C £, is infinite. Using
2.21.5, there is a subsequence of (x1,y1), (z2,y2), (3,y3), ... in which the first components
are strictly increasing. Call the image of this new sequence A’. We get two cases:

e Suppose m(A’) is infinite. Then, using 2.21.5 again, there is a subsequence in A4’
with the second components strictly increasing. Since the first components are also
strictly increasing, this provides a strictly increasing subsequence in A.

e Suppose m2(A’) is finite. Since A’ is infinite, there must be some yg € m2(A’) such
that

{xely|(x,y0) € A}

is infinite. The restriction of the subsequence in A’ to those elements whose second
component is g, is then a strictly increasing subsequence in A.

O

We have already noted that || (ZT) is Artinian, so using this proposition inductively, we
get that | (Z1)" is Artinian for all n € N.

Corollary 2.26. Let L be a preordered class, n € N and v: (ZT)" — L an increasing
function. Then the image of 1 is an Artinian subclass of L.

Proof. Composing 1 with the canonical map from £ to £ gives an increasing map from
(ZT)™ to a poclass. Applying 2.23, we get that 1((Z+)™) is an Artinian subclass of £. Thus
»((Z1)™) is an Artinian subclass of L. O

This result is crucial in proving that finitely generated submonoids are Artinian in 12.7.
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Let A be an infinite subclass of a poclass £. From 2.21, we get that if |} .4 is Artinian
then any infinite subclass of A contains an infinite strictly increasing sequence. This is
an unnecessarily strong condition on A if one wants to know only that A itself contains a
strictly increasing sequence.

In the next proposition we consider the dual case. This proposition gives a condition on
A that ensures that it contains an infinite strictly decreasing sequence. The significance of
this condition will become apparent in the following corollary and in 12.12.

Theorem 2.27. Let A be an infinite subclass of a poclass L such that A = |, cy An,
where A,, is a finite antichain for alln € N and

(Vn € N)(Va € A,41) (3a’ € A, such that a < d’).
Then A contains an infinite strictly decreasing sequence.

Proof. Set
A" ={(n,a,) | n € Nand a, € A,},

the disjoint union of the A,. Let m: A* — A be the projection onto A: m(n,a,) = a,.
Define a relation on A* by (m, a.,) < (n,a,) if m > n and there is a chain,

amgam—1§~~~§ana

such that a; € A; fori =m —1,m —2,...,n+ 1. It is easy to check that < is a partial
order on A*, and that 7 is an increasing function.
Also easy to see are the following:
1. If m > n and a,, € A,,, then there is some a,, € A,, such that (m,a,,) < (n,a).
2. Ifl>m>n, aq € A and a, € A, such that (I,a;) < (n,ay), then there is some
am € Ap, such that (I, a;) < (m,am) < (n,an)
We will construct a decreasing sequence (1,a1) > (2,a2) > (3,a3) > ... in A* such that
7({< (n,an)}) is infinite for all n € N:
From 1, every element of A* is in {< (1,a)} for some a € A;, that is,

A= J =L}
a€ Ay
Since 7(A*) = A is infinite and .4; is finite, there is some a; € A; such that 7({< (1,a1)})
is infinite.

We continue by induction: Suppose we have (n,a,) € A* such that 7({< (n,ay)}) is
infinite. Note that, since A, is an antichain, (n,a,) € {< (n,a,)} if and only if a, = a,.
Let

Brt1 = App1 NT({< (n,a0)}).
Then, from 2, every element of {< (n,a,)}, except (n,a,), is in {< (n+ 1,a)} for some
a € B, 41, that is,

{< (nan)} ={(n,an)} U U {<(r+1a)}
a€By 1

Since m({< (n,ay)}) is infinite and By, is finite, there must be some apy1 € Bry1 C Apy1
such that 7({< (n+ 1,a,41)}) is infinite.
We will show that sequence a; > as > ... in A has no minimum element. . .
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Suppose to the contrary that there is some N € N such that a,, = ay for all n > N. This
means, in particular, that ay € A, for all n > N.

If (n,al) < (N,an), then n > N, a,, < ay and a,,,ay € A,. Since A, is an antichain,
this implies a], = ay and hence 7(n,al,) = an.

This is true for all (n,al) € {< (N,an)}, and so we have 7({< (N,an}) = {an}. This,
of course, contradicts w({< (N, an)}) being infinite. O

Since strictly decreasing sequences in Artinian poclasses are not possible, we get imme-
diately

Corollary 2.28. Let A be an subclass of an Artinian poclass L such that A =, oy An,
where Ay, is a finite antichain for alln € N and

(Vn € N)(Va € A,41) (3a’ € A, such that a < a’).
Then A is finite.

Corollary 2.29. [3, page 183] Let L be an Artinian poclass. Then the class of all finitely
generated lower classes of L ordered by inclusion is Artinian.

Proof. Let J1 O J2 2 ... be a decreasing sequence of finitely generated lower classes of L.
For n € N, let A,, be a finite set of generators of 7,,. By deleting redundant generators from
this set, we can assume that A4,, is an antichain. Further, since

Apt1 CTIn41 €T = U {<a},
a€A,
for every element a € A, 1, there is some a’ € A, such that a < a’. Thus A = J,,cy An
satisfies the hypothesis of 2.28 and A is finite.
For all n € N, let K,, = J, N A. Note that K,, € | A, and that 7, is generated by K, as

a lower class of L. Then K1 D K3 D ... is a decreasing sequence in |} A, so there is some
N € N such that K,, = Ky for all n > N. Hence J,, = Jy for alln > N. O

In our discussion of the order in module categories and the order of submodules within
modules, we will need to have at hand some information about lattices. The standard
reference for lattice theory is G. Birkhoff, Lattice Theory, Srd ed. [3]. For the reasons
explained at the beginning of this section, we will allow the possibility that a lattice may
be a proper class:

Definition 2.30. A lattice is a poclass L such that every pair of elements, x,y € L, has
a supremum, x V Yy, and an infimum, x A y.

Note that y =y A (x Vy) =y V (z Ay) in a lattice.

A bounded lattice is a lattice which has a maximum element T and a minimum element
L. Note that if a lattice has a maximal (minimal) element, then this element is maximum
(minimum). Thus any Artinian lattice has a minimum element.

A lattice £ is distributive if

(Vz,y,z€ L) (xA(yVz)=(xAy)V(zAz)

and
Vz,y,z€ L) (xV(yAz)=(xzVy A(zV=z)).
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These two properties are equivalent and to prove distributivity it suffices to show
xA(yVz)<(xAy)V(zAz).

A lattice £ is modular if

Yy, y2,2€ L) (1 <y2 = V(e Ay2) = (1 V) Ay2).

Any distributive lattice is modular.

Lemma 2.31. Let £ be a lattice and x € L. Define the map \: L — {< a} x {> z} by
Ay)=(zAy,xVy) forally € L.

1. If L is modular then X is strictly increasing.

2. If L is distributive then X\ is an embedding.

Proof. X is clearly an increasing function.
1. Suppose y1 < yo in L such that A(y1) = A(y2). Then xAy; = xAy2 and 2Vy; = zVys,
S0
yi=unV@Ay)=unV@Ay) =@ Ve)Ay=(y2VT)\y2 =ys.
Thus if y; < y2 then we must have A(y1) < A(y2).

2. Suppose y1,y2 € L such that A(y1) < A(y2). Then zAy; < zAys and xVy; < zVys,
S0

=y V@A) <y V(EAy) =@ V) Ay Vy)
S VE)AyiVy) =@ Az)Vy2 < (Y2 A2) Vs
= Y2.
Thus y; < ys if and only if A(y1) < A(y2).

The most important property of modular lattices is the following;:

Lemma 2.32. [3, Theorem 13, page 13] Let L be a modular lattice and a,b € L. Then
the maps ¢: [b,a V b] — [a Ab,a] given by x — x Aa, and ¥: [a Ab,a] — [b,a V b] given by
y — y Vb are inverse isomorphisms.

Proof. The functions ¢ and ¢ are clearly increasing.
Let x € [b,a V b]. Applying ¢ to the inequality b < z < a V b we get
pb)=bNa<¢(x)<dlaVd)=(aVb) ANa=a.
Thus ¢ maps into [a A b, a] as claimed.
Further,
Y(p(x)) =(xNa)Vb=(aVb) Az =uzx.
The second equality is due to the modularity of £ and the inequality b < z. The last equality

comes from the fact that 2 < a Vv b. Thus ) o ¢ is the identity map on [b,a V b].
The remainder of the proof is done similarly. O
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3 The Length Function on Ordered
Classes

In this section we develop the concept of length functions on poclasses. These are partic-
ularly useful when applied to Artinian modular lattices, such as the lattice of submodules
of an Artinian or Noetherian module. This we will do in Section 4.

The results to be presented in these two sections are extensions and abstractions of
results in T. H. Gulliksen, A Theory of Length for Noetherian Modules [13]. With the
greater abstraction used in this section we can put Noetherian and Artinian modules on
the same footing. In particular, using the lattice theory developed in this section, we will
construct in Section 4, the Krull length function on the module categories R-Noeth and
R-Art for a ring R.

This section is outside the main subject of this dissertation and can be skipped by read-
ers who are prepared to accept the existence of the Krull length function. For a simpler
development of the Krull length function for Noetherian modules see [6, Section 4].

This section depends heavily on the arithmetic of the ordinal numbers. For the details of
ordinal arithmetic see W. Sierpinski, Cardinal and Ordinal Numbers [28] or M. D. Potter,
Sets, An Introduction [25]. We collect here a few of those facts that are relevant:

Notation: We will use lowercase Greek letters for elements of Ord, the class of ordinal
numbers. The first infinite ordinal is written w.

e Ordinal addition is associative but not commutative. For example, w+1 # 14w = w.

e Ordinal addition is cancellative on the left: a4+ 8 = a+~v = [ = ~v. Also
at+f<aty = <.

e For a fixed ordinal «, the map from Ord to Ord given by 6 — « + [ is strictly
increasing.

o If @« < 3, then f—q is the unique ordinal v such that 8 = a+~, hence § = a+(6—a).
For any «, 8 € Ord, we have 8 = (o + ) — a.

e For a fixed ordinal «, the map from {> a} C Ord to Ord given by §+— § — « is
strictly increasing.

e An ordinal « # 0 has the property that 8 + « = « for all § < « if and only if it has
the form a = w” for some ordinal ~.

e Any nonzero ordinal can be expressed uniquely in the normal form

w’Yl + w'72 + R + w'Y'n
where y; > 9 > -+ - > 7, are ordinals. This same form can be written
w’)’lnl + w’Y2n2 + .- + w’Ynnn

where 71 > 72 > -+ > 7, and ny,no,...,n, € N. To add two ordinals in either of
these forms one needs only to use the rule that w” 4+ w® = w® if v < §. For example,
(W’ +wd+w2+1)+ (W +w) =w” + w2+ w.
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Definition 3.1. Let L be a poclass. Then alength function on L is a strictly increasing
function from L to Ord.

Proposition 3.2. If a poclass L has a length function then L is Artinian.
Proof. Since Ord is Artinian, we can apply 2.17.1. ]

We will shortly prove that the converse of this proposition is true if £ a set. But first,
we note that if £ has any length function, then there is a smallest length function on L:
Define Az: £ — Ord by
Az(z) = min{A(z) | A is a length function on L}

for all x € L. If x < y in £, then there is some length function A\: £ — Ord such that
Ay) = Az(y), so Az(z) < A(x) < AM(y) = Az(y). Thus Az is a length function.

Definition 3.3. If £ has a length function, then the length function Ay as constructed
above will be called the minimum length function on L. If £ has a mazimum element T
then we define the length of £ by len L = M(T).

Let £ be a poclass with a length function and M C £ a nonempty subclass. Then A
restricts to a length function on M, so for any © € M we have A(x) < Ag(z). If M is, in
addition, a lower class of £ we will get the converse inequality. To show this, we consider
first the case M = {< z} for some z € L.

Proposition 3.4. If a poclass L has a length function and x € L, then len{< z} = Az ().
Proof. Set M = {< z} so Am(z) = len M. If M = £ then x = T and the result is

immediate.
Otherwise we have the case where K = £\ M is not empty.
Since K has a length function, we can define A: £ — Ord by

A(y){mm yeM
Am@)+1+Xc(y) yek
for all y € £. One can easily check that A is strictly increasing, so that Ag(z) < A(x) =
Am(z) = len M.

From the discussion preceding the proposition we have also Az () > Ay (z) = len M, so
finally len{< z} = Az (). O

Note that the order of the summation in the definition of A is crucial to its claimed
properties.

Corollary 3.5. Let L be a poclass with a length function and M C L a lower class of L.
Then Ap(x) = Az(z) for all x € M.

Proof. Given x € M, we have {< z} C M. Thus A (z) = len{< z} = Az (z). O

It can be easily checked that we have defined Ay so that Aora(a) =len{< a} = « for all
ordinals «, and len[a, 8] = 8 — « for all ordinals o < §3.

Proposition 3.6. Let L be a poclass with a length function and a mazimum element.
1. Az is exact.
2. If a <len L, then there is some x € L such that A\z(x) = a.
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3. Forallz € L, len{< z} +len[z, T| <len L.
4. If x € L, then len{< z} =len L if and only if len[z, T] = 0.

Proof.
1. We need to show that {< Ag(x)} CAs({<z}) forallz e L...
Suppose to the contrary, that there is an ordinal o < Az(z), such that no y < z
satisfies Az (y) = a. Clearly oo # Az () so we have o < Az (). Set

K={y<z|a<A(y)}

We have = € K, so K is not empty. Let yo € K be chosen so that Az (yg) is minimum
in Az(K) C Ord. Define \: £ — Ord by

= {220 V2

for all y € L. It is not hard to show that X is a length function on £ which is smaller
that A\z. This contradicts the definition of ..

2. Since Az is exact we have {< Az (T)}} CAL({< T}), and so {<lenL} C A (L).

3. Define A: [z, T] — Ord by A(y) = Az(y) — Az(z). The function A is well defined and
strictly increasing, so len[z, T] < A(T) = Az(T) — Az(x) =len £ —len{< z}. Hence
len{< z} + len[z, T] < len L.

4. Easy.

O

From this proposition, A, is an exact strictly increasing function from £ to Ord. In fact,
we will see in 3.11 that A, is the only such function.

A simple example illustrating 2 and 3 of the proposition is the poset £ = {< w} C Ord
with T = w. For any n € N C £ we have len{< n} = n and len[n, T] = w. In particular,
len{< n}+len[n, T] = n+w = w = len £, whereas len[n, T]+len{< n} = w+n > w =len L.
Thus the order of addition in 3.6.3 is crucial. Notice also that for any x € £, len[z, T] is
either 0 or w, that is, there are only a finite number of possible values for len[x, T]. This is,
in fact, always the case for modular lattices as we will see in 3.35.

Another useful example to have at hand is

Example 3.7. Let L be the poset illustrated below which contains chains of all finite lengths
but no infinite chain: (Here “etc.” means that there are chains of length 6, 7, 8, etc., which
are connected between T and L ).

T
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Clearly len £ = w. Also, len{< z} = Az(z) =2 and len[z, T] =1, so one can see that, in
general, knowing len{< x} and len[z, T] does not give any upper bound on len L.

Proposition 3.8. If a poclass L has a length function, then Ap satisfies

Ae(z) = {O if ¢ is minimal in L
sup{Ac(y) + 1|y <z} otherwise
forallxz € L.
Proof. From 3.4, Az (z) is determined by {< z}. If z is minimal in £, then {< z} = {z} so
Ac(z) =0.

If 2 is not minimal, then {< 2} = {z} U{< 2} with {< z} not empty. Since A is strictly
increasing, we have Ag(x) > Az(y) for all y < z. Indeed, from 3.6.2, A\z(x) must be the
smallest such ordinal.

Equivalently, Az(x) is the smallest ordinal such that Az(z) > Az(y) + 1 for all y < z.
Thus A\z(x) =sup{rg(y) + 1]y <z} O

If £ is an Artinian poset then above description of Az can be used to define .. Slightly
more generally we have the following:

Proposition 3.9. Let £ be an Artinian poclass such that {< x} is a set for all x € L.
Then L has a length function, and Az is defined inductively by

Ao(z) = {0 if T is mim’mal in L
sup{Az(y) + 1]y <z} otherwise
forallx € L.
Proof. Let \: L — Ord be defined by
N(z) = {0 if z is minimal in £
sup{N(y)+ 1|y <z} otherwise

for all z € L. It is a standard induction argument to show that \’ is well defined by the above
equation, the key point being that any subset of Ord has a supremum, [15, Section 20], so
sup{\'(y) + 1|y < z} is defined whenever X (y) is defined for all y < .

We check that A’ is a length function. . .

Suppose 1 < ®2 in L. Then MN(z2) = sup{N(y) +1 | y < za} > N(x1) + 1, so
N (x1) < N(x3). Thus X is strictly increasing and a length function.

It remains to show that A is the smallest length function and so A = A....

Suppose A\: £ — Ord is strictly increasing. Set B = {z € L | A(z) < M (z)}. If B # () then
it must have a minimal element, z. o can not be minimal in £ since A(zg) < X (zg) =0
is not possible. Hence X (x¢) = sup{N(y) + 1|y < zo}.

If y < zp then y € B so we get N (y) < A(y) < A(zp). Thus M(y) +1 < A(zp) for any
y < xg. But then we would get A () < A(xg), contradicting z¢ € B.

Therefore we have B = () and ) (z) < A(x) for all z € L. O

The most important properties of strictly increasing functions and exact functions are
given in the next proposition, which should be compared with 2.17:
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Proposition 3.10. Let ¢: K — L be a function between poclasses.
1. If 4 is strictly increasing and ¢(K) has a length function, then IC has a length function
and A (x) < Ay (¥ (x)) for all x € K.
2. If ¢ is exact and K has a length function, then ¥(K) has a length function and
Ap) (W () < Axc(x) for all z € K.
3. If 4 is strictly increasing and exact, then ¥(K) has a length function if and only if
K has a length function, and in that case, Ac(x) = Ayxc) (¥ (x)) for all x € K.

Proof.
1. Aypxy ©¥: K — Ord is a length function on K. Thus, for all z € K, we have
A (@) < Ay (P ().
2. Define \: ¥(K) — Ord by A(y) = min(Ag o ¢~ 1(y)) for all y € (K). Note that
AW(x)) < Ak (x) for all z € K.
We will show that A is strictly increasing. Let y; < yo in ¢(K) and z2 € K be

such that ¥(z2) = y2 and Ax(z2) = AM(y2). Then y; € {< Y(x2)} C Y({< x2}), so
there is some x1 < 9 such that ¥ (z1) = y1. Since y; # y2 we must have x1 < 9
and hence A(y1) = A(¥(21)) < Ac(z1) < Ac(22) = A(y2)-
Since A is a length function on ¥(K), we have Ayx)(y) < A(y) for all y € ¥(K).
Thus for 2 € IC, we get Ayx)(¥(z)) < AW (2)) < Ae(2).
3. Immediate from 1 and 2.
O

If £ is given with a length function then this proposition can be put in a simpler form:

Corollary 3.11. Let ¢: K — L be a function between poclasses such that L has a length
function.
1. If v is strictly increasing, then KC has a length function and Ac(x) < Ap(¥(x)) for
all z € K.
2. If ¢ is exact and K has a length function, then Az (¥ (x)) < Ax(x) for all z € K.

3. If ¢ is strictly increasing and exact, then K has a length function and \c(z) =
Ac(P(x)) for all x € K.

Proof.
1. This follows from 3.10.1 and the fact that Ay c)(y) < Az(y) for all y € ¥(K).
2. This follows from 3.10.2 and the fact that, since ¢ is exact, ¥(K) is a lower class in
L, and so, from 3.5, Ay ) (y) = Az(y) for all y € (K).
3. Immediate from 1 and 2.
O

This proposition has the immediate corollary that if I is a poclass with a length function,
then the only strictly increasing exact function from I to Ord is Ax.
Also immediate from 3.11 is

Corollary 3.12. Let ¢: I — L be a function between poclasses with length functions and
mazimum elements.

1. If ¢ is strictly increasing then len K <len L.
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2. If ¢ is exact then len IC > len ¢ (K).
3. If ¢ is exact and strictly increasing then len IC = len ¢ (KC).

Consider the poclass Ord xOrd. This poclass is Artinian and for any («, §) € OrdxOrd,
{< (e, 8)} 2 {< a} x {< B} is a set. Thus, from 3.9, Ord x Ord has a length function.
The function Aordxord gives a new operation on ordinals that will be the key to the rest
of this section:

Definition 3.13. Define the operation natural sum, @, on ordinals by

a® B = Aordxord(, B)
for ordinals « and 3. Note that a @ § =len{< (a, B)} =len({< a} x {< 8}).
The natural sum of ordinals was originally defined by G. Hessenberg [16, pages 591-594]
as in Definition 3.17 (see also [28, page 363]). In 3.18, we will show that these two definitions
for the natural sum are equivalent.

We will shortly prove many properties of the natural sum, but its existence is sufficient
to prove the following:

Proposition 3.14. Let K and L be poclasses.
1. K x L has a length function if and only if K and L have length functions.
2. IfKx L has a length function, then Aicxc(x,y) = Ac(x)®Ac(y) for all (z,y) € Kx L.
3. If K and L have length functions and mazimum elements then
len(X x L) =len K @ len L.

Proof. If K x L has a length function, then since K and £ can be embedded in K x L, they
have length functions.

Conversely, if L and £ have length functions, set A = A X Az. Thus A maps K x L to
Ord x Ord and is defined by A(z,y) = (Ac(z), Ac(y)) for all z € K and y € £. Since ¢
and A, are strictly increasing and exact, so is A.

From 3.11.3, KL x £ has a length function and

Mex (7, Y) = Aordxord (A(7,Y)) = Ac(x) © Az(y)

for all (z,y) € K x L.
3 follows directly from 2. O

Proposition 3.15. The natural sum is a commutative and associative operation.

Proof. This follows from the rule a ® 8 = len({< a} x {< §}), and the commutativity and
associativity of the direct product operation on poclasses. O

Proposition 3.16. Let «, 3, a1, 01, ... be ordinals. Then

1. ap0=0Pa=«a

2. (1 @f)+ax< (a1 +a2)®f

3. a+p8<adp, f+a<adp

dooag+Bi+tast dan+B<(a1+as+ - +a,) @B+ Lo+ +Bn)
Proof.

1. a®0=len({< a} x {0}) =len{< a} =«
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2. Set £ ={< (a1 + a2,8)} € Ord x Ord, and = = (a1, 3). Then len{< z} = a1 ®f
and len[z, (an + ag,8)] = len[ay, a1 + as] = as. We can now apply 3.6.3 to get
len{< z} + len[z, (a1 + a2, 8)] <len L, that is, (a1 ® 5) + a2 < (a1 + az) & 5.

3. These are special cases of 2 with a; = 0.

4. By induction from 2.

O

Consider the natural sum of two ordinals which are given in normal form, for example,
a=w*+wd4+w2+1and f=w?+w. Using 3 of this proposition, we get the inequalities
a+f=w+w2+w<adf,and f+a=a=w’+wP+w2+1<adp.

Using 4 of this proposition, we can interleave the terms of these two normal forms and
add them to get a greater lower bound for a ® 3. There is a unique way of doing this so
that no cancellations occur in adjacent terms of this sum, namely: Write down the terms
gathered from both the normal forms in decreasing order and then add. In the example, we
have the six terms w*,w?, w3, w2, w, 1 so

WA W2t wtl=w+024+w3+1<adp.

We will show that this method actually gives us the natural sum of o and [, not just a
lower bound for it. But first we need to formalize this construction:

Definition 3.17. Let a and (8 be nonzero ordinals. With suitable re-labeling, the normal
forms for these ordinals can be written using the same strictly decreasing set of exponents
Y1 > Y2 > > Ynl

o= w’Ylml _|_w“/2m2 + .. +w”’“mn
B=wni+w?ng+--+wmn,
where n;, m; € Z7, that is we allow m;,n; to be zero.
Now we define the operation @ by

a® f=w"(mi+n1)+w?(ma+ng)+ -+ (my +ny).

This is a well defined operation because of the uniqueness of the normal forms for ordinals.
In addition, we define 0 a=a®' 0=qa, and 08’ 0 =0.

Proposition 3.18. The operations & and &' are identical.

Proof. From 3.16.4, a®’' 3 < a@®f for any ordinals o and 3. To show the opposite inequality
we need only show that @&’: Ord x Ord — Ord is strictly increasing:

Since @' is commutative and increasing, it suffices to show only that a®’ (6+1) > a®’S.
But this follows easily from the definition of @&, in fact, a &' (6 +1) = (a« ®' 8) + 1. O

Corollary 3.19. The operation @ is cancellative, that is, « ® = a @ v implies 3 = 7.

Proof. Using the uniqueness of normal forms, it is easy to see that @’ is cancellative, so this
corollary follows from the previous proposition. O

Notice that @ is cancellative on both sides, unlike ordinary ordinal addition.

We next consider the special case when L is a modular lattice.
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Recall from 3.6, that if £ is a poclass with a length function and a maximum element,
and z € £, then len{< z} 4+ len[z, T] < len L. In contrast to this result, there is, in general,
no function of len{< z} and len[z, T| which gives an upper bound for len £. This situation
changes if £ is a modular lattice ...

Proposition 3.20. Let £ be a bounded modular lattice with a length function, and x € L.
Then

len[L,z] +len[z, T] <len £ < len[Ll,z] & len[x, T].
In addition, len[ L, z] = len L if and only if len[x, T] = 0.

Proof. The first inequality and the last claim we have from 3.6. For the second inequality,
we define \: £ — [L,z] x [z, T] as in 2.31:

AMy) = (xNy,zVy)
for all y € L.
Since £ is modular, )\ is strictly increasing, and we can use 3.12.1 and 3.14.3 to get

len £ <len([L,x] x [z, T]) = len[L,z] @ len[x, T].
]

For modular lattices, this proposition reduces many questions about the relationship
between len[ L, z], len[z, T] and len £ to ordinal arithmetic.

The most important example of this arises from the observation that for any nonzero
ordinals o and 3, a + 0 and a © 0 have the same leading term in their normal forms.
Further this leading term depends only on the leading terms of « and 8. For example, if
a =w’+w3+w2+1 and f = wi+w, then a+4 = w* +w32+w and a®f = W +w32+w3+1,
both having the leading term w®.

This suggests that we define a map, to be called the Krull length, on ordinals which picks
out the leading term of a normal form. Since 0 has no normal form we have to make a
special case for it.

First we define the range of this map:

Definition 3.21. We define Krull = (Ord x N) U {0} with operation + given by

1.0+0=0

2. 0+ (v,n) = (v,n) +0=(v,n) for all (y,n) € Ord x N

3.
(71,m1) ify2<m

(v1,m1) + (72, n2) = ¢ (72, n2) if <72
(vm+n2) if =7
for all (y1,m1), (72, n2) € Ord x N.

In Section 5, we will consider (Krull, +) to be a monoid, but here we simply consider it
to be a class with a binary operation.

Definition 3.22. For an ordinal o = w"'ny + wng + -+ + w'n, in normal form, we
define the Krull length of @ by Klen(a) = (y1,n1) € Krull. We also define Klen(0) = 0.

It will also be useful to have a name for the map which picks out the exponent of the
leading term for normal forms:
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Definition 3.23. Let Ord™ = Ord U {—1}.
We define a map k: Krull — Ord™ by x(y,n) = for (v,n) € Ord x N, and x(0) = —1.
For an ordinal o, we define the Krull dimension of a by Kdim(a) = x(Klen(«)).

We have defined Kdim such that, for an ordinal o = w"nq + w”ne + --- + W' n, in
normal form, we have Kdim(a) = ;. Also Kdim(0) = —1.
It is easy to confirm the following:

Proposition 3.24. If o and (8 are ordinals then
1. Klen(a + 8) = Klen(a @ 8) = Klen(a) + Klen(5)
2. Kdim(a + 8) = Kdim(a ® ) = max{Kdim(«), Kdim(3)}

For a poclass with a length function and a maximum element we use these same function
names as follows:

Definition 3.25. Let L be a poclass with a length function and a mazimum element. Then
we define the Krull length of £ by

Klen £ = Klen(len £)
and the Krull dimension of £ by
Kdim £ = Kdim(len £).
Finally, we can put 3.20, 3.24 and this definition together to get

Proposition 3.26. Let L be a bounded modular lattice with a length function and x € L.
Then

1. Klen £ = Klen[ L, z] + Klen[z, T]
2. Kdim £ = max{Kdim[L, z], Kdim[z, T]}

We next consider the following question: If £ is a bounded modular lattice with a length
function, what are the possible values of len[z, T] for elements x € L£? The surprising
answer is that there are only a finite number of possibilities. This is to be contrasted
with the possible values of len[L, z] which, by 3.6, include all ordinals a < len £, and with
Example 3.7 which is a non-modular lattice such that len[z, T| takes on all natural numbers.

Definition 3.27. A poclass L with a length function and a mazimum element is critical
if len[z, T] =len L for allz < T.

Note that the trivial poclass with one element and length 0 is critical.

Proposition 3.28. Let L be a poclass with a length function and a maximum element. If
L is critical then len £L = 0 or len £ = w" for some ordinal . If L is, in addition, a modular
lattice then the converse is true.

Proof. Suppose L is critical with len L = o > 0. By 3.6.2, for every 8 < « there is some
x € L such that len{< z} = . By assumption, len[z, T|] = «, so from 3.6.3, § + a < a.
That is, 6+ o = « for all 8 < . This implies that « = w” for some v € Ord.

Suppose L is a modular lattice, len L = w? and z < T. Then len[l,z] < w” so
Kdim[Ll,z] < 5. From 3.26, Kdim £ = max{Kdim[L, z], Kdim[z, T]} so we must have



Section 3: The Length Function on Ordered Classes 34

Kdim[z, T] = Kdim £ = #, that is, len[z, T] > w?. On the other hand, since [z, T] is a
sublattice of £ we have lenjz, T| <len L = w".
]

We will say L is «-critical if it is critical and len £ = w".

See Example 3.7 for a lattice £ which is not critical even though len £ = w.
Definition 3.29. A critical series for a bounded poclass L, is a sequence

=<1 < - <xp =T

in L such that [x;_1,x;] is v;-critical fori=1,2,...,n, and 71 > 2 > -+ > v,.

As an example we consider again the modular lattice £ = {< w} C Ord and the series
0 <1< 2<win L. Each of the factors of this series is critical, len[0, 1] = len[1,2] = 1 = w°,
len[2, w| = w, but the series itself is not, since the factors are not decreasing in length. There
are of course many other series in £ whose factors are all critical, but there is only one critical
series, namely 0 < w.

In more generality, we will show that any bounded modular lattice with a length function

has a critical series, and the lengths of the factors in any such series are uniquely determined
by the length of the whole lattice, though the series itself is not unique.

Lemma 3.30. Let L be a bounded modular lattice with a length function, and «, 8 € Ord
such that o+ 8 = a @ .
1. Iflen £ = a4+ (3, then there is some x € L such that len[ L, x] = o and len[z, T] = 3.
2. If there is x € L such that len[L, 2] = o and len[z, T] = 8 thenlen L = a + 3.

Proof.
1. From 3.6, there is some x € L such that len[L, z] = o. We will show len[z, T] = 8.
From 3.20, o+ len[z, T| < a+ 8 = a ® f < a @ len[x, T]. Cancellation in
the first inequality gives len[z, T|] < 8. Cancellation in the second inequality gives
B <len|x, T].
2. This follows directly from 3.20.
O

The obvious question to ask here is: For what ordinals o and 3 does a + 3 = a @ 37

Lemma 3.31. Suppose a+ 0 =a @ = w" +w” + -+ w™ in normal form where
MY 2 =Y. Thena =0 or 8 =0, or there is some i € {1,2,...,n — 1} such that
a=w" +w? 4+ and f = WVt + WY 4o f @,

Proof. Easy ordinal arithmetic. |

For example, if len £ = w® + w32 + 1, then the previous two lemmas guarantee the
existence of an & € £ such that len[z, T] is any of the following ordinals:
0,1, w41, w241, w* + w32+ 1.
More generally,

Proposition 3.32. Suppose L is a bounded modular lattice with a length function, and
len L = w" + W + -+ + W™ in normal form where y1 > v9 > -+ > v,. Then for any
ordinal of the form 3 = w7 4+ WY+l 4+ -+ 4w with i € {1,2,...,n}, there is an element
x € L such that len[z, T] = [.
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Lemma 3.33. Let L be a bounded modular lattice with a length function. Then the following
are equivalent

1. len L =w" +w” + - +w™ in normal form with y1 > 2 > -+ > .

2. L has a critical series 1 = x¢g < 21 < ++- < &, = T with [x;_1,x;] v;-critical for
i=1,2,...,n.
Proof. This is a simple induction from 3.30 and 3.31. (]

Proposition 3.34. Suppose L is a bounded modular lattice with a length function, and L
has the critical series | = xog < x1 < -+ < xp = T with [x;_1, ;] v;-critical. Let y € L and

sety; =yVa; fori=0,1,2,...,n. Thenlenly;_1,y;] is W or zero. Further, the sequence
y=1yo <y < - <y, =T, after removal of duplicate entries, forms a critical series for
[y, T].

Proof. We remind the reader that for any a and b in a modular lattice, [b, a V1] is isomorphic
to [aAb, a]. In this proof we set a = x; and b = y;—1. Then aVb = x;Vy,—1 = 2;V(z;—1Vy) =
i Vy =y;, and aANb = x; Ayi—1 = 2 A(x;—1Vy) = z;—1 V (x; Ay). The last equality uses the
modularity of the lattice. Thus [y;—1, y:] = [xi—1V(ziAY), z;]. But ;1 < z—1V(x;Ay) < a4,
0, [yi—1,¥:) is isomorphic to a final segment of [x;_1,x;]. Since [x;_1, ;] is y;-critical, either
len[y;—1,y:;] = 0 or len[y;_1, ;] = 7.

The claim that y = yg < yo2 < -+ < y, = T forms a critical series for [y, T] is then
clear. O

Corollary 3.35. Suppose L is a bounded modular lattice with a length function, and
len £ = wng + w”ng + -+ - +w'n, in normal form with v1 > vo > -+ > v,. Then for
any x € L,

len[z, T] = wMmy +w?ma+ - +w™m,

for some m; € ZT such that m; < n; for all i.

Continuing with the example len £ = w® + w3241 ...
If x € £, then len[z, T] is one of the following ordinals:

0, 1, W w41, w32, W24+1, ¥, W¥+1,
W F Wl w41, WY w2, w241

It is perhaps useful to collect in one place everything we now know from 3.6, 3.30, 3.31
and 3.35 about the sublattices [ L, z] and [z, T] of a bounded modular lattice:

Proposition 3.36. Suppose L is a bounded modular lattice with a length function. We
write len £ = w’ng + w’ng + - + win, in normal form with v1 > 9 > -+ > Yy.
e For every ordinal a <len L there exists some x € L such that len[L, z] = «.
e For every ordinal o of the form
a = uﬂimi + w%+1ni+1 + .-+ w%nn

where 1 < i < n and m; < ny, there exists some x € L such that lenjz, T] = «.
Notice the change of normal form from 3.32.
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e Foranyz € L,

len[z, T] = wMmy +w?ma+ -+ w™m,

for some m; € Z* such that m; < n; for all i.

36
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4 The Krull Length of Artinian and
Noetherian Modules

In this section we apply the results of our study of length functions to Noetherian and
Artinian modules. In particular, we construct the Krull length function on the module cate-
gories R-Noeth and R-Art for a ring R. This function is a generalization of both the usual
composition length function on modules of finite length, and the Krull dimension function
on Noetherian modules. The Krull length function is critical in proving the cancellation
properties of the corresponding monoids, M (R-Noeth) and M (R-Art).

We will also define a Krull dimension for Artinian and Noetherian modules and show
that, for Noetherian modules, this new definition coincides with the standard definition of
Krull dimension given by R. Gordon and J. C. Robson [12].

Throughout this section, R will be a fixed ring. If A € R-Mod, we will write £(A) for the
poset of submodules of A ordered by set inclusion, and £°(A) for the poset of submodules
of A ordered by reverse set inclusion, that is, the dual of L(A).

L(A) is a modular lattice with T = A and L = 0 in which A1 A A2 = A; N Az and
A1V Ay = A+ As for all Ay, Ay € L(A). L£°(A) is a modular lattice with T =0and L = A4
in which Ay A As = A1 + Ay and Ay V Ay = A1 N A, for all Ay, A € L°(A). For the details
of these claims about £(A), see L. Rowen, Ring Theory, Volume 1, [27, pages 7-9].

If A is an Artinian module, then £(A) is an Artinian poset, so using 3.25, we can define
the length, Krull length and Krull dimension of A by

len, A =len L£(A)
Klen, A = Klen £(A)
Kdim, A = Kdim L(A).
Similarly, if A is a Noetherian module, then £°(A) is an Artinian poset, and we can define
the length, Krull length and Krull dimension of A by
len® A =len L°(A)
Klen® A = Klen L°(A)
Kdim® A = Kdim £°(A).

In the Artinian case len, A = 0 if and only if A = 0. In the Noetherian case, len® A = 0
if and only if A = 0.

This duplication of nomenclature among Artinian and Noetherian modules will not lead
to confusion since if A happens to be both Artinian and Noetherian, then A has finite length
and its composition length coincides with both len, A and len® A.

The key to using our information about Artinian lattices to study modules is the following:
Let 0 = A — B — C — 0 be an exact sequence in R-Mod, and A’ the image of A in B.
Then £(C) = [A',B] C L(B), and L(A) = [0,A’] C L(B). So, from 3.20 and 3.24, we get
the main result of this section:
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Proposition 4.1. Let0 — A — B — C — 0 be an exact sequence in R-Mod.
e I[f A B,C € R-Art, then
len, A + len, C < len, B < len, A ® len, C
Klen, B = Klen, A + Klen, C
Kdim, B = max{Kdim, A, Kdim, C}
Further, A = B if and only if len, C = 0 if and only if len, A = len, B.
e [13,2.1] If A, B,C € R-Noeth, then
len° C +1len® A <len® B <len®° C @ len® A
Klen® B = Klen® A + Klen® C
Kdim® B = max{Kdim° A, Kdim® C'}
Further, C 2 B if and only if len® A = 0 if and only if len°® C = len® B.

As a simple application of this proposition we deduce a standard property of Artinian
and Noetherian modules:

Corollary 4.2. Let ¢: B — B be an module endomorphism.
1. If B € R-Art and ¢ is injective, then ¢ is surjective.
2. If B € R-Noeth and ¢ is surjective, then ¢ is injective.
Proof.

1. If ¢ is injective then we get the exact sequence 0 — B B coker¢ — 0 in R-Art.
From 4.1, cokergp = 0, so ¢ is surjective.

2. By duality.

Corollary 4.3.
1. If A, B € R-Art, then len,(A @ B) = len, A @ len, B.
2. If A, B € R-Noeth, then len°(A® B) = len® A & len® B.

Proof.
1. The canonical short exact sequence 0 - A — A @ B — B — 0 gives the inequality
len, (A® B) < len, A®len, B. To prove the converse inequality, we consider the map
P L(A) x L(B) — L(A @ B) defined by ¢(A’, B") = A’ + B’. This map is strictly
increasing, so we can use 3.12 and 3.14 to get
len, A ® len, B = len, L(A) @ len, L(B)
= len, (L(A) x L(B))
<len, L(A® B)
=len,(A @ B).
2. The function v defined above is also strictly increasing as a map from £°(A) x £L°(B)
to L°(A @ B). So a similar argument works for Noetherian modules.

O
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Using the cancellative property of @ (3.19) we get

Corollary 4.4. Let A,B,C € R-Mod such that A B= A®C.
1. If A,B,C € R-Art, then len, B = len, C.
2. If A, B,C € R-Noeth, then len® B = len° C.

Corollary 4.5. [13, 2.11] If A and B are submodules of a Noetherian module then A+ B
is a direct sum if and only if len°(A + B) = len® A @ len® B.

Proof. Define ¢: A® B — A+ B by ¢(a,b) = a+bfor a € Aand b € B. This map is
surjective and has kernel isomorphic to A N B. Using the exact sequence

0-ANB—A®B%A+B—0

and 4.1, we get AN B = 0 if and only if len°(A N B) = 0 if and only if len°(A @ B)
len°(A + B). Thus A + B is a direct sum if and only if len®(A + B) = len® A @ len® B.

Ol

We next rewrite 3.36 as it applies to Artinian and Noetherian modules:

Proposition 4.6. Let A be an Artinian module and write
leng A =w"ng +wng + - +wn,
in normal form with v, > 72 > -+ > Yp.

1. For every ordinal o < len, A there exists a submodule A" < A such that len, A" = a.
2. For every ordinal « of the form

a=w'm; +w g + -+ wtn,
where 1 < i <n and m; < ny, there exists a submodule A" < A with len,(A/A") = «.
3. For any submodule A’ < A,
len, (A/A") = w'my +w?mo + -+ - + wm,

for some m; € Z+ such that m; < n; for all i.

Proposition 4.7. Let A be a Noetherian module and write
len® A =w"ng +w?ngs + -+ +wn,
in normal form with y1 > v2 > -+ > ;.

1. For every ordinal o < len® A there exists a submodule A" < A with len°(A/A") = a.
2. For every ordinal « of the form

o= U.)’thi + w'YH—lni_"_l + ... _|_w’7nnn

where 1 <1 < n and m; < n;, there exists a submodule A’ < A such that len® A’ = «.
3. For any submodule A’ < A,

len® A" = wmy +w?my 4 -+ +wm,

for some m; € Z* such that m; < n; for all i.

For the remainder of this section we will discuss only Noetherian modules. The reason
for this is that we need to show that, for Noetherian modules, Kdim® is the same as the
Krull dimension in the sense of Gordon and Robson [12].
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Definition 4.8. The Krull dimension (in the sense of Gordon and Robson) [12],
[11, Chapter 13|, of a module A € R-Mod, which we will denote by Kdim A € Ord”*, is
defined inductively as follows:
e Kdim A = —1 if and only if A= 0.
e Consider an ordinal vy. Assume that we have defined which modules have Kdim equal
to & for every 6 < ~y. Then Kdim A =~ if and only if
(a) A does not have Kdim less than -y, and
(b) for every countable decreasing chain A; > Ay > ... of submodules of A,
Kdim(A;/A;+1) < 7y for all but finitely many indices.

This definition does not provide a Kdim for all modules. However, any Noetherian module
has a Kdim. See [11, 13.3].

Lemma 4.9. Let A € R-Noeth with Kdim® A = ~. Then for any ordinal 6 < -y, there is
a decreasing sequence Ay > As > ... in A such that Kdim®(A4;_1/A;) =6 for all i.

Proof. Set A1 = A. Since Kdim® A; = v, we have len® A; > w? > w’. Thus, by 4.7.1, there
is some submodule Ay < A; such that len®(A4;/A4;s) = w’. We have Kdim®(4;/43) = §
and Kdim® 4; = max{Kdim® Ay, Kdim®(A;/A42)}, so Kdim® Ay = 7, and we can repeat the
process to get Az, Ay ... as required.

(]

In the next lemma we use the easily proved fact that if o, 3 € Ord with a > 0, then
0+ a < aif and only if 5+ a = « if and only if Kdim § < Kdim a.

Lemma 4.10. Let Ay > Ay > ... be a decreasing sequence of submodules of a nonzero
Noetherian module A with Kdim® A = . Then Kdim°®(A;_1/4;) < « for all but a finite
number of indices.

Proof. Since the sequence of ordinals len® A; > len® Ay > len® A3 > ... is decreasing, there
is some n € N such that len® A; = len® A4,, for all ¢ > n. If A, is the zero module, then
Kdim®(A;_1/A;) = =1 <~ for all i > n and we are done.

Otherwise, if A, is nonzero, we have len® A,, > 0. Suppose i > n. Then, using the
short exact sequence 0 — A; — A, — A,/A; — 0, we have len°(A,/A;) +1len® A4, =
len®(A,/A4;) + len® A; < len® A,,. Hence Kdim°(A4,/4;) < Kdim® A, and, since also
Ai_1/A; < A, /A; and A, < A, we get Kdim®(A;-1/A4;) < Kdim® A = ~. O

Proposition 4.11. For all A € R-Noeth, Kdim® A = Kdim A.

Proof. Suppose the claim is not true. Among all modules in R-Noeth which serve as
counterexamples, let A have minimum Kdim®. Set v = Kdim® A. Then v > —1 and for any
module B with Kdim® B < v we have Kdim® B = Kdim B.

Using Lemma 4.9, we see that, for any § < v, the module A fails part (b) of the definition
of having Kdim equal to §. Thus A does not have Kdim less than -, and A satisfies part
(a) of the definition of having Kdim A = .

Also, by Lemma 4.10, A satisfies part (b) of this definition. Therefore Kdim A = v, and
A is not a counterexample. O

We should point out that if A is an Artinian module, then Kdim A = 0. Therefore
Kdim A = Kdim, A if and only if A has finite length.
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5 Commutative Monoids

In this section we will present the basic definitions and properties of commutative monoids
and semigroups. The basic references for the semigroup literature are A. H. Clifford and G.
B. Preston, The Algebraic Theory of Semigroups, Vol. I [7], and J. M. Howie, Fundamentals
of Semigroup Theory [18]. In these books, semigroup operations are written multiplicatively.
In our discussion, we will use additive notation since we are only interested in commutative
semigroups. Thus, to the extent that it does not conflict with a pre-existing usage, we will
write + for all semigroup/monoid operations and 0 for the identity element of monoids.

The other difference from these references, is that the semigroups and monoids we will
discuss need not be sets. For example, the class of cardinal numbers with cardinal addition
is a monoid by our definition. This situation is forced upon us by our interest in monoids
which are derived from categories of modules, and the fact that such categories are often
proper classes. See, in particular, 16.13.

Definition 5.1.

e A semigroup (M,+) is a nonempty class M with a binary operation + which is
associative. A commutative semigroup is a semigroup (M, +) in which the oper-
ation + 18 commutative.

o An element 0 of a semigroup (M,+) is an identity if a = 0+a = a + 0 for all
a € M. If a semigroup has an identity, it is unique.

e An element oo of a semigroup (M, +) is called infinite if oo +a = co for alla € M.
If a semigroup has an infinite element, then it is unique.

e A monoid (M,+,0) is a semigroup (M,+) with identity 0. A commutative
monoid is a monoid (M, +,0) in which the operation + is commutative.

e A subsemigroup (I,+) of a monoid (M,+) is a nonempty subclass I C M which
is itself a semigroup with the same operation as in M. That is, I is closed under the
operation +. A subsemigroup of a commutative semigroup is commutative.

e A submonoid (I,+,0) of a monoid (M,+,0) is a nonempty subclass I C M which
18 itself a monoid with the same identity and operation as in M. That is, I is closed
under the operation + and contains 0. A submonoid of a commutative monoid is
commutative.

From this point on, all semigroups and monoids will be assumed to be commutative. As
is usual, we will write M rather than (M, +) or (M, +,0) if the operation and identity are
clear from the context.

Among the most frequently used monoids and semigroups are

e (N, +) — the natural numbers with addition.
e (ZT,+) — the nonnegative numbers with addition.
e (Z,+) — the integers with addition.
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By default, we will assume that N, ZT and Z are semigroups with addition as operation.
Any of these sets could also be a semigroup with the operations multiplication, max{-,-} or
min{-, -}.

We also will use the following monoids:

e 7, — the cyclic group of order n € {2,3,4,...}.
e {0,00} — the two element monoid such that 0 is an identity and oo is an infinite
element.
Other notational conventions for special monoids and semigroups can be found in the intro-
duction.

Given a semigroup M, we can construct a monoid M° by adjoining a new element 0 to
M such that 04+ a = a for all @ € M°. Similarly, we can construct a semigroup M with an
infinite element by adjoining a new element oo to M such that co 4+ a = oo for all a € M.

Any semigroup M has a module-like action of N on its elements given by na = >, a
for any n € N and a € M. Thus la = a, 2a =a+ a, 3a = a+ a+ a, etc. If M is a monoid
then we will extend this to a ZT action by defining 0a = 0 for all a € M.

Proposition 5.2. Let M be a semigroup (monoid).
1. If {I, | « € T} is a family of subsemigroups (submonoids) of M, then I = Nyezla,
if nonempty, is a subsemigroup (submonoid) of M.
2. If {I, | « € T} is a family of subsemigroups (submonoids) of M which is totally
ordered by inclusion, then I = Uyezly is a subsemigroup (submonoid) of M.

Proof. Routine. a

Let Y be a nonempty subclass of a semigroup M. Using 1 of this proposition, we de-
fine the subsemigroup generated by Y to be the intersection of all subsemigroups which
contain Y. For example, the subsemigroup generated by a single element a € M is the
set {a,2a,3a,...}. The elements of the sequence (a,2a,3a,...) may not be distinct, so the
subsemigroup generated by a could be finite. See [18, Section 1.2] for a discussion of all
possible semigroups generated by a single element. In the general case, the subsemigroup
generated by Y consists all finite sums of elements of Y.

Similarly, if M is a monoid, then we define the submonoid generated by a subclass Y C M
to be the intersection of all submonoids which contain Y. The submonoid generated by a
single element a € M is {0, a, 2a, 3a, .. .}. In general, the submonoid generated by Y consists
of 0 and all finite sums of elements of Y.

If K={I,| €T} is a family of submonoids then we will write

S hoor Yk
acl
for the submonoid generated by the union U,ezl, = UK. If Z = {1,2,...,n}, we will use
the alternative notation .
> Li=h+L+...+1I,
i=1
Since I; is a monoid for ¢ = 1,2,...,n, we have

L+L+..+I,={a1+ax+...+a,|a; €, fori=1,2,...,n}.
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Definition 5.3.
1. A map ¢: M — N between semigroups is a semigroup homomorphism if

(Va,b € M) (¢(a+b) = ¢(a) + 6(b))

2. A map ¢: M — N between monoids is a monoid homomorphism if it is a semi-
group homomorphism and ¢(0) = 0.

3. Two semigroups, M and N, are isomorphic, written M = N, if there is a bijective
semigroup homomorphism ¢: M — N. In this case, ¢ is called an isomorphism
and its inverse, ', is also a bijective semigroup homomorphism.

If M and N are monoids which are isomorphic as semigroups as above, then ¢ and
¢! are necessarily monoid homomorphisms. So it is not necessary to define two types of
isomorphisms, one for semigroups and one for monoids.

The inclusion map of a subsemigroup (submonoid) in a semigroup (monoid) is a semigroup
(monoid) homomorphism.

If ¢: M — N is a semigroup or monoid homomorphism, then we will write im ¢ = ¢(M)
for the image. It is easy to see that im ¢ is a subsemigroup of N.

If ¢ is a monoid homomorphism then we will write ker ¢ = {m € M | ¢(m) = 0} for the
kernel of ¢. Also easy to see is that ker ¢ is a submonoid of M and im ¢ is a submonoid of
N.

Notice that these homomorphisms respect the N and ZT actions on semigroups and
monoids respectively. Specifically, if ¢: M — N is a semigroup homomorphism, then
o(na) = ng(a) for all a € M and n € N, and if ¢: M — N is a monoid homomorphism,
then ¢(na) = ng(a) for alla € M and n € Z+.

Definition 5.4. A congruence on a semigroup M is an equivalence relation ~ on M
such that

(Va,b,ce M) (a~b = a+c~b+c).
We will write [a] = {b € M | b~ a} for the congruence class containing a, and M/~ for
the class of congruence classes. If we have several congruences, ~jy, ~q, etc., to consider
simultaneously, then we will write [a]5, [a]a, etc., for the corresponding congruence classes.

If ~ is a congruence on a semigroup M, then M/ ~ is a semigroup when given the

operation + defined by
[a] + [b] = [a +b]

for all a,b € M. The map o: M — M/~ defined by o(a) = [a] is a semigroup homomor-
phism. We will call M/~ the quotient of M by ~, and ¢ the quotient homomorphism
from M to M/ ~.

If M is a monoid, then M/~ is a monoid with identity [0] and o is a monoid homomor-
phism.

The above construction provides a homomorphism from M for every congruence on M.
In the other direction, one easily checks that if ¢: M — N is any semigroup or monoid
homomorphism, then the equivalence ~ defined by

a~b = d(a) = 6(b)
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is a congruence on M, and (M/~) = im(¢). Thus we see that there is a bijection between
congruences on M and homomorphic images of M (up to isomorphism).

The class of congruences on a semigroup or monoid has a natural partial order: If ~,
and ~g are two congruences on a semigroup or monoid M, then we write ~, C ~g if

(Va,be M) (a~qb = a~gh)
or, equivalently, if
{(a,b) e M X M | a ~y b} C{(a,b) € M X M | a ~g b}.

If ~o C ~g there is a surjective (semigroup or monoid) homomorphism from M/~ to M/~g
given by [a]o — [a]s for all a € M.

The main property of this partial order that we will use is that any family of congruences
has an infimum: Let {~,| o € Z} be a family of congruences on M for some index class Z.
Define the relation ~ by

a~b <= (VaeZ) (ar~ayb)

for all a,b € M. This relation is easily seen to be a congruence and the infimum of
{~a| @ € T} with respect to the partial order described above.

The existence of infima of families of congruences allows us to define congruences using
generators. This is best explained with an example: Consider the congruence ~ on Z%
generated by 3 ~ 4. By this statement we mean that the congruence ~ is the infimum of
all congruences ~,, on Z* such that 3 ~, 4. A calculation shows that we get ~-congruence
classes {0}, {1}, {2} and {3,4,5,...}, so (ZT/~) = {[0], [1], [2], [3]} with [3] infinite.

If we had been discussing groups, rings or modules, we would have that the image of a
homomorphism ¢: M — N is isomorphic to M/ ker ¢. Even though monoid homomorphisms
have kernels, there is no similar rule for monoid homomorphisms. Nonetheless, given a
monoid M and homomorphism ¢, we construct below a monoid, to be called M/ ker ¢,
which is as large as possible among homomorphic images of M with ker ¢ as kernel.

Definition 5.5. Let I be a submonoid of a monoid M.

1. Define a congruence ~y on M by
m~rm' < (Ja,a’ €1 such that m +a=m'+d’).

We will write M/I for M/ ~y, the quotient monoid. Elements of M/I are written
in the form [m|¥, or [m];. See the notation convention following 5.7.

2. We will say I is normal in M if
Mael) (YmeM)(a+mel = mel).

One readily checks that if o: M — M/I is the quotient homomorphism, then I C ker(o)
with equality if and only if I is normal. In fact, I is the kernel of a monoid homomorphism
from M if and only if it is normal. Most submonoids we will discuss in subsequent sections
will be normal, indeed they have the stronger property of being order ideals. See 6.12.

Quotients of monoids by submonoids are useful because of their universal property:
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Proposition 5.6. Let ¢: M — N be a monoid homomorphism and I be a submonoid of M
such that I C ker(¢). Then ¢ factors uniquely through M /I, that is, there exists a unique
monoid homomorphism ¢: M/I — N such that the following diagram commutes:

MLN

| A

M/I
Here o: M — M/ is the quotient homomorphism.
Proof. Straight forward. O

By this proposition, M/I is, in a sense, the “largest” homomorphic image of M with
kernel containing I.

This universal property of quotient monoids suffices to allow us to prove theorems which
are similar to those of modules, so long as we consider only those homomorphisms which
arise from taking quotients by submonoids:

Suppose we have submonoids A C B C C. From these we get quotient monoids B/A,
C/A and C/B. We have, for b € B,

B]G ={b €C|3a,d € Asuchthat b+a=1b +d'} € C/A
and
] ={0 € B|3a,d’ € Asuch that b+a =1V +d'} € B/A.

and, as we will see in Example 5.9, [b] and [b]5 can be distinct. One can easily check that
if B is normal, then [b]§ = [b]5. Even without B being normal, we still get monoid analogs
of some standard homomorphism theorems for modules:

Proposition 5.7. Let A C B C C be submonoids of a monoid M. Then the map
Y1: BJA — C/A given by 1 ([b]5) = [b]G is an injective monoid homomorphism. Thus
B/A embeds in C/A.

Proof. Consider the following diagram where o7 and oy are the quotient homomorphisms
and ¢ is inclusion.

B C
P
B/A——=C/A

Since A C ker(oat), there is a unique homomorphism, 1, making the diagram commute
(that is, 11 ([b]5) = [b]§ for all b € B). It is then a simple task to show that ¢); is
injective. O

This proposition allows us to identify B/A with its image in C'/A whenever appropriate.
In making this identification, we are ignoring the distinction between [b]§ € B/A and
[b]G € C/A. With this abuse of notation we no longer need to put superscripts on these
elements, that is, we will write [b]4 for both [b]5 and [b]§.
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Since we can now consider B/A as a submonoid of C/A, we can discuss the relationship
between C'/B and (C/A)/(B/A). The next proposition shows that these two monoids are
in fact isomorphic.

Proposition 5.8. Let A C B C C be submonoids of a monoid M. Then the map
Y3: (C/A)/(BJA) — C/B given by v3([[c|alz/a) = [c]B for all c € C is an isomorphism.

Proof. Consider the following extension of the diagram from 5.7:

=

BJ/A - 0JA—T s (0] A)/ B/A

Here 01,09,03,04 are all quotient homomorphisms, and 1, is as in 5.7. We have o3t = 0
and o4 = 0.

Now A C B C ker(os) so there is a unique homomorphism y: C/A — C/B such
that 1909 = 03. B/A (as a submonoid of C/A) is in the kernel of 12 because ¥q1h101 =
oot = o3t = 0. So there is a unique homomorphism 3: (C/A)/(B/A) — C/B such
that ¥y = ¥304. We note that, from the commutativity of the diagram, i3 is given by
¥3([[c]alpya) = [l for all c € C.

Also, B C ker(o403) since 0409t = o4th101 = 0, so there is a unique homomorphism
w42 C/B — (C/A)/(B/A) such that w403 = 0402.

Finally, we will show that w3 and 4 are inverses of each other. ..

We have 31403 = 1p30402 = Y909 = 03. But o3 is surjective, so ¥31, is the identity on
C/B Similarly, 1/}4’(/)30'40’2 = 77[}4’(/)20'2 = 1/)40'3 = 0402 and 0409 is surjective SO 77[}4’(/)3 is the
identity on (C/A)/(B/A). O

As an example of the preceding two propositions we have

Example 5.9. Let C = Z%, B = {0,6,8,10,...} = {0} U{6+2n | neZ"} C C and
A =1{0,6,12,...} = {6n | n € Z*} C B. One readily sees that A is a normal submonoid
of C and B is a submonoid of C which is not normal. We will temporarily readopt the
notation which includes superscripts. A calculation then shows

[0S ={0,6,12,...} S =1{1,7,13,...} [21S =1{2,8,14,...}

315 = {3,9,15,...} [4)§ = {4,10,16,...} 651G = {5,11,17,...}
so C/A={[0]5, 1], [215, [3]5. (45, [BIG} = Zs. Also

[0)$ = {0,2,4,6,...} 1% =1{1,3,57,...}

so C/B = {[0], 15} = Z,

[0 ={0,6,12,...} [8]5 = {8,14,20,...} [10]5 = {10,16,22,...}
so BJA = {[0]5, [8]%, [10]4} = Z3. Notice that[ 15 #1815 =12]G-

Let ¢1: B/A — C/A be as in 5.7, then 11 ([0]5) = [ 15 1 (8 }ﬁ) 215 and ¢y ([10]5) =

[4]G, so ¢y embeds B/A in C/A. Further, identifying B/A with its image in C/A, we get

(C/A)/(BJ/A) 2 Zy = C/B as expected.
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Proposition 5.10. Let A, B and C be submonoids of a monoid M with A, B C C, and
o: C — C/A the quotient homomorphism. Then

o(B) = (A+ B)/A.
Proof. Since A C A+ B C C, we get a commutative diagram as in 5.7:

(A+B)/A—">C/A
with o1 and o quotient homomorphisms, and 1 injective. Since o; is surjective, we have
Y(A+ B)/A) =0u(A+ B) =0(A+ B). But 6(A+ B) = 0(B), so with the identification
of (A+ B)/A with ¢¥((A+ B)/A), we get 0(B) = (A+ B)/A. O

We next consider direct products of families of semigroups or monoids:

Given a family of semigroups {M, | a« € Z} for some index class Z, we can form the
Cartesian product [],.; M, with projections 74: [],c7 Mo — M, for each a € Z. We will
write elements of [[ ., M, in the form (aq)acz With aq € M, for each a € Z. We can then
define an operation + on [] .7 Mo by

(aa)ozeI + (ba>a€I = (a’a + ba)aeI-

With this operation [],.; M, is a semigroup and the projections are homomorphisms.
Further, [] .7 M, has the universal property one expects for a direct product of semigroups:

Proposition 5.11. Let {M, | a € I} be a family of semigroups and [],.7 Mo as above.
Suppose there are homomorphisms ¢o: N — M, for some semigroup N and all« € Z. Then
there is a unique homomorphism ¢: N — [] M, such that for each o € T the following
diagram commutes:

acZ

N [T Ma

Proof. Since [], .7 M, is the Cartesian product of {M, | a € T}, there is a unique function
¢: N — J],ez Mo making the diagrams commute. It remains to check only that ¢ is a
homomorphism. O

If M, is a monoid for each a € Z, then [],.; M, is a monoid with identity (0q)acz Where
0, is the identity element of M,,. The proposition then remains true if N is a monoid and ¢,
is a monoid homomorphism for each o € Z, and provides a unique monoid homomorphism
¢ which makes the diagrams above commute.
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Following the conventions of category theory, we will call [] .7 Ma, or any isomorphic
semigroup, “the” direct product of {M,, | o € T} without specifying explicitly the projec-
tion homomorphisms. If Z = {1,2,...,n}, we will write M; x Ms x ... x M, for the direct
product.

Within the category of monoids and monoid homomorphisms, we can construct a direct
sum for any family of monoids. In defining this direct sum we follow the pattern used in
defining the direct sum for modules. ..

Let {M, | a € Z} be a family of monoids. If a = (aa)acz € [[ocr Mo, then we will
say X C 7 supports a if, for all « € Z, a, # 0 implies a € X. We will say a has finite
support if there is a finite set X which supports a. Define also the submonoid

@ M, ={ac€ H M, | a has finite support},

acl ael
and monoid homomorphisms to: My — @,z Mo for each a € Z by 14 (a) = (as)ser where
{% p#a
ag =
a f[B=«

Note that 7, 04 is the identity homomorphism on M, for all « € Z, and if a € @aez M,

with finite support X, then
a= Z ta(mq(a)).
acX

Proposition 5.12. Let {M, | a € I} be a family of monoids and P, .7 Mo as above.
Suppose there are monoid homomorphisms ¢o: My — N for some monoid N and all « € T.
Then there is a unique monoid homomorphism ¢: @ .7 Mo — N such that for each o € T
the following diagram commutes:

DMa 2,y

acl
LQT %
Mo

Proof. For a = (aa)acz € @, cr Mo with finite support X, define

¢(a) = Y da(mal(a)).
acX
It is then easy to check that ¢ is a monoid homomorphism and the unique one which makes
the diagrams commute. |

Once again, following the conventions of category theory, we will call @, ; M, or any
isomorphic monoid, “the” direct sum of {M, | o € Z} without specifying explicitly the
injective homomorphisms ¢,. If the index set Z is finite, then the direct sum and direct
product coincide so we will use the finite direct product notation M; x My X ... x M, for
finite direct sums.
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If all M, are the same, that is M, = M for all @ € Z, then we will write M7 for the
direct product and MD for the direct sum.

Our next task is to show that, similar to the case of free Abelian groups, any free monoid
is of the form (Z%)®) for some index class Z:

Definition 5.13. A monoid F is free with basis B C F if any map from B to a monoid
M extends uniquely to a monoid homomorphism from F to M. Specifically, if A: B — M
is any map, then there is a unique monoid homomorphism ¢ which makes the following
diagram commute:

where 1 is the inclusion map.

Consider the monoid (Z%)®) for an index class Z. As described above, this monoid comes
with homomorphisms ¢,: Z+ — (Z+)@) and 7,: (ZT)?) — Z* for all a € Z. We will write
bo = to(1) € (Z1)@ for all @ € Z, and B = {b, | a € I}. Note that for any a € (Z1)®D
with finite support X, we have

a= Y ta(ma(a) =Y ma(a)ia(l) =Y mala)ba,

aeX aeX aeX
so B generates (Z1)7).
Proposition 5.14. The monoid (Z1)D) is free with basis B.

Proof. Let M be a monoid and A: B — M a function. Then for a € (Z*)®) with finite
support X we define
6(a) = 3 7ala)A(ba).
acX
It is then easy to check that ¢ is a monoid homomorphism which makes the diagram commute
and the unique such homomorphism. O

Notice that 7 is in one-to-one correspondence with B. In fact, (Z)®) is the free monoid
with basis B in the sense of the next proposition:

Proposition 5.15. If F is a free monoid with basis B C F, then F = (Z1)(5),

Proof. We have a bijection between the basis of F' and the basis of (ZJF)(B)7 so using the
freeness of these two monoids, there are monoid homomorphisms from F to (Z1)®) and vice
versa. Using the uniqueness part of the definition of freeness one shows, in the standard way,
that the compositions of these two homomorphisms are identity maps on F and (Z1)(®). O

The existence of free monoids allows us to define monoids using generators and relations.
We consider as an example, the universal monoid M generated by two elements p and g such
that 3p = 2p, 3¢ = 2¢ and 2p + ¢ = 2¢ + p. (This monoid will appear again in 11.21.) The
monoid M is constructed from the free monoid F' = (Z%)? as follows: Set p’ = (1,0) € F
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and ¢ = (0,1) € F, and let ~ be the congruence on F generated by 3p’ ~ 2p’, 3¢’ ~ 2¢'
and 2p' 4+ ¢’ ~ 2¢' + p'. Then set p = [p'], ¢ = [¢'] and M = F/~. The monoid M we have
constructed is generated by the elements p and ¢ which satisfy the required equations.

The monoid M is conventionally called “the monoid generated by two elements p and ¢
such that 3p = 2p, 3¢ = 2q and 2p + g = 2g + p”. That is, the word “universal” is dropped.
However without the universality condition, the monoid M is not uniquely determined (up
to isomorphism). Indeed a one element monoid satisfies the other conditions. The universal
property of M is that any monoid satisfying the other conditions is a homomorphic image
of M:

Let N be a monoid generated by two elements p and ¢ satisfying the relations 3p = 2p,
37 =2d and 2p+§ = 24+ p. The monoid F is free with basis B = {p’, ¢'}, so the map from
B to N defined by p' — p and ¢ — @, extends to a monoid homomorphism ¢: F — N such
that ¢(p') = p and 6(¢) = g.

Let ~ be the congruence on F' which corresponds to ¢, namely, z ~y <= ¢(z) = ¢(y)
for x,y € F. We have by hypothesis that 3p’ ~ 2p’, 3¢/ ~ 2¢’ and 2p' +¢' ~ 2¢' +p’, so ~ is
one of those congruences on F' whose infimum is the congruence ~. In particular, ~ C ~,
so there is a surjective homomorphism from M = F/~ to F/~. Since p and § generate N,
¢ is surjective and (F/~) = N, so there is a surjective monoid homomorphism from M to
N.

Of course, a similar argument applies to any monoid defined using generators and relations
and provides a universal property for such monoids.
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6 Order and Monoids

Vital to our application of monoid theory to module categories, is the order structure
that is built into the monoids we will construct from such categories. Thus in this section
we investigate the general properties of monoids with respect to their order.

Definition 6.1. Let M be a semigroup. We define a relation < on M by
a<b <= dce M such that a+c=10>
for elements a,b € M.
Some simple properties of this relation are collected in this proposition:

Proposition 6.2. Let a,b,c be elements of a semigroup M, and ¢: M — M’ a semigroup
homomorphism. Then

l.a<b<ec = a<ec

2.a<b = a+c<b+ec

3. a<b = ¢(a) < ¢(b)

If M is a monoid, then, in addition, we have
4. 0<a

5 a<a

Items 1 and 5 imply that < is a preorder on monoids. Following Wehrung [31], we will call
this the minimum preorder. Some authors [5, Definition 2.1.1] use the name “algebraic
preorder”.

For semigroups, the relation < may not be a preorder since there is no certainty that
a < a. An example of this is the semigroup N in which the relation <, as defined above,
coincides with < with its usual meaning.

We will adopt the notation used in Section 2 for preordered classes. In particular, for
a € M we write

{<a}={beM|b<a}

Though, in general, monoids are preordered, many of the monoids we will work with are,
in fact, partially ordered by <. These we will call partially ordered monoids. Warning:
This name is used by many authors simply to mean a monoid with a partial order satisfying
6.2.2.

Examples of partially ordered monoids are Z*, {0,00}. In Z* the order < coincides with
the usual one. In {0,00} we have 0 < oo but co £ 0. Any Abelian group, Z for example,
has a < b for all elements a and b, so these monoids represent another extreme case.

An example of an intermediate case is the monoid (Z, -), the integers with multiplication
as operation. Here we have a < b if and only if a divides b, so < is not the usual order on
Z. Since —a < a < —a for any a € Z, this monoid is not partially ordered.

The order in a submonoid A of a monoid M may not be the same as in M: Though a < b
in A implies a < b in M, the converse is not true. For example, in Z we have 2 < 3 < 2;
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in the submonoid Z* we have 2 < 3 £ 2; and in the submonoid {0,2,3,4,...} = Z* \ {1}
we have 2 £ 3 £ 2. This complication does not occur for submonoids which are also order
ideals (soon to be defined).

It is easy to check that if M; and M, are monoids, then the minimum preorder of the
monoid M7 X Ms coincides with the order of M7 x My thought of as a product of preordered
classes as in Section 2.

From 2.2, any preordered class £ has associated with it a universal poclass £. This same
construction applied to a monoid M with its minimum preorder, gives not just a poclass,
but a partially ordered monoid:

Definition 6.3. Let M be a semigroup. We will write = for the relation on M defined by
a=b <<= a<b<a

fora,be M.
If M is a monoid, then using 6.2.2 and 6.2.5, this relation is easily seen to be a congru-
ence. In this circumstance, we will use the notation

{=a}={beM|b<a<b},
for the =-congruence class containing a € M. We define M = M/ =.

The monoid M is partially ordered and is the largest partially ordered monoid which is
a homomorphic image of M:

Proposition 6.4. Let ¢: M — N be a homomorphism between monoids. If N is partially
ordered, then there exists a unique monoid homomorphism ¢ making the following diagram
commaute.

Proof. Straight forward. a

If ¢ M — N is a monoid homomorphism, then by this proposition, there is a unique
induced monoid homomorphism ¢: M — N making the following diagram commute:

MLN

SIS

M7>N

}

We will need to define a second relation on semigroups which relates to the order structure:
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Definition 6.5. Let M be a semigroup. We define a relation < on M by
a<bhb <<= a+b<bd
fora,be M. Of course, a < b < a+b=0.

F. Wehrung [31] uses the same notation a < b for the stronger relation a + b = b. Of
course, for a partially ordered monoid these definitions are the same.

The relation < is not reflexive so is not a preorder. Also, < is not necessarily compatible
with the semigroup operation, that is, if a < b then it may not be true that a + ¢ < b+ c.

Proposition 6.6. Let a,b,c,a1,as,b1, by be elements of a semigroup M, and ¢: M — M’
a semigroup homomorphism. Then
l.ag<b = a<b
k< b<c = akc
a<bkec = a<kc
1K< bkcec = akc
a1,a0 Kb = a1 +ay Kb
a1 < by and ao € by = a1 +as K< by + by
7. a<b = ¢(a) < ¢(b)

Proof. Trivial. O

ZEN A

As mentioned already, < is not reflexive, so an element e of a semigroup such that e < e
is special:
Definition 6.7.
o An element e of a semigroup is regular if any of the following equivalent conditions
18 true:
l.exe
2. 2e<e
3. 2e=e
A regular semigroup is a semigroup whose elements are regular.
In a monoid, any element of {< 0} is regular. Regular elements which are not in
{< 0} we will call proper.
o An element e of a semigroup is an idempotent if 2e = e.
In a monoid, 0 is an idempotent, and, in fact, the only idempotent in {< 0}.
Nonzero idempotents we will call proper.

This definition comes from that of regular elements in rings: An element e of a ring is
(Von-Neumann) regular if there is some element z such that e = exe. When this condition
is converted to additive notation with a commutative operation we get e = 2¢ + x, that is,
2e < e.

One readily checks that if M is a semigroup with no regular elements, then MY is a
monoid with no proper regular elements.
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Proposition 6.8. Let M be a monoid and M its associated partially ordered monoid. If
e € M, then

1. e is reqular in M <= {= e} is regular in M

2. e is an idempotent in M = {= e} is an idempotent in M

Proof. Trivial. O

Regular elements and idempotents are closely related:

Proposition 6.9. Ife is a regular element in a monoid, then there is a unique idempotent
in {=e}.
Proof. Since 2e < e, there is some s € M such that 2¢e + s = e. Set f = e+ s. Then, in
addition, we have e =2e4+s=f+s,s0e < f<e. Also2f =2e+2s=e+s=f.

To check the uniqueness of f, we suppose that 2f = f’ for some f' € {= e} = {= f}.
Then there are u,v € M such that f = f' +wu and f' = f + v, and hence

f=f+u=2f'vru=2f+2v+tu=f+2v+u=f+ut+v=f+v=Ff.
(]

This proposition can be thought of as a consequence of the similarly proved fact that
({= e}, +) is a group with identity f. This is a subject we will explore in detail in Section 10.

Proposition 6.10. Ife, e1,es are reqular elements in a monoid M and a € M, then

l.e<a = exa
2. a<e = ake
3. e1,e0 K a = e1 + es is a reqular element such that e; 4+ ex < a.

Proof. This follows directly from 6.6. O

We now consider certain submonoids which behave well with respect the partial order of
monoids:

Proposition 6.11. For a nonempty subclass I C M of a monoid, the following are equiv-
alent:

1. Ve,ye M) (z,yel < xz+yel)

2. I is a submonoid of M and Vz,ye M) (zx<yel = z€l)
3. I is both a submonoid and a lower class of M.

4. I =ker ¢ for some homomorphism ¢: M — {0, 00}.

Proof. Easy. |

Definition 6.12. A subclass I € M of a monoid satisfying any of the conditions of this
proposition is called an order ideal [2] of M. We will write L(M) for the class of order
ideals of a monoid M, ordered by inclusion. Consistent with this definition, we will write
I < M if I is an order ideal of M.

A monoid is conical if {0} is an order ideal, that is, if x < O implies x = 0 for all
xze M.
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An order ideal, I C M, is a subclass of a monoid which not only preserves the monoid
operation, but also the order. More precisely, if z,y € I then x <y in [ ifand only if z <y
in M.

An order ideal is a union of =-congruence classes of M, so that I is an order ideal of M

if and only if T is an order ideal of M. In particular, £(M) = L(M).

From 6.6, if a € M then {< a} is always an order ideal, whereas {< a} is an order ideal
if and only if a is regular. In particular, {< 0} is an order ideal and, since it is contained in
any other order ideal, {< 0} is the minimum element of £(M). The maximum element of
L(M) is M itself.

Note also that order ideals are normal submonoids. So that, for all a € M and I < M
we have

al; =0 <= ac I
Also, if I < J < M then, for all a € M, we have [a]¥ = [a]].
The following gives some other easy properties of order ideals:

Proposition 6.13. Let M be a monoid.
1. If {I, | « € T} is a family of order ideals of M, then I = Nyezly s an order ideal
of M.
2. If{I, | o« € T} is a family of order ideals of M which is totally ordered by inclusion,
then I = Ugezl, is an order ideal of M.

3. If p: M — N is a homomorphism and B < N an order ideal, then I = ¢~1(B) is an
order ideal in M.

4. If I is an order ideal of M then M/I is conical.
5. If J C I < M are monoids then J < I if and only if J < M.

Proof. Easy. |

If Y is any nonempty subclass of a monoid M, then we can use 1 above to define the
order ideal generated by Y, namely

V)y=(\Ilycr1<m}

Of course, (Y) is the smallest order ideal containing Y. The order ideal generated by ¥ will
contain the submonoid generated by Y and this inclusion is, in general, proper.

Proposition 6.14. IfY is a nonempty subclass of a monoid M, then y € (Y') if and only
fy<yi+y2+---+yn for someyi,ys,...,yn €Y.
Proof. Let

Z={yeM]|3y,y2,.--,yn €Y such that y <y1 +y2+ -+ yn}-
This is easily seen to be an order ideal which contains Y, so (Y) C Z. On the other hand,
all elements of form y; + yo + -+ + ¥, with y1,92,...,y, € Y are in (Y) because (Y) is a

submonoid, and then all other elements of Z are in (Y') because (Y) is a lower set. Thus
Z C({Y). O

Item 1 of 6.13 can be also reinterpreted as saying that every nonempty subclass I C L(M)
has an infimum:
infiC= ) I.
IeK
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This, and the fact that M itself is an order ideal, means that every nonempty subclass
K C L(M) also has a supremum, namely:

sup K = (U I).

IeK

We have shown by the above discussion that for any monoid M, the class of order ideals,
L(M), is a complete lattice.
We will adopt the lattice theoretical notation for segments of lattices: if I C J are order
ideals of M then
[I,J]={KeLlL(M)|ICKCJ}

This is, of course, a sublattice of L(M).

Let I be an order ideal in a monoid M and o: M — M/I the quotient homomorphism.
From 6.13.3, we know already that o~! maps order ideals of M/I to order ideals of M which
necessarily contain I. Thus we can consider 0~! to be map from L£(M/I) to [I, M]. This
map is actually a lattice isomorphism:

Proposition 6.15. Let I be an order ideal in a monoid M and o: M — M/I, the quotient
homomorphism. Then o~*: L(M/I) — [I,M] C L(M) is a lattice isomorphism. The
inverse isomorphism is induced from o.

Proof. We show first that if 7 < .J < M then o(J) < M/I...

Since J is a submonoid of M, o(J) is a submonoid of M /I, so we need only check that
o(J) is a lower class. If v € M and y € J such that o(x) < o(y) € o(J), then there is some
u € M such that o(x) + o(u) = o(y), that is, [x + u]; = [y];. Thus there are s,t € T < .J
such that z +u + s = y + t, and, in particular, x <y 4+t € J. J is an order ideal so x € J
and o(x) € o(J). This shows that o(J) is an order ideal in M/I.

Next we show J = 071 (o (J)) for order ideals J with I < J < M. ..

The inclusion J C o~ 1(o(J)) is true for any subclass J, so we need check only the
reverse inclusion. Suppose y € 0~ 1(o(J)) then there is x € J such that o(y) = o(x), that
is, [y]lr = [z]r, Thus there are s,t € I < .J such that y + s = x + ¢, and, in particular,
y<z+teJ. Jisan order ideal so y € J.

Finally, since o is surjective, we have K = o(0c~!(K)) for any order ideal (indeed, for
any subclass) K of M/I. Since we know also that o~!(K) is in [I, M], this then completes
the proof. O

We will see in the next section that in decomposition and refinement monoids, there are
other stronger relationships between sublattices of L(M).

It will be useful to have a notation for the relationship of membership in an order ideal
generated by a single element:

Definition 6.16. Let M be a monoid. We define a relation < on M by
a<b << ac{{b})

for a,b € M. This relation also gives us a new notation for the order ideal generated by a
single element: {< a} = ({a}).
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From 6.14 we have
a <b <= (3In € N such that a < nb).

We collect here some simple properties of this relation.

Proposition 6.17. Let a,b, c be elements of a monoid M. Then
1. 0<a
2. a<a
3.a<b=<c = a<c
4. a<b = a+c<b+c
Proof.
1. Trivial.
2. Trivial.

3. Since b is in the order ideal {< c}, we get {< b} C {< ¢}, and so a € {< b} C {< c}.
That is, a < c.

4. Since a < b, there is some n € N such that a < nb. But then a+c¢ < nb+c¢ < n(b+c).
Thus a+c<b+c

O

From 2 and 3 of this proposition we see that < is a preorder on M.
It is easy to check that for a finite set, {a,as,...,a,} C M,

Hai,ag,...,a,}) ={< a1 +ag+---+an},

so that any finitely generated order ideal is, in fact, generated by a single element.
Using the preorder < on M, we constructed a partially ordered monoid M with a universal
property. This same process can be applied to the preorder < with similar consequences:

Definition 6.18. Let M be a monoid. We will write < for the relation on M defined by
axb <= a<b=<a

for a,b € M. Using 6.17, this relation is easily seen to be a congruence. We will use the
notation

{xa}={beM|b=<a=<b}

for the x-congruence class containing a € M. We define M= M/ =. The <-congruence
classes are called the Archimedean components [7, Chapter 4.3] of M.

Note that {< a} < {= b} in M if and only if a < b in M.
To discuss the universal property of M, we need to define a new type of monoid:

Definition 6.19. A poclass, L, is a (join)-semilattice [3, Page 9] if for each pair of
elements, a,b € L, the supremum a V b exists.

A semilattice £ together with the operation V is a semigroup in which a V a = a for all
a € L. In fact, this property characterizes semilattices among semigroups:

Proposition 6.20. If M is a semigroup such that a = 2a for all a € M, then
(Ma,be M) (a<b <= a+b=b < a<k D),

and M with its minimum preorder is a semilattice in which + and V coincide.
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Proof. [18,1.3.2] If a < b then there is some ¢ € M such that a+c=b,s0a+b=a+a+c=
a+c=05b. Thus a <b = a+ b=1>. The other implications above are trivial.

If a € M, then a = a + a implies that a < a. Thus < is a preorder on M. If a < b < a
then b =a + b = a, so M is partially ordered by <.

It remains to show that a +b=a Vb for any a,b € M...

Ifa,b<zthenz+(a+b) =(x+a)+b=x+b==x,s0a+b<x Thusa-+bis the
supremum of a and b. O

If a semilattice £ has a minimum element 1, then (£, V) is a monoid with identity L.
Conversely, a monoid M such that a = 2a for all @ € M is a semilattice with minimum
element 0. Thus we have two ways of thinking of the same mathematical object: Either as
a poclass with some special properties or as a semigroup with some special properties. We
will call both £ and M as described above semilattice monoids.

Proposition 6.21. For any monoid M, M is a semilattice monoid.

Proof. Let {=< a} € M for some a € M. Then 2{=< a} = {x 2a}, but a and 2a are in the
same Archimedean component of M, so {=< 2a} = {x a}. The claim then follows from the
previous proposition. O

The universal property of M can now be specified:

Proposition 6.22. Let M and N be monoids and ¢: M — N _a monoid homomorphism.
If N is a semilattice monoid, then ¢ factors uniquely through M.

Proof. Straight forward. |

Of course, since M is partially ordered, the quotient map from M to M factors through
M. So given the hypotheses of the proposition above, we get the following commutative
diagram:

\ l
N
where an element a € M maps to ¢(a) via a — {= a} — {=< a} — ¢(a).

Finally we note that (£(M),V) is a semilattice monoid with minimum element {< 0},
and that M embeds in £(M):

Proposition 6.23. Let M be a monoid. Then the map from M to (L(M),V) defined by
{xa}— {=<a} fora € M is an injective monoid homomorphism.

Proof. Consider the map ¢: M — L(M) given by ¢(a) = {< a} fora € M. If a,b € M then
¢(a+b) = {< a + b} is an order ideal containing {< a} and {< b}. Since any order ideal
which contains {< a} and {< b} must also contain a + b, and hence {< a + b}, we must
have {< a+ b} = {< a} V {< b}, that is, ¢(a + b) = ¢(a) V ¢(b).

Since also ¢(0) = {< 0} = {< 0}, ¢ is a monoid homomorphism from M to a semilattice
monoid. .

Using the universal property of M, there is an induced monoid homomorphism defined
by {=< a} — {< a}. It is easy to check that {< a} = {< b} implies that a and b are in the
same Archimedean component, and so this induced homomorphism is injective. O
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7 Refinement and Decomposition
Monoids

In the last section we discussed order in monoids. This is one important ingredient in
understanding the monoids which we will use to study module categories in 16.

The other main ingredient is the refinement property that is the subject of this section.
This monoid property has appeared in other contexts and so has been studied before. See
for example, Tarski [30], Wehrung [31], [32], Dobbertin [8], Ara, Goodearl, O’Meara and
Pardo [2], or Goodearl [10].

Definition 7.1. Let M be a semigroup. Then

1. M has refinement if for all ay,a2,b1,bo € M with a1 + ax = by + by, there exist
C11,C12,C21,C22 € M such that

a;p =c11 + Ci2 Gz = C21 + C22

by =ci1 + e by = c12 + c2o.

2. M has (Riesz) decomposition if for all a,bi,by € M with a < by + be, there exist
c1,c0 € M such that a1 = ¢1 + co, ¢1 < by and co < bs.

The main theme in later sections will be monoids with these properties, that is decompo-
sition monoids and refinement monoids. In a few examples we will make use of refinement
semigroups, primarily as a means of defining interesting refinement monoids. One readily
checks that if M is a refinement semigroup, then adjoining an identity element to form M?°
yields a refinement monoid.

It is convenient to record refinements and decompositions using matrices: The refinement
of a1 + as = by + by from the definition would be written

b by
ap ( €11 Ci12
az \ €21 Co2
This means that the sum of the entries in each row (column) equals the entry labeling the

row (column).
The decomposition from the definition would be written as

a
by > (1
by > \ c2
or
<b; <b
a ( C1 C2 )

meaning a; = ¢1 + ¢, ¢1 < by, and ¢z < ba.
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Suppose we have the equation ay + as + az = by + by in a refinement semigroup. Using
the refinement property we get the refinement matrix

by bo

ay C11 €12

az +az \ ca1 Ca2

The equation as + ag = co1 + coo can itself be refined:

C21 (22
az (di1 di2
az \ da1 da

Thus we have a 3 x 2 refinement matrix:

b1 b
ay Ci1  C12
az | di1 di2
az \ da1 da2

Notice that this refinement matrix has the same entries in the top row, c¢i;; and ci2, as
the original one. We will say that this refinement matrix has been obtained by further
refinement from the original one.

Using further refinement and induction, the refinement and decomposition properties
can be extended to equations and inequalities with more than two terms. For example, in
a refinement semigroup, if a; + as + -+ 4+ a,y, = by +ba + - - - + by, then there is a refinement
matrix of the following form:

by by ... by
a1 * ok *
as * ok *
Am \ * % *

Here, as in matrix theory, we use the symbol * for entries in refinement matrices that do
not need to be explicitly named.

It is also worth noting that in a refinement semigroup, if a1 +as+- - -+ay,, < bi+bo+---+b,,
then there are refinement matrices of the following forms:

<b <by ... <b, by by ... b,
ay * * * a; < O
as * * * as < ¥ ok L.. ok
A, * * * Ay < ¥ ok L.. ok

(In fact, in the matrix on the right, all but one of the < symbols could be replaced by
equalities.) This property is not true in general for decomposition semigroups. See Example
74.
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For a decomposition semigroup, we get the following: If a < by + by + - - - + by, then there
is a decomposition matrix of the form:

<by <by ... <b,
a (= x .. * )

Proposition 7.2. If M is a monoid, then

M has refinement = M has decomposition
—> M has decomposition

— M has decomposition <= M has refinement

Proof. We show first that if M has decomposition, then so does M:

Suppose we have {< a} < {=x b1} + {x by} for some a,b;,by € M. This implies that
a < by + by, that is, there is some n € N such that a < n(by + by) = nb; + nby. Since M has
decomposition, there are c1,co € M such that ¢; < nby, co < nby and a = ¢; + ¢5. Hence
{xal<{=bh} {xe}<{xb}and {xa} ={xa}l+{xcec}

Since M is a semilattice, the claim that M has decomposition if and only if it has
refinement is a special case of the next proposition. The remaining claims are all trivial. [

It is an open and interesting question whether there is a refinement monoid M such that
M does not have refinement.

Proposition 7.3. Let M be a semilattice. Then M has decomposition if and only if it has
refinement.

Proof. We will write + for the operation in M, so that 2a = a for all a € M and
(Va,be M) (a<b <= a+b=0).

Suppose that M has decomposition and there are ay,as,by,by € M such that a1 + ay =
b1 4+ by. Since ai,as < by + bg, there are ci1, 12, c21,c20 € M such that a1 = ¢11 + ¢19,
a2 = Co1 +622, C11,C21 S bl and C12,C22 S b2. Similarly, there are dlla d12, d21,d22 € M such
that b1 = d11 + d21, b2 = d12 + d22, dll; d12 S aq and d21; d22 S as. It is then easy to check
that
b1 ba
ai <011 +di1 12+ d12)
az \ ca1 +da1 c22 + dao

is a refinement of the original equation.

‘We confirm this for a;: We have a1 < a1 +di1 +dio = c11 +di1 + c12 + dia < 4a1 = aq.
Since M is partially ordered, this implies c11 + d11 + ¢12 + d12 = a;.

The converse, as noted in the previous proposition, is trivial. O

Example 7.4. A decomposition monoid without refinement:
Let M = {0,1,00}, where 1 + 1 = oco. It is a simple calculation to show that M is a
decomposition monoid, but that the equation 1 +1 = oo + oo has no refinement.
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Also worth noting is that we have oo+ oo < 1+ 1, but there is no decomposition in either
of the forms

<1 <1 11

0 * * oo < [k %
o0 * * oo < \ k%
One checks easily that {0, 00} has refinement.

Example 7.5. Let M be an Abelian group written additively. Then if a1,a2,b1,bo € M
with a1 + as = by + b, we get the refinement

b1 ba
aq 0 aq
an b1 ags — bl
Thus Abelian groups are refinement monoids.

This example shows that Z is a refinement monoid. We show the same for Z*: With
aq,as2,b1,bs € Z1 such that a; + as = by + by, we either have as —b; € Z1 or by —as € ZT.
In the first case we can make a refinement as in the example above. In the second case we
have the refinement

b1 b

aq bl — a9 bg
a9 a9 0
with entries in Z7T.

Even though Z and Z™ have refinement, N does not even have decomposition since there
is no decomposition of 1 <1+ 1 in N.

Similarly one shows that R and R™ are refinement monoids. Unlike N, the semigroup
R*T has refinement:

Example 7.6. Let ai,as,b1,bo € R be such that ay + az = by + by. Without loss of
generality, we can assume that a1 < ag,b1,bs in the usual order in R. It is easily checked
that all entries in the refinement matriz

b1 ba
1 1
ay 5&1 5@1
ag \ b1 —3a1 by — za1
are in RTT.

Thus RTT is a refinement semigroup.

Example 7.7. Let L be a distributive lattice (see Section 2). Then (L,V) is a refinement
semigroup: If a1, as,b1,bs € L are such that a1 V as = by V by, then
b1 by
a1 a1 ANby a1 Aby
as \ag Aby as Aby

is a refinement matriz.
Since distributivity is a self dual property, (L, \) is also a refinement semigroup.
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As a special case of this, let X be a class and M a nonempty family of subclasses of X
which is closed under union and intersection. Then (M,U) is a distributive lattice, and so
given Ay, As, By, By € M with A1 U As = By U By we get the refinement

By B
AL (AiNBy AiNDB,
A2 (AQﬂBl AQﬁBQ)

The semigroup (M,N) is also a refinement semigroup.

We have already seen in the case N C Z, that subsemigroups of a refinement semigroup
may not have refinement or decomposition. The same is true of submonoids of refinement
monoids. See, for example, 8.8. For order ideals we have a much better situation:

Proposition 7.8. Let I be an order ideal in a monoid M. Then

1. M has refinement = I and M/I have refinement.
2. M has decomposition => I and M /I have decomposition.

Proof.
1. I has refinement: Let a1, as,b1,by € I be such that ay + as = by + by. Refinement
in M implies there is a refinement of the form

b1 by
ar (€11 Ci2
a2 \ C21 C22
The elements c;; are bounded above by elements of I, so, since I is an order ideal,
they are also in I. Thus [ is a refinement monoid.
M/T has refinement: Let a1, a9,b1,ba € M be such that [a1]; + [az]r = [b1]1 + [b2]1-

Then there are uy,us € I such that a; + as + uy = by + ba + ug. Since M is a
refinement monoid, there is a refinement matrix of the form

by by up
ayp (€11 Ci2 U3
a2 | C21 C22 U4
uUp \ Us U Ut

The elements ug, u4, us, ug, u7 are bounded above by either u; or us which are in I.
Since [ is an order ideal, we have u; € I, and [u;]; = 0 for i = 3,4,...,7. The matrix

1)1 [b2]r
[Cl1]1 ([011]1 [C12h>
la2]r \ [ca1]r [ea2lr
is then a refinement of [a1]; + [az]; = [b1]r + [b2]7 in M/I.
2. The proof for decomposition monoids is very similar to the proof for refinement
monoids.

O
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Let K C L(M) be a family of order ideals of M. In general, it may be possible that the
submonoid generated by K, namely K, maybe smaller than the order ideal generated by
K, namely sup . For a decomposition monoid, however, the submonoid and the order ideal
generated by I are the same:

Proposition 7.9. Let M be a decomposition monoid, and K C L(M), a family of order

ideals of M. Then
sup K = ZIC.

Proof. Since > K is a submonoid of sup K, it suffices to show that > K is a lower class. ..
Suppose then that we have a < b with b € > K. Then b = by + b + - -- + b, for some
elements by, ba, ... b, € |JK. Using the decomposition property, there are ¢y, ca, ..., ¢, such
thata =c1 +co+ - 4+c,and ¢; < b; fori =1,2,...,n.
But then each ¢; is in the same order ideal of K that contains b;, in particular, ¢; € [J K.
Thus «a is a finite sum of elements of | JK and a € Y~ K. O

The above proposition says that if A and B are order ideals then so is A+ B, and in the
lattice L(M), AV B = A+ B. We already know that AA B = AN B.

Proposition 7.10. For any decomposition monoid M, the lattice L(M) is distributive.

Proof. From the discussion in Section 2, it suffices to show that AN(B+C) C (ANB)+(ANC)
for all A,B,C € L(M)...

Suppose a € AN (B + C), then there are y € B,z € C such that y+ 2 =a € A. But A
is an order ideal, so y,z € A. Thusy € ANB,z€ ANCandae (ANB)+(ANC). O

Proposition 7.11. Let I be an order ideal in a decomposition monoid M. Then the quo-
tient homomorphism o: M — M/I induces a lattice homomorphism from L(M) to L(M/I).
Specifically, if A,B € L(M) then

1. o(A) is an order ideal.

2. 0(ANB)=0(A)No(B)

3. 0(A+ B) =0(A) +0(B).
In addition, 0= (c(A)) = A+ I.
Proof. Let A € L(M). From 5.10, we have 0(A) = (A+1)/I and so 0(A) = c(A+1). Since
A+1 is an order ideal in [I, M], 6.15 implies that 0(A) = o(A+1I) is an order ideal in M/I
and

o Ho(A) = o(A+T)=A+1.
The map o can be considered the composition of the maps, o’': L(M) — [I, M] and

o: [I, M] — L(M/I), the restriction of o to [I, M], so that

A AT (A4 D)L

The map o: [I, M] — L(M/I) is a lattice isomorphism by 6.15, so it remains to show
that ¢’ is a lattice homomorphism. ..
If A,B < M, then

0d'(A+B)=A+B+1=(A+1)+(B+1)=0'(A) +0'(B)
d(ANB)=(ANB)+I1=(A+I)Nn(B+1)=0(A)No'(B)
The last result used that £(M) is distributive. Thus ¢’ is a lattice homomorphism. ]
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For a decomposition monoid M, L£L(M) is modular so we get immediately

Proposition 7.12. Let M be a decomposition monoid and A, B € L(M). Then the map
¢: [AN B, Al — [B, A+ B] defined by ¢(I) = I + B is a lattice isomorphism with inverse
given by ¢~1(J) = J N A.

This result we can strengthen considerably, especially for refinement monoids, where we
have in fact a monoid isomorphism A/(AN B) = (A + B)/B:

Proposition 7.13. Let A and B be two order ideals in a refinement monoid and let
Y: A/(ANB) — (A+ B)/B be the map defined by ¥ ([alanp) = [a]p for alla € A. Then 1
is a monoid isomorphism of A/(AN B) and (A+ B)/B.

Proof. Since AN B C B, the map [a]lanp — [a]p is a well defined homomorphism from
M/(ANB)to M/B. If a € A then [a]|p € (A+B)/B, so ¢ is just the restriction of this map
to A/(AN B), and is itself a homomorphism. It remains to check only that 1 is a bijection
from A/(ANB) to (A+ B)/B...

1y surjective: Let [a + b € (A+ B)/B with a € A and b € B. Then [a + b|g = [a]p =
b({alans) € D(A/(AN B)

1 injective: Suppose ¥ ([alanp) = ¥([a']anp) for some a,a’ € A. Then [a]p = [d']p so
there are b,b’ € B such that a + b = o/ + b'. Using the refinement property we get the
following refinement matrix:

a b

a' < T x’)

V' \y y )
But ¢ < a,b soy’ € AN B. Similarly, 2’ € AN B, and we get [a]ans = [z + ¥ ]ans =
[2]anp = [ + 2']ans = [@/]anB- O

For decomposition monoids we do not get quite as strong a result as for refinement
monoids:

Proposition 7.14. Let A and B be two order ideals in a decomposition monoid and
Y: A/(ANB) — (A+ B)/B as in the previous proposition. Then ) induces an isomorphism
of A/(ANB) and (A+ B)/B.

Proof. As in the previous proposition, v is a surjective homomorphism from : A/(A N B)
to (A + B)/B. Without refinement, 1 would not be injective. Instead we get that the
induced map ¢: A/(AN B) — (A + B)/B is injective:

Suppose ¥([a]ans) = ¥([a']anp) for some a,a’ € A, then [a]p = [¢']p. In particular,
[a]p < [@']p. So there is ¥’ € B such that a < a’ + b'. From the decomposition property,
there are x,y € M such that v < @/, y < V¥ and ¢« = ¢ + y. But then y < a,b, so
y € ANB and [a]ang = [t+ylans = [¢]ans < [a']anp. Similarly, [a'|ans < [a]ans, and so
[a]ans = [@']anB, that is, [a]anp and [a'] anp represent the same element of A/(ANB). O

Among the easy consequences of this proposition is that for decomposition monoids, 1
induces a lattice isomorphism between £(A/(A N B)) and L((A + B)/B). From 6.15, we
have also isomorphisms o anp: [ANB, A] = L(A/ANB) and op: [B, A+ B] — L(A+ B/B).
Combined with the isomorphism ¢: [AN B, A] — [B, A+ B] from 7.12, we have the diagram
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[ANB, A — 2 ~[B,A+ B

io'AﬂB io'B

L(A/(ANB)) —Y~L((A+ B)/B)

It is easy to check that this diagram commutes.

66
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8 Cancellation and Separativity

In this section we will investigate the relationship a + ¢ = b + ¢ for elements a, b, c of a
monoid.

We begin by gathering in the next few propositions some simple facts about the relation-
ship a 4+ ¢ = b + ¢ that we will use repeatedly in this section:

Proposition 8.1. Let a,b,c,c be elements of a monoid such that a+c=b-+c. Then
l.e<d = a+c=b+¢
2.¢c<a = 2a=a+b
3. c<a,b = 2a=a+b=2b

Proof. To prove 1, let x be such that ¢ =c+2z. Thena+c =a+c+z=b+c+z=b+c.
Statements 2 and 3 are easy consequences of 1. ([l

Notice that the equation 2a = a+b is a special case of a+c¢ = b+ ¢ with ¢ < a. A similar
statement is not true in general about the two situations 2a =a+b=2b, anda+c=b+c
with ¢ < a, b, unless the monoid has decomposition.

In this and later sections, we will make frequent use of 8.1.1 without reference. For
example, we use it three times in the following proposition:

Proposition 8.2. Let a,b,c be elements of a monoid M such that a +c = b+ c.

1. If there is an element d € M such that c < d < a,b, then a = b.
2. If c < ¢ < a, then there is some idempotent e = ¢ such that a = b+ e.

Proof.
1. Let a/,b' be such that a =d+a’ and b=d + . Then o’ +d+c ="+ d + c. Since
c+d<d, wegeta+d=">b+d, that isa =b.
2. We have ¢ < ¢, so from 6.9, there is some idempotent e = ¢. Since ¢ < e and
a+c=b+c, wegetat+e=b+e Andsince e < ¢ < a we get a+ e = a. Thus
a=b+e.

|
Note that, in particular, if ¢ is a regular element such that ¢ < a,b, then a +c=b+c¢
implies a = b. Next we collect some simple consequences of having a refinement of the
equation a +c="b+c.
Proposition 8.3. Let a,b,c be elements of a monoid such that a + ¢ = b+ ¢ and let
b ¢
a dl a1
C bl C1
be a refinement of this equation. Then a +by =b+ay, a1 +c=0by + ¢, and
l.c<a = a+a1=b+a;



Section 8: Cancellation and Separativity 68

2.c<a,b = a+a;=b+a;=a+b=b+0b;

Proof. The only non-trivial statement is that ¢ < a implies a + a3 = b+ a;: We have
c1 <c<asoby8.1.1, a; + ¢y = by + ¢; implies that a + a1 = a + b;. O

Notice that the existence of a refinement of the equation a + ¢ = b + ¢ gives rise to a
similar equation a; + ¢; = by + ¢1. In a refinement monoid this process can be repeated
to produce a decreasing chain of such equations, a; + ¢; = b; + ¢; with i = 1,2,3, ..., such
that a > a; >ay > ..., b>b; > by > ... and ¢ > ¢; > ¢ > .... This fact will inspire the
investigation of Artinian refinement monoids in Section 12.

In addition, we get the following proposition, which says, in effect, that if ag+co = by+co,
then ag and bq differ by elements which can be chosen “arbitrarily small” in comparison to
co- The quotation marks reflect the fact that the inequality na, < ¢y which appears in the
proposition, does not even forbid that a, > ¢ if ¢¢ is regular.

Proposition 8.4. Let M be a refinement monoid, ag, by, co € M such that ag+co = bg+co
and n € N. Then there are ay,by,,cn,cn_1,d, € M such that na,,nb,,c, < cy, and the
following is a refinement matriz

by cno1
ao dy Gnp
Cn—1 bn Cn

Proof. [31, 1.11] Define inductively a;, b;, ¢;, d; € M for i = 1,2, ..., n by making refinements
of the form

In particular, ag + ¢, = by + ¢,

b; Ci
a; (d§+1 ai+1 )
& bi+1 Cit+1
By an easy induction we get ag = an + > iy di, b = by + > iy diy co = + Y a; =
Cn + Yoiy b Setting d,, = Y1, d} gives ap = dp, + an, and by = d,, + b,. And since
ap > -+ > a, and by > --- > b,, we have na, < co, nb, < cg. Note also that since
an + ¢cp = by + ¢y, we get ag + ¢, = by + ¢y O

It is worth noting one easy consequence of this lemma: If ¢g € M and n € N are such
that for any x € M, nx < ¢¢ implies z = 0, then ¢y cancels from ag + cg = bg + ¢g-

In the previous proposition, we started with the equation ag+co = bg+¢g in a refinement
monoid. If, in addition, we have ¢y < ap, we will get a similar but much stronger result,
(8.6). To prove this, we need the following lemma:

Lemma 8.5. Let M be a refinement monoid, ag, by, co € M such that ag + co = bg + ¢g.
1. If ¢g < ag, then there is a refinement matriz

bo Co
ap (di a1
Co b1 C1
2. If cg < ag, by, then there is a refinement matrix as above such that ¢; < ay,by.

Proof.

such that ¢1 < aq.
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1. From ag 4 co = by + ¢p we get a refinement matrix of the form
bo Co
ap (d
co \V
Since ¢’ < ¢y < ag = d + a’, we can write ¢/ = d” + ¢; where d’ < d’ and ¢; < d’.
Since d” < d’, we can write d’ = d’ + d;, giving the following refinement:
b() Co
ao (d"+dq a’
Co b/ d// —|— C1
Moving the d” terms gives refinement matrix
bo Co
ag dq d"+ad
co \d"+V Cc1
Setting a; = d” + a’ and by = d” + V' gives the required refinement matrix. Further,
we have ¢y < a’ <a' +d” = a;. For use in the proof of 2, we note that ¢; < ¢ and
b1 > 0.
2. Since ¢y < by we can use 1 (with the roles of ap and by interchanged) to get the

refinement matrix
bo co

ap (d
co \V ¢
with ¢/ < V.

Now a repetition of the argument of 1 using ¢y < ag gives a new refinement matrix
bo Co
ap dl ail
Co bl C1
with ¢; < aq. In addition, we have ¢; < ¢ < b < by.

O

Proposition 8.6. Let M be a refinement monoid, ag, by, co € M such that ag+co = bg+cg,
co < ag andn € N. Then there are a,,by,,Cn,Cn_1,dn € M such that na,,nb,,nc, < cg
and ¢, < ay, and the following is a refinement matrix

by cn-1
Qo dn (275
Cn—1 bn Cn
In particular, ag + ¢, = by + ¢, with nc, < cg.

Proof. The proof proceeds exactly as the proof of 8.4, except that at each induction step
we use 8.5.1 to give a refinement matrix such that ¢;11; < a;41. Thus, in addition to the
conclusions given in 8.4, we have ¢, < a,, and also nc, < na, < ¢. O
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We turn away now from the few cancellation rules that are true in any refinement monoid,
to cancellation properties that occur in the special classes of monoids (primely generated,
Artinian and semi-Artinian) we will study later. There are five such cancellation properties
we need: Three of these we will study in this section, the other two will be the subject of
the next section.

The following properties are usefully defined for subclasses of semigroups (rather than
only for monoids or order ideals):

Definition 8.7.
o A subclass X of a semigroup is cancellative if

(Va,b,ce X) (a+c=b+c = a=0D).

o A subclass X of a semigroup is strongly separative [2, Section 5] if
(Va,be X) 2a=a+b = a=0).

o A subclass X of a semigroup is separative [7, Chapter 4.3] if
(Va,be X) 2a=a+b=20b = a=0D).

Clearly, for any subclass X we have the following implications:
X cancellative = X strongly separative =—> X separative.
Also, any subclass of a cancellative (strongly separative, separative) subclass is also can-
cellative (strongly separative, separative).
The monoid {0, co} has refinement but is not cancellative. For the reversed situation we
have:

Example 8.8. A monoid which is cancellative but does not have decomposition or refine-
ment:

Let M = {0,2,3,4,...} be the submonoid of ZT obtained by deleting the number 1. Then,
since M is a subset of Z7, it is cancellative. On the other hand, the inequality 2 < 3 + 3
can not be decomposed in M since 2 £ 3.

If {M, | o € T} is a family of monoids then it is straight forward to show that [],.; Ma
and @, 7 M, are cancellative (strongly separative, separative) if and only if M, is can-
cellative (strongly separative, separative) for each « € T.

One can check that if M is a separative semigroup then M? is a separative monoid. A
similar statement is not true about either cancellative or strongly separative semigroups.
For example, if M is the trivial one element semigroup, then M is trivially cancellative and
so strongly separative, but M° = {0, 0o} is neither cancellative nor strongly separative.

In the next few lemmas, we give other properties equivalent to separativity and strong
separativity. First we will consider separative monoids:

Proposition 8.9. For a monoid M, the following are equivalent:
1. (Va,b,ce M) (a+c=b+cand c<a,b = a=0»>)
2. (Va,b,ce M)(¥neN) (a+nc=b+nc = a+c=>b+c)
3. (Va,b,c,de M) (a+c=b+candc<d<a,b = a=D)
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Proof.

1 = 2 Then = 1 case is trivial, so assume n > 2, then a+nc = b+nc = (a+(n—1)c)+c=
(b4 (n — 1)e) + ¢, and, since ¢ < a+ (n — 1)c and ¢ < b+ (n — 1)e, this implies
a+(n—1)c=b+ (n—1)c. A simple induction then shows that a = b.

2 = 3 Since ¢ < d, there is some n € N such that ¢ < nd, and hence a +nd = b+ nd. There
are also a’ and b’ such that a =d+a and b=d+¥b,s0d +(n+1)d=¥b+ (n+1)d.
Using 2, we cancel nd from this equation to get a’ +d = b’ + d, that is, a = b.

3 =1 1 is just the special case of 3 in which d = c.

Proposition 8.10. For a monoid M, the following are equivalent:
1. M 1is separative.
2. (Va,b e M)(¥Ym,n € N) (ma =mb and na =nb = ka = kb where k = gcd(m,n))
3. There are m,n > 2 such that gcd(m,n) =1, and

(Va,b € M) (ma =mb and na =nb = a =0b).

4. Va,b,ce M) (a+c=b+candc<aand c<b = a=0b)
5. FEach Archimedean component of M is cancellative.
Further, any of these properties imply those of Proposition 8.9.

Proof. First we show that 1 implies property 1 of 8.9 ...

Ifa+c=0b+cwith ¢c<aand ¢ <b, then from 8.1.3, 2a = a + b = 2b. Thus a = b.

1 = 2 Without loss of generality, we can assume m > n and m = hn + r for suitable
h,r € ZT with r < n. By the Euclidean algorithm for calculating the gcd of m and
n, it suffices to show that na = nb and ma = mb imply ra = rb. ..

If = 0 there is nothing to prove, so we assume r > 1, then ma = mb implies
hna + ra = hnb + rb and hna + ra = hna + rb. Now, using 2 of 8.9, this implies
a+ra=a+rb, and adding (r — 1)a to each side we get 2ra = ra+rb. By symmetry,
2rb = rb 4+ ra, and so using the hypothesis, ra = rb.

2 = 3 Trivial.

3=1 If 2a = a4+ b = 2b, then by an easy induction, ka = kb for all £ > 2. In particular,
ma = mb and na = nb, so by 3, a =b.

We have now shown the equivalence of 1, 2, and 3, and that any of these imply the

properties of Proposition 8.9.

2 =4 Suppose a + ¢ = b+ c and n € N such that ¢ < na and ¢ < nb. Then there are
x,y € M such that na = ¢+ z and nb = ¢+ y, and so n(a + ¢) = n(b+ ¢) implies
c+x+nc=c+y+nc. Using 8.9 we get c+ x = ¢+ y, that is, na = nb. This same
argument shows that (n + 1)a = (n + 1)b, and so, using the hypothesis, a = b.

4 = 5 Suppose a, b, ¢ are in the same Archimedean component of M and a+c¢ = b+c¢. Then
in particular, ¢ < @ and ¢ < b, so by 4, a = b.

5=1 If 2a = a+ b= 2b then a < 2b and b < 2a, so a and b are in the same Archimedean
component of M. Cancellation in this Archimedean component then gives a = b.

|

In general, the properties of 8.9 are weaker than separativity, but when the monoid has
decomposition, they are equivalent:
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Proposition 8.11. If M is a decomposition monoid, then any of the properties of 8.9 is
equivalent to separativity.

Proof. From 8.10, we have already that separativity implies the properties of 8.9. For the
converse, suppose we have 2a = a + b = 2b for some a,b € M. Since a < 2b, there are
ai,as € M such that ay,a2 < b and a = ay + as. Now a+a = a+ b implies a + a; + as =
b+ a1 + as, and since a1, a2 < a,b we can cancel a; and ay from this to get a = b. O

We now consider strong separativity. Here the situation is much simpler:

Proposition 8.12. For a monoid M, the following are equivalent:
1. M is strongly separative

. (Ma,b,ce M) (a+2c=b+¢c = a+c=b)

. (Va,b,ce M)(VneN) (a+ (n+1)c=b+nc = a+c=0)

. (Va,be M)(VneN) (n+1la=na+b = a=b)

. Ma,b,ce M) (a+c=b+candc<a = a=Dh)

6. (Va,b,ce M) (a+c=b+cand c<a = a=0>0)

UL = W N

Proof. The equivalence of 1, 2, 3, 4 and 5 is easy to prove, and 5 is just a special case of 6,
so we prove here only that 4 implies 6 . ..

Suppose a + ¢ = b+ ¢ with ¢ < na for some n < N. Then a + na = b + na and using 4,
we get a = b. O

In a refinement monoid, the question of whether it is possible to cancel ¢ from the relation
a + ¢ = b+ c often depends only on the properties of the subclass {< c}, rather than the
properties of the whole monoid. As a prototype of this situation we have

Proposition 8.13. Let a,b, c be elements of a refinement monoid such that a +c¢= b+ c.
If {< ¢} is cancellative, then a = b.
Proof. From the equation a + ¢ = b+ ¢ we get the refinement matrix
b ¢
a(d da
c \V ¢
a', V', are all in {< ¢}, so the equation @’ + ¢ = b + ¢/ = ¢ cancels to give o/ = ’. Hence
a=d +d=bV+d =0 O
Using Lemma 8.5 we can derive theorems about separativity similar to 8.13:
Proposition 8.14. Let a, b and ¢ be elements of a refinement monoid M such that
a+c=b+c.
1. If {< ¢} is strongly separative and ¢ < a, then a = b.
2. If {< ¢} is strongly separative and ¢ < a + b, then a = b.
3. If {< ¢} is separative, ¢ < a and ¢ < b, then a = b.

Proof.
1. Since ¢ < a, there is some n € N such that ¢ < na. We will do the n = 1 case first...
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n =1 Since ¢ < a we can use 8.5.1 to get a refinement matrix

b ¢

a dl aq
C b1 C1

with ¢; < ay. Since a1 +c¢; = by +¢q, this implies 2a; = a; +b;. The elements
a1 and by are in the strongly separative subclass {< ¢}, and so a; = b;. Thus
a:d1+a1:d1+b1:b.

n > 1 Since ¢ < na, we can write ¢ = Z?:l ¢; where ¢; < a for all i. Thus

a—l—ici:b—l—ici.
i=1 i=1

The subclasses {< ¢;} are contained in {< ¢} so they are strongly separative.
Using the n = 1 case, the ¢; can be canceled from the equation one by one to
leave a = b.

2. We have ¢ < a + b, so there is some n € N such that ¢ < na + nb, and also ¢; < na
and ¢a < nb such that ¢ = ¢; + ¢ and a + ¢; + ¢cg = b+ ¢1 + ¢3. The subclasses
{< 1} and {< c2} are contained in {< ¢} and so they are strongly separative. Since
also ¢; < a and ¢g < b, we can apply 1 to cancel ¢; and ¢y from the equation to give

a=hb.

3. Since ¢ < a, b, there is some n € N such that ¢ < na,nb. We will do the n = 1 case
first...
n =1 Since ¢ < a,b we can use 8.5.2 to get a refinement matrix

b ¢

a d1 ay
C bl C1

with ¢; < aq,by. Since a1 + ¢; = by + ¢1, this implies 2a; = a1 + by = 2a;.
The elements a; and by are in the separative subclass {< ¢}, and so a; = b;.
Thus a =d; +ay =di + by =b.

n > 1 Since ¢ < na, we can write ¢ = Z:.l:l ¢; where ¢; < a for all i. For i =
1,2,...,n, we have ¢; < ¢ < nb, so we can write ¢; = 2?21 ci; where now we
have ¢;; < a,b,c for all i and j. Thus c =}

CL+ZCij :b—FZCij.
i ij

The subclasses {< ¢;;} are contained in {< ¢} so they are separative. Using
the n =1 case, the ¢;; can be canceled from the equation one by one to leave
a=b.

i Cig and

O

We next consider how the cancellation properties of a monoid effect those of quotient
monoids, and vice versa.
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Proposition 8.15. Let I be a submonoid of monoid M. If M is cancellative (strongly
separative, separative), then so are I and M/I.

Proof. The claim that I has the same cancellation properties as M is clear, so we prove
only the claims about M/I:

1. Suppose M is cancellative and [a]; + [c]; = [b]1 + [c];. Then there are u,v € I such
that @ + ¢ +u = b+ ¢+ v. Cancellation in M gives a +u = b+ v, so [a]; = [b]1.

2. Suppose M is strongly separative and 2[a]; = [a]r + [b];. Then there are u,v € T
such that 2a + 4 = a+ b+ v. Thus 2(a + u) = (a +u) + (b + v), and using strong
separativity, a + uv = b+ v. Hence [a]; = [b];.

3. Suppose M is separative and 2[a]; = [a]r + [b]r = 2[b];. From the second equality,
we get the inequality [a]; < 2[b];, so there is w € I such that a < 2b + w. Thus
a<20b+w)and a<b+w.

From the equality, 2[a]; = [a];+[b]1, there are u,v € T such that 2a+u = a+b+w.
Thus (a+u+w)+a=(b+v+w)+awitha <a+u+wand a < b+ v+ w. Using
separativity and 8.10.4, we get a +u 4+ w = b+ v + w, and since u + w,v +w € I,
[a]r = [b]r-

]

The converse of this proposition is true in the strongly separative and separative cases if
M has refinement and [ is an order ideal:

Proposition 8.16. Let I be an order ideal in a refinement monoid M. If I and M/I are
(strongly separative) separative, then so is M.

Proof. [2, Theorem 4.5

1. Suppose I and M/I are strongly separative and a,b,c € M such that a+c=b+¢
and ¢ < a. We will show that a =5 ...
From 8.5.1, there is a refinement matrix

b ¢

a d1 a1
C b1 C1
with ¢; < ay. In M/I we get [a1]; + [c1]r = [b1]r + [e1]r with [e1]r < [a1]r, so using

the strong separativity of M/I, [a;]r = [b1];. Thus there are uy,v; € I such that
a1 +uy = by + v1. From a refinement of this relationship,

by v
al dg V2
Uy \( U2 €2
we get the equation a; +ug = by +v2 and hence, c+ug = ¢y +a1+us =c1+by+ve =
¢+ vy. Since ¢ < a, we have a + us = a + vo and further
a+vg:a+u2:d1+a1+u2:d1+b1+v2
:b+112.

Note that v < v1 € I so vy € I, and also v < a; < a. Since {< v} C I is
strongly separative, we can use 8.14.1 to get a = b.
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2. The proof in the separative case is similar to the strongly separative case. ..

Suppose I and M/I are separative and a,b,¢c € M such that a + ¢ = b+ ¢ and
c < a,b. We will show that a =5 ...

From 8.5.2, there is a refinement matrix as above with ¢; < a1,b;. In M/I we
get [a1]r + [e1]r = [b1]1 + [e1]r with [e1]r < [ai]r, [b1]1, so using the separativity of
M/1I, [a1]r = [b1]r. Thus there are uy,v; € I such that a; +u; = by +v1. Exactly as
above, we make a refinement of this equation and deduce that a + vo = b + v9 with
{< va} separative. Since vy < a; < ¢ < a,b we can use 8.14.3 to cancel the vy and
get a = b.

|

If I and M/I are cancellative then it is not necessarily true that M is cancellative, even
if M has refinement. One example of this is 15.9.

Definition 8.17. An element a € M of a monoid is free if for all m,n € N,
ma < na — m < n.

A free element is not regular and regular elements are not free, but, in general there are
elements which are neither. For example, in the monoid M = {0, 1, 0o} such that 1+1 = oo,
the element 1 is neither regular nor free.

In a separative monoid, however, every element is either regular or free:

Proposition 8.18. Let a be an element of a monoid M.
1. If M is separative then a is free or regular.
2. If M is strongly separative then a is free or a < 0.

Proof.

1. If M is separative and a is not free, then there are m,n € N such that m > n and
ma < na. Since n > 1, we can use 8.9 and 8.10 to cancel a from this inequality until
we get(m —n + 1)a < a. Since m —n + 1 > 2, this implies that a is regular.

2. If M is strongly separative, then it is separative and a is either free or regular. But
if 2a < a, then 2a + x = a for some x € M and using 8.12.2, we get a + z = 0. In
particular, a < 0.

O

From this proposition, we have that if M is a strongly separative monoid then M is
separative and has no proper regular elements. The converse of this statement is not true
even for refinement monoids. For a counterexample, see 9.7.

Another consequence of this proposition is that every element of a finite separative monoid
is regular: Given an element a of such a monoid, the elements a,2a, 3a, ... can not all be
distinct, hence a is not free.
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9 Weak Cancellation and
Midseparativity

In the previous section, we defined cancellation, separativity, and strong separativity. In
this section we will add to this list two other cancellation properties. Primely generated
refinement monoids, which we will study in Section 11, are examples of monoids with these
properties. The new cancellation properties are distinguished from the old ones because
they contain existential quantifiers in their definitions.

Definition 9.1.
o A semigroup M is weakly cancellative if a+c = b+ ¢ for some a,b,c € M implies
the existence of a refinement matrix

b ¢

a dl a1
C bl C1
with ¢ < ¢y. Note that this implies that ¢ = ¢ and a1,b; < c.
e A semigroup M is midseparative if

(Va,b e M) (2a = a+b = 3 idempotent e € M such that a = b+ e).
Note that 2e = e and a = b+ e imply that a = a + e.

A partially ordered weakly cancellative refinement monoid is called a strong refinement
monoid by F. Wehrung [31].

Among the simple consequences of the definitions are: If M is a weakly cancellative
(midseparative) monoid and I < M is an order ideal, then I is also weakly cancellative
(midseparative). If {M, | a € T} is a family of monoids then [] ., M, and @7 M, are
weakly cancellative (midseparative) if and only if M, is weakly cancellative (midseparative)
for each a € 7.

One can check that if M is a weakly cancellative (midseparative) semigroup then MY is
a weakly cancellative (midseparative) monoid.

Similar to separativity and strong separativity, the midseparativity condition can be
expressed in several equivalent ways. Note that in this proposition, unlike in 8.10 and 8.12,
we assume that M has refinement.

Proposition 9.2. Let M be a refinement monoid. Then the following are equivalent:
1. M is midseparative.

2. Va,b,ce M) (a+c=b+cand ¢ <a = I idempotent e < ¢ such that a =b+e)
3. (Va,b,ce M) (a+c=b+cand ¢ < a = 3T idempotent e < ¢ such that a = b+e)
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Proof.
1=2Ifa+c=b+cand ¢ <a then by 8.5.1, there is a refinement
b ¢

a d1 aq
C <b1 C1 >
with ¢; < a1. From ay+c¢; = by +c1, we get 2a; = a1 +b1, so there is some idempotent
e € M such that a; =b; +e. Thuse<ay <canda=d;+a; =d;+b;+e=b+e.
2 = 3 Since ¢ < a, there is some n € N such that ¢ < na. We will proceed by induction on
n. Since the n = 1 case is our hypothesis, we need show only the induction step. ..
Suppose the claim is true for some n € N, and a+c¢ = b+ c with ¢ < (n+1)a. We
can write ¢ = ¢; + ¢ with ¢; < a and ¢2 < na, and so (a+c¢1)+ca = (b+c¢1) + ¢ with
co < n(a+c¢p). By induction, there is e; = 2e5 < ¢ such that a4+ ¢y = (b+e3) +¢;.
Since ¢; < a, the hypothesis provides e; = 2e; < ¢; such that a = b+ (e; + e2). We
have also 2(e; + e2) = e1 + €2 < ¢1 + ¢2 = ¢, so the induction is complete.
3=1 Set c=ain 3.

Proposition 9.3. For a monoid M we have the following implications:

cancellative weakly cancellative

ﬂ ﬂ

strongly separative =——=> midseparative ————=> separative

Proof. All of the implications are easy except the following;:
e Suppose M is weakly cancellative, and a+c¢ = b+c with ¢ < a, b for some a,b,c € M.
Then from the definition, there is a refinement

b ¢

a d1 ay
C bl C1
with a1 < ¢ < a,b. From 8.3.1, a + a1 = b+ ay, and so using 8.2.1, we get a = b.
e Suppose M is midseparative, and 2a = a + b = 2b for some a,b € M. From the

definition, there are idempotents e, f € M such that a = b+ e and b = a + f. Thus
a=a+ e and, since a < b, we have b+e=5b. Thusa=b+e=0b

(]
Note that we need M to be a monoid, rather than just a semigroup, in this proposition so
that strong separativity implies midseparativity, and cancellation implies weak cancellation.
Proposition 9.4. Let M be a monoid such that
(Va,be M) (a<borb<a).
Then the following are equivalent:
1. M 1is separative.

2. M has refinement.
3. M s weakly cancellative.
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Proof.

1 =2 Suppose a1 + as = by + by in M. Without loss of generality, we can assume that a;
is minimal in the set {a1, as, b1, b2}. Our hypothesis then implies that a; < ag, b1, bo.
In particular, by = a; + 1 for some z; € M. Thus we have the equation a1 + as =
CL1+(I’1 +b2) with aq S as, b2+1’1. From 813, this implies that 2(12 = 0,2+(b2 +I’1) =
2(by + x1). Since M is separative, we have as = by + 1 and then

b1 b9

aiq aq 0
as X1 bz
is a refinement of the original equation.

2 = 3 Suppose a + c=b+ ¢ in M. We make a refinement of this equation:
b ¢

a d1 ay
& b1 C1
Without loss of generality, we can assume a; < b;. Thus there is some z; € M such

that by = a1 + x1. This gives a new refinement
b c

a d1 + a1 0
c xr1 c1 +ap

Thus M has weak cancellation.
3 = 1 This we have shown in 9.3.
O

There is another separativity property which serves as a “greatest common denominator”
of weak cancellation and midseparativity, in the sense that it is implied by both, and it in
turn implies separativity:

Proposition 9.5. Let M be a refinement monoid. Then the following are equivalent:
1. Va,be M) 2a=a+b = b<a)
2. (Va,b,ce M) (a+c=b+cand ¢ <a = Fzr such that c=c+x and a = b+ x)
3. (Va,b,ce M) (a+c=b+cand c<a = b<a)

If M is either weakly cancellative or midseparative then M has these properties. Further,
any of these properties implies that M is separative.

Proof.
1=21Ifa+c=0b+cand c<a, then by 85.1, there is a refinement
b ¢
a <d1 a1>
C bl C1

with ¢; < ay. Since a14c¢; = by+c1, we have 2a; = a1+0b;. By hypothesis this implies
b1 < aq, thus a; = by +x for some v € M. Hence c+x =c1+b1+x=c¢1+a1 =c
and b+x:d1+b1+x:d1+a1 = aQ.

2 = 3 Trivial.
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3=1 Set c=ain 3.

We have shown therefore the equivalence of 1, 2 and 3. We show next that weak cancel-
lation implies 3. ..

Suppose M is weakly cancellative and a+c¢ = b+ c with ¢ < a. Then there is a refinement

b ¢

a d1 ay
C b1 C1
with a; < ¢. Since ¢ < a we get a1 < a and, using 8.3.2, a+a; = b+a;. Thus b < a+a; < a.
If M is midseparative, then 1 follows immediately.
Finally, we show that 2 implies separativity. ..

Suppose a + ¢ = b+ ¢ with ¢ < a,b. From 2, there is x € M such that ¢ = ¢ +  and
a=>b+ x. Since ¢ < b we have b = b+ x, and hence a = b+ x = b. O

Unlike separative monoids, midseparative monoids are strongly separative if they have
no proper regular elements:

Proposition 9.6. A midseparative monoid is strongly separative if and only if it has no
proper reqular elements.

Proof. Let M be a midseparative monoid with no proper regular elements, and a,b € M
such that 2a = a + b. Then there is some idempotent e € M such that a = b+ e = a + e.
Since e is regular, we have e < 0, so by 8.2.1, a = b. Thus M is strongly separative.

The converse follows directly from 8.18.2. O

We will show by example that the implications in 9.3 are the strongest possible. In
particular, not all weakly cancellative monoids are midseparative or vice versa — even for re-
finement monoids. For a midseparative refinement monoid which is not weakly cancellative,
see 15.9.

To construct a weakly cancellative refinement monoid which is not midseparative, we
proceed via the following example which has interesting properties of its own:

Example 9.7. A separative refinement monoid with no proper regular elements which is
not weakly cancellative, strongly separative or midseparative:

Let M be the semigroup direct product {0, 00} xRTT. Since {0,00} and RT™ are separative
refinement semigroups, so is M, and since RtT has no reqular elements, neither does M.

Let M° be the monoid obtained from M by adding a zero element. MY is a separative
refinement monoid with no proper regular elements. It is easy to see that M° can be con-
sidered to be the monoid ({0,00} x RT)\ {(00,0)} though it is clumsier to prove refinement
in this form.

If we set a = (0c0,1) and b= (0,1), then 2a = a + b, but a # b and, even stronger, there
is no x such that a = b+ x, that is b £ a. Thus M° does not have the property of 9.5.1 and
s0, by that proposition, M° is not midseparative or weakly cancellative.

For future reference we will note the following properties of this monoid:

Let T ={=<(0,1)}. This order ideal is isomorphic to RT so is cancellative. The quotient
MP/T is easily seen to be isomorphic to the monoid {0,00}. So M°/I has a proper regular
element even though M° does not.

Also I and M°/I are midseparative, but M° itself is not.
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If R*+ was weakly cancellative, then the example we have just constructed would be
a weakly cancellative non-midseparative refinement monoid. Thus, to produce our desired
example, we will first construct a semigroup which is like R** but has, in addition, weak
cancellation.

Example 9.8. A weakly cancellative refinement semigroup with no regular elements:
Let N = (R**)2 as a set, with addition defined by

(a1, a2) a; > by
(a1,a2) + (b1,b2) = < (b1, b2) ap < b
(a1,a2 +b2) a1 =0

for all (a1,az), (b1,b2) € N.

It is easily seen that N is a semigroup with no reqular elements. In the following discus-
sion the symbol x as an entry in a refinement matriz denotes an element of N which adds
nothing to either the column sum or row sum in which it appears. Such elements are always
available since, for any elements (a1,as2), (b1,b2) € N, there is another element (c1,ca) such
that (ay,a2) + (c1,¢2) = (a1,a2) and (by,bs) + (c1,c2) = (b1,b2): For example, set ca = 1
and for c1, pick any real number such that 0 < ¢; < ay,b1.

e Claim N has refinement.

Suppose (a1, a2) + (b1,b2) = (c1,¢2) + (d1,d2) in N. From the addition rule, we
have max{ay, b1} = max{cy,d;}. Without loss of generality we will assume a1 = ¢1
18 this maximum, that is, by,d; < a1 = ¢1. We consider the following cases:

o If by < a1 = c1, then (a1,a2) = (a1,a2) + (b1,b2) = (c1,¢2) + (dy,ds) and
(c1,¢2) + (b1,b2) = (c1,¢2), so we can make the refinement

(c1,¢2)  (di,do)

(aha) (C,C) (d,d)
o (o ™)

o [fdy < c1, then we can construct a refinement by symmetry with the previous
case.

e Ifa; = by = ¢; = dy, then we have ag + by = ¢y +dy in RTT. Since R+
has refinement, we can use a refinement of this equation to provide the second
components of entries in a refinement of (a1, a2)+ (b1,b2) = (¢1,c2)+(d1, dz).

e Claim N is weakly cancellative.
Suppose (a1,az) + (c1,¢2) = (b1,b2) + (¢1,¢2) in N. We consider the following
cases:

o If a1 < c1, then (c1,¢2) = (a1,a2) + (c1,¢2) = (b1,b2) + (c1,¢2) so we can
make the refinement

(b1,02)  (c1,c2)

(a1, a2) * (a1,09)
(011,022) ((51’52) (Cia05)>

e If a1 > c1, then, since max{ai,c1} = max{by,c1}, we must have by = a;.
Thus (a1,a2) = (a1,a2) + (c1,c2) = (b1,b2) + (c1,¢2) = (b1,b2), and we can
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make the refinement
(b1,b2) (c1,c2)
(a1,az) ((al,ag) * >
(c1,¢2) * (c1,¢2)

e Ifa; = c1, then since max{ay,c;} = max{by,c1}, we have by < ay. In fact
we must have by = aq, since if by < a1 = c¢1, then as 4+ ca = co which is not
possible in RTT. Thus by = a1 and as + co = by + co. This implies as = by
and hence (ay,a2) = (b1,b2). We can make a refinement as in the previous
case.

In each of these refinement matrices, the lower right entry is (c1,c2), so we have
shown that N is weakly cancellative.

From the semigroup N, we can now construct a weakly cancellative non-midseparative
refinement monoid:

Example 9.9. A weakly cancellative refinement monoid which is not midseparative:

Let N be as in the previous example, and define the semigroup M = {0,00} x N. Since
{0,00} and N are weakly cancellative refinement semigroups, so is M. Since N has no
regqular elements, neither does M.

Let M° be the monoid made by addition of a zero element to M. Then M° is a weakly
cancellative monoid with no proper regular elements. But M is not strongly separative since,
for example, if a = (00, (1,1)) and b = (0, (1,1)), then 2a = a + b = (00,(1,2)), but a # b.
In particular, by 9.6, M° is not midseparative.

Note that, by 9.5, given a and b as above, there should be some x such that a =a+x =
b+ x. It is easily checked that x = (00, (1/2,1)), for example, has the required property.

As we saw in 8.13 and 8.14, for the equation a 4+ ¢ = b + ¢ in a refinement monoid, it is
actually the cancellation properties of {< ¢} that matter:

Proposition 9.10. Let a, b, ¢ be elements of a refinement monoid such that a +c = b+ c.

1. If {< ¢} is weakly cancellative, then there exists a refinement matriz

with ¢ < .
2. If {< ¢} is midseparative and ¢ < a, then there exists an idempotent e < ¢ such that
a=b+e.
Proof.
1. From the equation a + ¢ = b + ¢ we make a refinement

b ¢

a d1 a1
C bl C1
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This gives us the equation a; + ¢; = by +¢; in the weakly cancellative monoid {< c}.
So there is a refinement
by ¢

aq d2 as
C1 bg C2
with ¢; < cy. It is then easy to check that
b c
a d1 + d2 ag
C b2 a1 + c2
is a refinement of the original equation. Further, setting ¢ = a; + c2 we have
c=a;+c1<a;+ca="c.

2. Since ¢ < a, there is some n € N such that ¢ < na. We do an induction on n...
n =1 Since ¢ < a we can use 8.5.1 to get a refinement matrix

b ¢

a d1 aq
C b1 C1

with ¢; < ay. Since aq,b1,¢1 € {< ¢}, the equation a; + ¢; = by + ¢1 implies
there is some idempotent e < ¢y such that a; = b; +e. Thusa =dy + a1 =
di+b;+e=b+e.

n > 1 Suppose the claim is true for some n € N, and a+ ¢ = b+ ¢ with ¢ < (n+ 1)a.
We can write ¢ = ¢1+co with ¢ < a and ¢ < na. Since ¢, co < ¢, the monoids
{=< c1} and {< ¢1} are midseparative. We have (a+c¢1) +c2 = (b+c1) + 2
with co < n(a + ¢1), so by induction, there is 2es = es < ¢o such that
a+cy = (b+e2)+c. Since ¢; < a, the n = 1 case provides 2e; = e; < ¢
such that a = b+ (e; + e2). We have also 2(e; +e3) =e1 +e3 < ¢y +c2 =¢,
so the induction is complete.

]

We next consider the extension question for weak cancellation and midseparativity: If
I is an order ideal of M such that I and M/I are weakly cancellative (midseparative), is
M weakly cancellative (midseparative)? Unlike separative and strongly separative monoids
(8.16), we will see that weakly cancellative and midseparative monoids do not have this
extension property. The refinement monoid of example 15.9 is not weakly cancellative, even
though there is an order ideal I < M such that I and M/I are both weakly cancellative.
Example 9.7 is a counterexample in the midseparative case.

Later we will see that we get extension for midseparativity if I is not just midseparative,
but either Artinian or semi-Artinian. See 13.6 and 15.5.

We consider next the converse question: If I < M, and M is weakly cancellative (midsep-
arative), are I and M/I also weakly cancellative (midseparative)? Here weak cancellation
and midseparativity behave like cancellation, separativity and strong separativity as seen
in 8.15. Curiously, the proofs below that M /I is weakly cancellative (midseparative) do not
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require that I be an order ideal- it suffices that I be a submonoid. In contrast, to be certain
that I has the same separativity properties as M, I must be an order ideal.

Proposition 9.11. Let I be a order ideal in monoid M. If M is weakly cancellative
(midseparative), then so are I and M/I.

Proof.

The claim that I has the same cancellation properties as M is clear, so we prove

only the claims about M/I:

Suppose M is weakly cancellative and [a]; + [¢]; = [b]1 +[c]s. Then there are u,v € I
such that a+c+u = b+ c+wv. Since M is weakly cancellative, there is a refinement
matrix

b+v ¢

a+u dy ai
C b1 C1

with ¢ < ¢;. In M/I, this refinement maps to

bl [clr
lalr ([di]r ai]r
[c]1 ([bl]l [Clh>

with [c]; < [e1]r-

Suppose M is midseparative and 2[a); = [a]; 4 [b];. Then there are u,v € I such that
2a+u=a+b+wv. Thus 2(a+u) = (a+u) + (b+v), and since M is midseparative,
there is some idempotent e € M such that a + w = b+ v +e. In M/I we then have
[a]r = [b]1 + [e]r and 2[e]r = [e]s.

(]

For the remainder of this section we will prove some important properties of weakly
cancellative refinement monoids:

Lemma 9.12. Let M be a weakly cancellative refinement monoid and a,b, c1,co € M such
that a + ¢y + co = b+ c1 + co. Then there is a refinement matriz

b ¢ o
a [+ * x
e | x o %
ca \x *

such that ¢; < ¢} and co < .

Proof.

Applying weak cancellation to the equation (a + c2) + ¢1 = (b+ c2) + ¢1 we get a

refinement of the form

b+co ¢

a+ co dq ai
C1 b1 C3
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with ¢; < e3. Since (a+b1) +¢ca =di + a1 + by = (b+ a1) + ¢, there is a refinement
b+ar ¢
a+b ( * * )
Co * c
with ¢y < ¢). Refining further we get

b ayp Co

a d2 as asg
by | b2 c5 by
C2 b3 aq 0,2

It is then easy to check that the refinement matrix

b C1 (6]
a d2 as as
c1 | b2 es+cz by
co \ b3 a4 ch
has the required properties. O

Lemma 9.13. Let a,b,c,ci,co be elements of a weakly cancellative refinement monoid M .
Then

1.a+c<b+c¢ = (Ja; < csuch that a < b+ ay)

2. a < 1+ = (Jag,as such that a = a1 + a2, a1 € ¢; and ay K ¢3)

o {<at+al={<al+{<K e}

4. a =c; +ca = (Jay,as such that a = a3 + a2, a1 = ¢1 and ay = ¢3)

1. There is some x € M such that a + z 4+ ¢ = b + ¢, and hence a refinement matrix
b ¢

at+z (di ay
(& b1 C1

with ¢ < ¢;. This impliesa <a+x =d; + a1 < b+ a; with a; < c.

2. We have a+c;+ca < ¢14c¢o. Using 1, there is some a} < ¢; such that a+co < a)+co.
Using 1 again, there is some ab < ¢z such that a < a) + af. Decomposing this last
inequality, there are a; < a] < ¢1 and ay < a), < ¢ such that a = a; + as.

3. This follows directly from 2 and 6.6.7.

4. We have ¢; + ¢ < a so there is some w such that ¢; +c¢ +uv =a < ¢; + ¢. Since
u K ¢1 + cg, by 1, there are uy,us with v = u; + ug, u; <€ ¢; and ug < co. Set
a1 =c1 +uy =c; and ag = ¢ + ug = 3, then a = ay + as.

O
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Proposition 9.14. If M is a weakly cancellative refinement monoid then so is M.

Proof. We show first that M has refinement. . .

Suppose [z1] + [z2] = [y1] + [y2] in M, then 21 + x5 = y; + y2. From 9.13.4, there are
a},xh such that, z1 = z}, o = ) and 2} + 25, = y1 + y2. We make a refinement of this
equation:

Y1 Y2
x’l <211 212 >
zy \ 221 222
Since [z1] = [#}] and [x2] = [2}],
(1] [v2]

[1] ([211] [212]>
[w2] \ [221] [222]
is a refinement of the original equation.

We show that M is weakly cancellative. ..

Suppose [a] + [c] = [b] + [c] in M, then a + ¢ = b+ ¢. From 9.13.4, there are a’, ¢’ such
that,a =d’,c=c and a’ +c = b+c. Let u < csuch that ¢ =c+wu, thena' +c+u=>0+c
and there is a refinement matrix

b ¢

o +u (di a
C b1 C1
with ¢ = ¢;. If we make a refinement of the equation a’ +u = dy + a1,
d1 ai
a (dy d
u U U

we can rewrite the first refinement as
b

c
a dy al
d \by+ur c1+uy
Since us < u < ¢, we have ¢ = ¢/ = ¢; + ug, and in M,
[0] [c]
[a] ( [di]  [a3] >
[c] \[b1+ui] ]
Thus M is weakly cancellative. O

Monoids with weak cancellation have a property called Riesz interpolation [10]: If there
are elements ag, a1, b, by € M with ag < by, ag < by, a1 < by and a; < by (which we write
as ag, a1 < bp, by), then there is an element ¢ that fits between, that is, ag,a1 < ¢ < by, b;.
The proof which follows is a variation of the proof found in Tarski [30] which was applied
to partially ordered monoids only.
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Proposition 9.15. Let M be a weakly cancellative refinement monoid. Then
1. (Va,b,ce M) (¢c<b<c+a = 3Id < a such that b = c+d)
2. (Vao,al,bo,bl S M) (ao,a1 < by, by = de such that ag,a; < c < bo,bl)

Proof.
1. Let ,y € M be such that b=c+z and c+a =b+y. Then c+a =c+x+y. Since
M is weakly cancellative, there is a refinement matrix

r+y c

a d1 al
C < b1 C1 )
with b1 < c¢. Since x < dy + by there are d, 2’ € M such that r =d+2', d<d; <a
and 2’ < b; < c¢. In particular, ¢ = ¢ + z’, and adding d to this equation we get
ctd=c+d+a' =c+xz=0
2. Let do,dl,fo,fl € M be such that a0+d0 = ai +d1 = bo and a0+f0 = ax +f1 = bl.
From the first of these equations we get a refinement matrix

aq do

ay (r1 T3

di \r2 T4
Thus 1 < a1 < by = ag+ fo = r1 + (r2 + fo). Applying 1 to the inequality
r1 < a; <rp+ (re+ fo), we get some s such that a3 = r1 + s and s < r9 + fo.

Decompose this last inequality to get s = sg + s1 with sg < fy and s; < ro. Finally,
we set ¢ = ag + sp and check that ¢ has the required properties:

c > agp

c=ag+so=1r1+1r0o+s9>r1+so+si=r1+s=a
c=ao+so < aop+ fo="b
c=ag+sp=ri+ro+sg<ri+rot+s=a;+rs<a;+d =by
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10 Groups and Monoids

In Section 6 we investigated the order structure of monoids and found, among other
things, that a monoid M such that a < b for all elements, is an Abelian group. In this
circumstance, M has one element. Thus, the information about M lost in going from M to
M is contained in an Abelian group. This is a quite general phenomenon: For an arbitrary
monoid M every element of M corresponds in a natural way to an Abelian group which
represents algebraic information lost in mapping the elements of a =-congruence class to
their image in M.

These groups are all trivial if and only if M is partially ordered, that is, M = M. At
the other extreme, M is trivial (contains one element) if and only if M is itself a group. So
these groups and M contain complementary information about the monoid M. Nonetheless,
knowing these groups and M is not, in general, sufficient to reconstruct M.

In our application to module categories, we will see in 19 that the ideal class group of a
Dedekind domain is a group of the type to be discussed in this section.

For each element r of M, we will construct an Abelian group G, (M) whose elements are
in bijection with the elements of the congruence class {=r} ={x e M |x <r <z} C M.
Thus {= r} can itself be considered to be the group G,(M) if the addition is suitably
redefined. In the discussion of this fact we will sometimes think of {= r} as a subclass of
M, and sometimes as an element of M. To distinguish these two situations, we will write
{=7} C M or {=r} € M as appropriate.

We start by defining Go(M). ..

Definition 10.1. For a monoid M, define Go(M) = {< 0} C M.

An element a € M is in Go(M) if and only if there is some b € M such that a +b =0,
that is, if and only if @ has an inverse. Thus Go(M) is an Abelian group with the same
operation and identity as in M. In fact, it is also the largest such group contained in M.

Now we can define G,.(M) for any r € M. ..

Definition 10.2. Let r be an element of a monoid M.
1. Define a relation ~, on M by

arpb <= r+a=r+>

for a,b € M. An easy calculation shows that ~,. is a congruence on M. We will
write [a]. for the ~,-congruence class containing a € M.
2. Define
G (M) = Go(M/~r).
This definition is consistent with definition 10.1 since ~q is the trivial congruence.
We will often write Gy and G, instead of Go(M) and G,.(M) if the monoid is clear
from context.
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3. We will also find it useful to define the monoid
H,={<r}/~.

We collect in the next proposition some simple facts about H, and G,:

Proposition 10.3. Let M be a monoid and r € M.
1. Foralla € M, [a], € G, if and only if a < r. Thus, G, = {<K r}/~,.

2. G, =Gy(H,)
3. Go = Hy
4. If r < s in M, then the map ¢gp: M/ ~.— M/~ given by [a], — [a]s, is a monoid

homomorphism. Further, when restricted to H,., ¢ is a monoid homomorphism
into Hg, and when restricted to G, ¢ is a group homomorphism into G.

5. If r < s <tin M, then ¢¢s 0 ¢pgr = Qgp-

6. Ifse{=r} C M, then G, =G5 and H, = H,.

Proof. Easy. |

From this proposition we note that G, and H, depend only on the congruence class
{=r} € M, and so we could have more correctly used the notation G(=ry and H{=,).

We next want to show that there is a bijection from G, to {= r} C M, so that we can
think of {= r} itself as a group.

Proposition 10.4. Let M be a monoid and r € M. Then the map p : G, — {=r} given
by p([a];) =r+a for a < r, is a bijection.

Proof. For two elements a1, as < r we have
[a1]r = [a2], <= r+ a1 =71+ aq,

so the map p is well defined and injective.
To show surjectivity, suppose 1 € {= r}. Then there is some a < r such that ry = r+a.
Thus we get [a], € G, and r1 = p([a],). O

Using the map p, we can construct a new operation +, on {= r} C M which makes it
into a group: If r; = r+ay and ro = r+ag are in {= r} with a1, a2 < r, then we can define

r14r 2 = plp~ (1) + p 7 (r2)) = p([ar]r + laz)y) = p(lar + az]y) = 7+ a1 + as.

Clearly, r is the identity element of the group ({= r}, +,).

Notice that if ry +,. 79 = 73, then r4+r3 = r1 +r9. In a separative monoid, this suffices to
define the operation +,: If we had two elements r3,75 € {=r} such that r +r3 =r+ 1 =
r1 + ro2, then, since r < r3,r}, we can cancel r to get r3 = rj.

Notice also that the map p depends on the element of {= r} used in its definition, so
the group structure and operation +, on {= r} are not unique. Nonetheless, however p is
constructed, the resulting group is always isomorphic to G,.

We note the special case when r is regular. . .

Recall from 6.9 that if r is regular there is a unique idempotent e in {= r}. It is simple
task to show that with the existing monoid operation, {= r} C M is a group with identity
e. We will confirm this fact by showing that in this situation the monoid operations + and
+. coincide on {=r} ={=e} C M.
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Suppose 11,12 € {= r} = {= e}. Since e < r1,72 and 2e = e, we get 1 = e + r; and
ro = e 4+ 9. From the above definition of +, we get r1 +. 120 = e+ 1r1 + 1o =11 + 12.
We have therefore shown the following;:

Proposition 10.5. If r is a regular element of a monoid, then
Gr=({=r}h+)

as groups.

In general, we have from 10.3.6 that G,. = G if r = s. If M is cancellative, then it is
easy to see that G, = G for any r,s € M. If M is separative then we get an intermediate
result, namely, all elements of an Archimedean component of M are associated to the same
group:

Proposition 10.6. Letr, s be elements of a separative monoid M such that s < r < s. Then
the relations ~, and ~ coincide and, in particular, G, = G5, H, = Hs and {< r} = {< s}.

Proof. Let n € N such that r < ns. If a ~,. b for elements a,b € M, then a +r =b+r, and
S0 a + ns = b+ ns. Separativity then implies that a + s = b+ s, that is, a ~4 b.

By symmetry, a ~; b implies a ~, b for all a,b € M. From 10.2 we get G, = Gg,
H, = H,, and, by 10.3.1, {< r} = {< s}. O

Thus for separative monoids, the groups G,. could be indexed by the Archimedean com-
ponents of M, that is, by the elements of M.
In separative monoids the significance of H, becomes clearer:

Proposition 10.7. Let r be an element of a separative monoid M. Then
1. The Archimedean component {< r} is embedded in H, via the monoid homomorphism
a — |a),.
2. H, is cancellative.

Proof.

1. We show that the homomorphism is injective when restricted to {=<r}...

Suppose a,b € {=< r} such that [a], = [b],. Then a +r = b+ r, so we can use the
fact that Archimedean components are cancellative (8.10.5) to get a = b.

2. Suppose a,b,c € {< r} such that [a], + [c], = [b]» + [c],. Then a+c+r=b+c+r.
Since ¢ < r, we can use 8.10.4 to cancel ¢ from this equation to get a +r = b+,
that is, [a], = [b],.

O

Every monoid has associated with it an Abelian group which is universal for homomor-
phisms from the monoid into groups.

Definition 10.8. Let M be a monoid. Then the Grothendieck group of M, [4, Sec-
tion 1.3], [33, Appendix G], written G(M), is constructed as a factor monoid of M x M as
follows:
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1. Define a relation =~ on M x M by
(a1,a2) = (b1,by) < Jx € M such that a; + by +x = as + by + x,

for (a1,as2),(b1,ba) € M x M. Notice that (a,a) =~ (0,0) for any a € M. It is not
hard to check that =~ is a congruence on M x M.

2. Define

GM)=(Mx M)/~ .

Since (a1, a2)+(az,a1) = 0 for allay,as € M, every element of G(M) has an inverse,
and so G(M) is an Abelian group.

3. We will write (a)pr for the image of (a,0) € M x M in G(M). The image of (0,a)
is —{a)p, so every element of G(M) can be written in the form (a1)a — {(a2)n for
some ai,as € M.

Note also that for a,b € M,
(a)pr = (b)py <= Jxr € M such that a + 2z =b+x.

The map ( )p: M — G(M) is easily seen to be a monoid homomorphism. It is injective
if and only if M is cancellative, and an isomorphism if and only if M is itself a group.
The main importance of G(M) is its universal property:

Proposition 10.9. Let M be a monoid, H an Abelian group, and v»: M — H, a monoid
homomorphism. Then there is a unique group homomorphism 1 : G(M) — H such that the
following diagram commutes:

RYAREAYETIYs

RN,

H

Proof. We define the map ¢ by ¢((a1)ar — (a2)nr) = ¥(a1) — ¥(az) for ay,ae € M. Tt is
easy to check that this map is well defined and makes the diagram commute. ([l

Suppose A is a submonoid of M. Then the inclusion map of A in M followed by
(Yv: M — G(M) is a homomorphism of A into a group. So there is an induced group
homomorphism from G(A) to G(M) such that (a) 4 — (a)asr for all @ € A. In general, this
homomorphism is neither injective nor surjective.

Proposition 10.10. Let A and B be order ideals of a refinement monoid. Then there is
an exact sequence of Abelian groups

G(ANB) -% G(A) x G(B) - G(A+ B) — 0
where a and (B are group homomorphisms such that
a({z)ans) = ()4, —(x)B)

B{a)a, (b)B) = (a)a+B + (b)atn
forallzx e ANB,a€ A andb € B.
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Proof. Since ANB C A,B C A+ B, the maps a and § are well defined group homomor-
phisms. That 3 is surjective and 3o a = 0 is easy to show, so we need to check only that
ker 6 C ima...

Suppose B({a1)a — {az) 4, (b1)p — (ba)p) = 0 for some ay,as € A and by, by € B, that is,
(a1 +b1) s+ = (a2 + b2) a4+ . Then there is some o’ +V € A+ B with o/ € A and ¥’ € B,
such that (a' +b')+ (a1 +b1) = (¢’ + ) + (a2 + b2). We make a refinement of this equation:

a’ b/ aq bl
o (a3 T3 a4 T4
o | ys b3 ya bs
as as T A Tg
ba \ys bs ys bs
Since A and B are order ideals, we have a; € A, b; € B and z;,y; € AN B for i = 3,4,5,6.

From the equation o’ = ag+ys+as+ys = az+ax3+as+x4in A, we get (ag)a — (as)a =

(ys +ys)a — (3 + x4)a. Thus

<a1>A - <02>A

= (as)a + (ya +ys)a — (as)a — (x5 + 26) 2
=(ys+ys+ys +ys)a — (r3+ x4 + x5 + 26) 4
= (Y)a—(2)a

where t =x3+ x4+ 25+xs € ANBandy=ys+ys+ys+ys € ANB.
Similarly, (b1)p — (b2)p = () — (y) 5. Hence

({a1)a — (az2)a, (b1)p — (b2)B) = a({y) anB — (T) anB),

that is, ((a1)a — (a2)a, (b1)p — (b2)p) € ima. O

We now consider the relationship between G(M) and G, (M)...
From the above discussion we have

arp b = a+r=b+r = (a)p = {b)m

for any a,b € M. Thus there is always a monoid homomorphism ,. from M/~, to G(M)
given by [a], — (a)p. This monoid homomorphism when restricted to G, is a group
homomorphism. One circumstance in which this homomorphism is injective is given by the
following:

Proposition 10.11. Let M be a separative monoid and r € M such that M = {< r}.
Then for all a,b € M

ar~e b — <a>M = <b>M
Thus the monoid homomorphism ,: H, — G(M) given by [a], +— (a)ar s injective. In
particular, G, and H, embed in G(M). Further G(H,) = G(M).

Proof. We need to check that (a)p = (b)py = a ~, bforall a,be M...

If {a)pr = (b) ps, then there is some & € M such that a+x = b+ z. Since z € {< r} there
is some number n such that x < nr. Thus a + nr = b+ nr. Separativity of M allows us to
cancel (n — 1)r from this equation to get a +7 = b+ r, that is, a ~, b.

Thus we have shown that 1, is injective, and that G, and H, embed in G(M).
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We prove the last claim: Since %, is a monoid homomorphism from H,. to a group G(M),
there is an induced group homomorphism ¢,: G(H,) — G(M) given by ¢, ({[al,)rz.) = (a)n
for all @ € M. This homomorphism is easily seen to be surjective. To show injectivity we
calculate ker ¢,: Suppose ¥, (([a])z, — ([b]:)m,) = 0. Then (a)pr = (b)as, and since v, is
injective, [a], = [b],. Thus ([a],)m, — ([b]r)m,. = 0. O

With this proposition and 10.7, we see that the Archimedean component {= r} is em-
bedded in G(M).

We again consider the special (and simpler) case when r is regular. Here we get similar
results without needing separativity:

Proposition 10.12. Let M be a monoid, r € M a regular element such that {<r} = M.
Then H, = G, 2 G(M), via the homomorphism ..

Proof. Since r is regular, we have {< r} = {<r} ={<r}, so
H, = {<r}/~r = {< 1}~ = G

To show that v, is injective, consider a,b € M such ¢.([a],) = 1, ([a],). Then (a)ar = (b)u,
so there is some z € M with a+2 =b+ 2. But  <r,so a+r =b+r, that is, [a], = [b],.

Any element of G(M) is in the form (a) s — (b) ps for suitable a,b € M. We have a,b < r,
so [a], and [b], are in G, and [b], has an inverse —[b],.. Thus 1,.([a], — [b],) = (a)pm — (b) m1,
and 1, is surjective. O

As well as the injection ¢,: G, — G(M), there is always a surjective group homomor-
phism v,: G({< r}) — G, defined by (a)(«,} — [a], for all a < r. These properties
follow from the universal property of G({<« r}) and 10.3.1. Our final goal in this section
is to use this group homomorphism to show a relationship between G,, Gy and G, for
elements a and b of a weakly cancellative monoid. In this situation there are epimorphisms
ve: G{<K a}) = Gq, vp: G{K b}) — Gy, and veqp: G{<K a + b}) — Ggyp. From 10.10,
there is an exact sequence

G{<a}n{kb}) - G({<a}) x G{kb}) - G{< a} +{<b}) — 0.

If it happened that {< a} + {< b} = {« a + b}, then one might expect that, using the
maps Vg, Vp and v,4p, it would be possible to construct a similar exact sequence relating
the groups G,, G, and G44p. This is indeed the case for weakly cancellative monoids:

Proposition 10.13. Let a,b be elements of a weakly cancellative refinement monoid M.
Set A ={< a} and B = {< b}. Then there is an exact sequence of Abelian groups

G(ANB) -5 Gy x Gp — Gy — 0
where v and & are given by
V([ula, [v]s) = [u+ v]ats

d((z)ans) = ([#]a; —[]s)
forallu < a, v<b, and x € AN B.
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Proof. Since the monoid has weak cancellation, we have from 9.13 that
{«a}+{<b} ={<a+b},
that is, A+ B = {< a + b}. Consider the diagram

G(ANB) —2> G(A) x G(B) —2>= G(A+ B) —>0

\ i Va XUt ll/a_u;

Go X Gy ————> Gy ——>0

The homomorphisms « and [ are defined in 10.10 and make the top row exact. One
easily confirms that the diagram commutes, so we get immediately that ~y is surjective and
Y(0(G(AN B))) = 0. Thus it remains to prove that kery C im9d. ..

Suppose that y([u]a, [v]p) = [u+v]ats = 0 for some u < @ and v < b. Then a+b+u+v =
a + b and so, using 9.12, there is a refinement matrix

a b u w

a(ad x U 2z

b <w by v’>
witha < o’ and b <V, say ' = a+cand V' = b+d. From the equation a = (a+c)+z+u'+2
we get —[z+ 2], = [u'+¢]q. Similarly, —[w+yl, = [v'+d]p. From the equation a = o’ +w =
a+ c+w we get [c + w], = 0. Similarly [d + x], = 0. Note also that w,z,y,z € AN B, so
that w+ y,x + z € AN B. Finally we calculate

((w+y)ans — (& + 2)anB) = (W + yla — [+ 2], —[w + ylp + [2 + 2]5)
([w+y+c+ula, [V +d+z+2]p)

([e +w]a + [v' + yla, [d + x]p + [V + 2]p)
([

ula; [Vb)-
Thus kery C im 4. |
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11 Primely Generated Refinement
Monoids

As for many other algebraic structures, rings, modules, lattices, etc., much can be learned
by focusing on those elements which are essential to any generating set for the structure. If
one studies numbers then prime numbers are important because any number is a product of
primes and because primes can not themselves be expressed as a product except in a trivial
way. If one studies finitely generated modules over Artinian rings, then indecomposable
modules are important because any such module is a direct sum of indecomposables.

Within a monoid, there are two properties that an element can have which are analogs
of the properties of prime numbers and indecomposable modules:

Definition 11.1. Let M be a monoid and p € M. Then
e p is prime if for all ay,a0 € M
p<ai+ay = p=<aorpxay,

e p is indecomposable if for all a;,a2 € M

p=ay+ay — p=a; Or p = as.

Note that 0 is a prime, indecomposable element in any monoid. A simple induction shows
that these properties extend to arbitrary finite sums:

e If p is prime and p < a3 +az + ...+ a, then there is some ¢ € {1,2,...,n} such that
p < aj;.
e If p is indecomposable and p = a1 + ag +. .. + a,, then there is some i € {1,2,...,n}
such that p = a;.
Proposition 11.2. Let M be a monoid and p € M. Then
p prime — p indecomposable.
Proof. If p = a1 + ao, then a; + a3 < p and p < ay + ag. The first inequality implies
a1,as < p. The second and the primeness of p imply that either p < a; or p < as. Thus we
have either p = a1 or p = as. (]
Proposition 11.3. Let M be a monoid and p € M. Then
1. pis prime in M <= {=p} is prime in M = {x p} is prime in M
2. p is indecomposable in M <= {=p} is indecomposable in M
Proof. The claims involving M are easy consequences of the fact that {= a} < {=b} in M
if and only if a < b in M.

For the remaining claim, we have the rule {< a} < {x b} in M if and only if a < b in
M. Thus, if {=<p} < {x< a1} + {< a2} then p < a1 + a2 and there is some n € N such that
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p < n(ay +asz). Since p is prime, we have either p < ay or p < az. So either {xp} < {x< a1}
or {=xp} <{xas}. O

Proposition 11.4. Let p be an indecomposable element of a monoid M. Then for any
a€eM,

a<p = a=pora<lp.

Proof. Let b € M be such that a + b = p. Then either a = p or b = p. In the second case,
wegeta+p=a+b=psoa<p. ]

Proposition 11.5. Let I be an order ideal in M and p € M. Then
1. p prime = [p]; prime in M/I
2. If p € I, then p is indecomposable in I if and only if p is indecomposable in M.

Proof.

1. Suppose [p]; < [a1]r+[az]r in M/I. Then there is some u € I such that p < a;+as+u.
Since p is prime, we have either p < ay, p < ag or p < u. In the first two cases we
get either [p]; < [a1]r or [p]r < [a2];. In the last case, p < u € I so p € I and
[plr =0 < [a1]1, [az]s. Therefore [p]; is a prime in M/I.

2. Suppose p is indecomposable in I, and p = ay + as for some ay,as € M. Since
a1,as < p €1, we get a,as € I, and so by the indecomposability of p in I, p = a4
or p = ag. This makes p indecomposable in M.

O

In a decomposition monoid we have the simpler situation that primes and indecompos-
ables are the same:

Proposition 11.6. Let M be a decomposition monoid, I < M an order ideal and p € M.
Then

1. p is prime <= p is indecomposable.

2. p is indecomposable = [p|; is indecomposable in M/I.

3. If p eI, then p is a prime element of I if and only if it is a prime element of M

Proof.
1. We already know that p prime implies p indecomposable. For the converse, suppose
p is indecomposable and p < a + b for some a1,as € M. Then there are pq,ps such
that p1 < a1, p2 < ag,and p = p; + pa. But then p < p; < ay or p < py < ap. Thus
p is prime.
2. This follows from 1 and 11.5.
3. This follows from 1 and 11.5.

O

Since we will be working almost entirely with decomposition and refinement monoids,
the distinction between primes and indecomposables will seldom appear.

Definition 11.7. An element of a monoid is primely generated if it is a sum of prime
elements. A monoid is primely generated if all its elements are primely generated.
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One of the main themes of this section is that, in refinement monoids, the existence
of primely generated elements leads to cancellation properties of the types discussed in
Section 9, namely, weak cancellation and midseparativity. We begin with weak cancellation:

Proposition 11.8. Let M be a refinement monoid, a,b,c € M with ¢ primely generated.
If a+c= b+ c, then there is a refinement matrix

with ¢ < cy.
Proof. Let C be the class of all elements ¢ € M such that a 4+ ¢ = b+ ¢ implies the existence
of a refinement as above. Clearly 0 € C. We will show that if ¢ € C and p € M is prime,
thenc+peC...

Suppose we have a + ¢+ p = b+ ¢+ p for some ¢ € C and prime p. Since ¢ € C, there is

a refinement
b+p ¢

a—+p ( * * )
c * c1
with ¢ < ¢;. Refining further we can get a new refinement matrix, still with ¢; as an entry:
b p ¢
a d2 g as

pl b p1 p2
c\bs p3

Note that p = bs + p1 + p2 = as + p1 + p3. Now we consider two cases:
o If p < p1orp<psorp<ps, then c+p < ¢+ p1 +p2 +ps and
b c+p
a do as + as
c+p (b2 +b3 c1+p1+pe +p3>
is a refinement of the form we seek.

o If p £ p; and p £ po and p £ p3, then since p is prime we must have p < as and
p < by. Hence as = p+ a4 and by = p + by for some a4, by € M, and

b c+p
a do+p as + ay
c+p \bs+by p+eci+p1+p2+p3

is a refinement of the form we seek.
We have shown therefore that ¢ +p € C, and by induction, that any primely generated
element is in C. O
Corollary 11.9.
1. Any primely generated refinement monoid is weakly cancellative.
2. If M is a primely generated refinement monoid, then so is M.
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Proof.
1. This is immediate from 11.8 and the definition of weak cancellation, 9.1.
2. Since primes in M map to primes in M (11.3.1), it is easy to see that M is primely
generated. Proposition 9.14 and 1 then show that M has refinement.
a

There are versions of the weak cancellation properties discussed in Section 9 that apply
to refinement monoids containing primely generated elements:

Corollary 11.10. Let M be a refinement monoid and a,b,c,c1,co € M. Suppose ¢, cq, co
are primely generated.

1. If a4+ c1 + co = b+ ¢y + co, then there is a refinement matriz
b C1 Co
a [* x x

C1 * O *

ca \x *

such that ¢c1 < ¢} and co < c,.

a+c<b+c¢ = (Ja; < ¢ such that a < b+ ay)

a < ¢1+ca = (Jay,as such that a = a1 + a2, a1 K ¢1 and az K ¢3)
{Kea+eol={<Ka}+{<Kec}

5. a =c1 4+ c2 = (Jaz,as such that a = a1 + a2, a1 = ¢1 and ag = ¢7)

=

Proof. The proofs are exactly the same as for 9.12 and 9.13, except for the use of 11.8 in
place of the weak cancellation hypothesis. ([l

Corollary 11.11. Let a and b be elements of a refinement monoid such that a =b. Then
a is primely generated if and only if b is primely generated.

Proof. Suppose a = p; + p2 + ... + px for some primes p1,po,...,px € M. Then a simple
induction from 11.10.5 shows that there are pl,ph, ..., such that b =p} +ph + ...+ Pk
and p; = p} for i = 1,2,..., K. This last condition says that pj is prime for all ¢ and so b is
primely generated. ]

In 11.33, we will extend this result to elements such that a < b.

Lemma 11.12. Let M be a refinement monoid and a,b,c € M. Suppose c¢ is primely
generated.

1. Ifa+c=b+c and c< a,b, then a =0b.

2. If a+nc=>b+nc for somen € N, thena+c=0b+c.

3. Ifa+c=b+c and c < a,b, then a =b.
Proof.

1. From 11.8, there is a refinement matrix

b ¢
a d1 aq
C b1 C1

with ¢ < ¢;. In particular, a; + ¢ < a3 + ¢4 = ¢ so that a; < ¢. From 8.3, we get
a+a; =b+a;. So, with a1 < ¢ < a,b, 8.2.1 implies that a = b.
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2. Follows by induction from 1.

3. Suppose ¢ = p; + p2 + ... + px for some primes p1,ps,...,px. Since ¢ < a,b there
is some n € N such that ¢ < na,nb. For each ¢ < K, we have p; < ¢ < na,nb, so
pi < a,b. Using 1, we can cancel the elements py,po,...,px one at a time from the
equation a +p1 +po+ ...+ px =b+p1 +p2+ ...+ px to get a = 0.

O

Proposition 11.13. Let M be a refinement monoid and a,b,c,d € M. Suppose d is
primely generated.

1. (a+c=b+cand c<d=<a,b) = a=0b.
2. The Archimedean component {< d} is cancellative.
3. If a, b or ¢ is in {=< d}, then

(a+c=b+cand c<a,b) = a=h.
4. If a or b is in {< d}, then
(2a=a+b=2b) = a=0.

5. If c € {=x d}, then c is either free or regular.

6. If a,b € {x d}, then the congruences ~, and ~y coincide. In particular, G, = Gy,
H, = Hy, and {< a} = {< b}.

1. Let n € N be such that ¢ < nd. Then a +nd = b+ nd, and nd < d < a,b. Since nd
is primely generated, 11.12.3 implies that a = b.

2. If a+c¢=b+cwith a,b,c € {=< d}, then ¢ < d < a,b, and from 1, a = b.

3. We have two cases to prove:

e Suppose ¢ € {x d}. Then, in particular, we have ¢ < d < ¢ < a,b. So
applying 1, we get a = b.

e Suppose a € {< d}. Let n € N be such that ¢ < na,nb. Since ¢ < nb, we get
a+nb=>b+nb= (n+1)b,s0a < b. Since ¢ < na, we also get a+na = b+ na.
Using 1 with the relation na < a < d < a < a,b, we can cancel na from this
equation to get a = b.

4. The equation 2a = 2b implies that a and b are in the same Archimedean component,
namely, {< d}. Using 2, we can cancel a from a +a = a + b, to get a = b.

5. If ¢ is not free, then there are m,n € N such that m > n and mc < nc. If n =1 then
c is regular and we are done.

Otherwise we write the inequality as (m —n+ 1)c+ 2+ (n—1l)e=c+ (n—1)c
for some x € M. We have (n —1)c < ¢ <d < ¢,(m—n+1)c+ z, so we can use 1 to
cancel (n — 1)c from this equation to get (m —n+1)c+x =c. Sincem —n+12> 2,
this implies that c is regular.

6. Let n € N be such that a < nb. If z ~, y, then x+a = y+a, and so z +nb = y+nb.
Since (n —1)b <b<d<b=<b+x,b+y, wecan use 1 to get b+ x = b+ y, that
is,  ~p y. By symmetry,  ~ y implies « ~, y. The rest of the claim then follows
from 10.2 and 10.3.1.

O
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Many of the statements of this proposition will seem more natural when we prove in 11.33
that if d is primely generated then all elements of {x d} are also primely generated.

Next we show that the existence of a primely generated element in a refinement monoid
gives rise to a cancellation property similar to midseparativity:

Proposition 11.14. Let M be a refinement monoid, a,b,c € M with c primely generated.
Ifa+c=b+c and c < a, then there is a primely generated idempotent e < ¢ such that
a=b+e.

Proof. Let C be the class of all elements ¢ € M such that a + ¢ = b+ ¢ and ¢ < a implies
the existence of a primely generated idempotent e < ¢ with a = b+ e. Clearly 0 € C. We
will show that if ¢ € C and p € M is prime, then c+p €C...

Suppose we have a +c+p=b+ c+ p with ¢+ p < a for some ¢ € C and prime p. Since
c € Cand ¢ < a < a+p, there is a primely generated idempotent e < ¢ with a+p = b+p+e.
We have p < a so, using 8.5.1, we can make a refinement

b+e p
a d1 ay
p\ b1 m

o If p £ p1, then we must have p < ay,b; and hence p < a,b+e. Using 11.12.1, we can
then cancel p from the equation a +p = b+ p + e to give a = b+ e. We also have
e<c<c+p.

e If p < p;1, then we have 2p < 2p; < aj + p; = p, so p K p. Since we also have p < a,
we can use 8.2.2 to get f = p such that 2f = f and a = b+ e+ f. The element f is
prime and so e + f is a primely generated element such that 2(e + f) = (e + f). We
also have f <p,soe+ f <c+p.

We have shown therefore that ¢ + p € C, and by induction, that any primely generated
element is in C. O

with p; < a;.
Since p is prime we get two cases:

Corollary 11.15.

1. Any primely generated refinement monoid is midseparative.
2. A primely generated refinement monoid is strongly separative if and only if it has no
proper reqular elements.

Proof. Directly from 11.14 and 9.6. |

We now consider another kind of cancellation that has appeared only briefly in our
discussion so far:

Definition 11.16. A monoid M has <-multiplicative cancellation if

(Vn € N)(Va,b e M) (na <nb = a <b).
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Before proving that primely generated monoids have <-multiplicative cancellation, we will
show that (ordinary) cancellation and <-multiplicative cancellation are distinct properties
for refinement monoids. . .

The refinement monoid M = {0, 00} is not cancellative but has <-multiplicative cancel-
lation simply because na = a for all a € M and n € N. For an example of a refinement
monoid which is cancellative but does not have <-multiplicative cancellation we have to
work a bit harder:

Example 11.17. Let M = RT X Zy. Since RT™™ and Zs are refinement semigroups (see
7.6), so is M. Let M° be the refinement monoid obtained by adjoining a zero element to
M.
That M° is cancellative can be checked directly or by recognizing that M° is isomorphic to
the submonoid obtained by deleting the element (0,1) from the cancellative monoid RY x Z,.
Also easily checked is that for (ry, 1), (r2, 22) € M with the minimum preorder of M°,

(r1,21) < (ro,x2) <= (r1 =ry and 21 = x9) or 11 < ro.
Set a = (1,0) and b = (1,1). Then we have 2a = 2b but a £ b, thus M° does not have
<-multiplicative cancellation.
The above monoid has (n = 3) <-multiplicative cancellation, that is
(Va,b € M%) (3a <3b = a <)).

By replacing the group Zs by other Abelian groups in the above construction, monoids
which fail <-multiplicative cancellation in other ways can be constructed. Another monoid
of this type can be constructed as a submonoid of (C,-), the set of complex numbers with
multiplication as operation. Set

M={zeC||z| >1}uU{l} CC.

Then M is a cancellative refinement monoid which fails <-multiplicative cancellation for all
n > 1.

We next establish a <-multiplicative cancellation property for primely generated elements
of refinement monoids:

Proposition 11.18. Let a be a primely generated element of a refinement monoid M.
Then for allb € M and n € N,

na<nb = a<hb.

Proof. Let A be the class of all primely generated elements a € M such that for all b € M
and n € N, na < nb implies a < b. Clearly 0 € A. We will show that if a € A and p € M is
prime, then a +p € A...

Suppose we have n(a + p) < nb for some a € A and prime p. Since na < nb we have
a <b,s0a+x=>for some z € M. Thus na + np < na + nx and there is some u € M
such that na + np + v = na + nz. The element na is primely generated, so using 11.8, we
can make a refinement of this equation,

nr na

np4+u (di  ap
na bt
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such that na < ¢;. From the inequality p < np 4+ u = dy + a1 we get two cases:
o If p < dj, then p < nzx and thus p < x. Consequently, a +p < a+x =0b.
e If p <ay, then na+ p < ¢y + a; = na. From 11.12.2, this implies a +p < a < b.

We have shown therefore that a + p € A, and by induction, that any primely generated
element is in A. O

As an immediate corollary we get

Corollary 11.19. Any primely generated refinement monoid has <-multiplicative cancel-
lation.

If a is a primely generated element of a monoid, there will in general be many ways
of expressing a as a sum of primes. Thus we consider the question of whether there is
a canonical form for such elements. Among all such expressions for a there are certainly
expressions which have the least possible number of terms. These we will call minimum
prime expressions for a.

Proposition 11.20. Let a be a primely generated element of a monoid, and a = Zfil i
a minimum prime expression for a. Then for any i,j < K,

Pi S pj = pi = pj-

Any two such expressions contain the same primes up to =, that is, if

K K
a = Zpi = Z%‘
i=1 i=1

are minimum prime expressions for a, then for any i < K there is some j < K such that
pi =¢j-

Proof. Suppose a = Ef; p; has minimum length and p; < p; with ¢ # j. By 11.2 and 11.4,
p; = pj; or p; K p;. In the second case, p; + p; = p;, so p; + p; would be a prime and we
could shorten the expression for a. This contradicts the minimality of the expression, so we
must have p; = p;.

Further, if there are two minimum prime expressions for a as above, and ¢ < K, then,
since p; < Zj{zl g;, there is some j < K such that p; < g;. Similarly, there is some k < K
such that ¢; < pr. Thus p; < q; < pr, and p; = ¢; = pi. (]

This proposition does not rule out the possibility that an element could have two minimal
prime expressions in which the multiplicities of the primes which appear are different. The
following gives just such a monoid:

Example 11.21. Let M be the monoid generated by two elements p and q such that 3p = 2p,
3¢ =2q and 2p+ q = 2q+p. Then M has seven elements: {0,p,2p,q,2¢,p+q,2p+ q} and
is partially ordered. 0, p and q are the prime elements, and 0, 2p, 2q and 2p + q are the
reqular elements of M. Thus 2p+ q and 2q + p are two minimum prime expressions for the
same element of M.
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The complication shown by this example disappears in refinement monoids. To prove
this, we will define functions n,, one for each prime p, which will enable us to get a handle
on the primes which appear in expressions for primely generated elements.

Definition 11.22. For any element p of a monoid M, define a function ny: M — (Z1)>®
by

np(a) = sup{n € Z* | np < a}
foralla e M.

As easy consequences of the definition we get

Proposition 11.23. Let a,a’,p,p’ be elements of a monoid.
1. ny(a) =0 if and only if p £ a
2. If p <0 then ny(a) = o0
3. If p < p then ny(a) € {0, 00}
4. If p’ = p and d’ = a then ny(a) = ny (a)

Proposition 11.24. If M is a refinement monoid and p € M is prime such that p £ 0,
then n, is a monoid homomorphism.

Proof. Since p £ 0 we have n,(0) = 0, so we need to show only that n,(a1 + a2) =
np(a1) + np(az) for all ay,a2 € M. ..

Suppose n1p < a; and ngp < as for some ni,ny € Z*. Then (n; + na)p < ay + as,
and hence nq + ng < ny(a; + az). Taking the supremum over all such n; and ng gives the
inequality np(a1) +np(az) < npar + az).

To show the opposite inequality, suppose np < a; + ay for some n € Z*. Then we get
the refinement matrix

p p ... P

a1 > (x1 T ... m,
az > \y1 Y2 - Yn
Since p is prime, for each 4, we have either p < z; or p < y;. So there are some ni,ny € Z*

such that n = n; + ng, mip < a1 and nop < as. Thus n < ny(ar) + np(az), and taking the
supremum over all such n we get n,(a1 + a2) < ny(ar) + ny(az). O

Proposition 11.25. If p and g are primes in a refinement monoid, then ny(q) € {0,1, 00}
and

Lony(q) =0 < p£q
2. np(q) =1 <= (p =q and p is free).
3. np(q) =00 <= p<Kyq.

Proof. If p < 0 then n,(¢) = oo and the claim is trivially true. So it remains to consider
the case where p £ 0 and hence n, is a homomorphism:
1. This we have already noted in 11.23.
2. If np(¢) = 1 then p < ¢, so by 11.3, either p <« ¢ or p = g. The first case implies
ny(g) = 00, so we must be in the second case. To show freeness, suppose mp < np
for some m,n € N, then mqg < np < ng, and so m = n,(mq) < n,(ng) = n.
Conversely, if ¢ = p and p is free, then for any n e Ny np < g <= np <p <=
n < 1. Thus ny(q) = 1.
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3. Notice that if n,(g) > 2 then 2p < g and, by 11.3, p = ¢ or p < ¢. But in the first
case, ¢ +p = 2p < ¢q. So in either case, p < g. Conversely, if p < ¢, then a simple
induction shows that np + ¢ < ¢ for all n € N, so n,(g) = oc.

Finally we note that the argument of 3 shows that n,(q) € {0, 1, 00}. O

Corollary 11.26. If p is a prime in a refinement monoid, then n,(p) € {1,00}, and
1. ny(p) =1 <= p is free.
2. ny(p) = 00 < p is regular.

With the homomorphisms 7, in hand, we return to the question of uniqueness of minimal
prime expressions—this time for refinement monoids. . .

Proposition 11.27. Let a be a primely generated element in a refinement monoid. Then
any minimum prime expression for a is unique up to =-equivalence. Specifically, if

K K
a=D =>4
i=1 i=1

are mintmum prime expressions for a, then after suitable renumbering, we get p; = q; for
alli < K.

Proof. Fix a py. From 11.2, there is some ¢; such that ¢; = p;. Now we consider the
following two cases:

e p; free: For any ¢ < K, we have either p; £ p; and ny, (p;) = 0, or p;r < p;, which
implies p; = pr and ny, (p;) = np, (pr) = 1. Thus ny, (a) = >, ny, (ps) is just equal
to the number of terms in ), p; which are =-equivalent to p;. Similarly, ng,(a)
is the number of terms in Zj g; which are =-equivalent to ¢;. But p; = ¢, so
np,(a) = ng,(a) and ), p; and 3_; g; have the same number of terms =-equivalent
to pr. Thus free primes, and their multiplicities, match up in the two minimum prime
expressions for a.

e p; regular: In this case, there is no other p; such that p; = py, or g; such that
¢; = qg, since otherwise, we could shorten the minimum prime expressions. Thus
the sums ) . p; and ) ;4 each have exactly one term =-equivalent to pj.

O

One might hope that it would be possible to collect =-equivalent primes together so that
any primely generated element could be written in the form a = nip; + nops + ... + Nk P
where n; € N and pq,po,...,pkx are primes such that p; < p; implies p; = p;. This is not
always possible: Let M = Z \ {0} with multiplication as its monoid operation. Then one
easily checks that 2 and —2 are =-equivalent primes and so —4 is primely generated (as is
any element), but there is no element p € M such that —4 = p?.

To state the best possible result of this type we will call a set X of prime elements of a
monoid incomparable if for all p,p’ € X, p < p’ implies p = p’.

Proposition 11.28. Let a be a primely generated element in a refinement monoid. Then

a=mp; +nep2+... + NPk +q1+q2+ ... +qr

where {p1,pa,...,DK,q1,q2,--.,9L} is a set of incomparable primes with p; free, q; regu-
lar and n; = np,(a) € N for all i. In any expression for a of this form, the numbers
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K,L,ni,ns,...,ng are uniquely determined by a and the primes are determined up to =-
equivalence.

Proof. From 11.27 we have that there is a minimum prime expression for @ in the form
a =Y, pi- From this sum we will construct the required expression. ..

We first relabel the regular primes as ¢i, 2, ..., qr. Note that ¢; = ¢; implies ¢ = j, since
otherwise ¢; + ¢; is prime and we could shorten the minimum prime expression for a.

Among the remaining primes we pick a representative of each =-equivalence class and
label these primes p1, p2, ..., pr. Thus any prime appearing in the original minimum prime
expression for a is =-equivalent to a unique element of X = {p1,pa,...,pr,q1,q2,--,qL}

It is easy to see that X is a set of incomparable primes. As in 11.27, for each free prime
Pi, i = Ny, (a) is the number of primes =-equivalent to p; in the minimal prime expression.
Thus

a=mnpr+nep2+... + kP +q1 +q2+ ... +qr.
‘We now consider the uniqueness of such expressions. . .
Suppose we have, in addition, the expression
a=mnyph +noph+ ..+ @+
where X' = {p},ph, ..., Pkr»d1: 5, - - -, qr } is a set of incomparable primes with pj free, ¢j
regular and n; € N for all 4. The argument used in 11.20 shows that there is a bijection
between the primes of X and the primes of X’, and so, after suitable relabeling, we can
assume that K/ = K, L' = L, p; = p, and ¢; = ¢, for all 7. A simple calculation then shows
that
n; = ny,(a) = nyy (a) = .

O

An expression of the form given in this proposition will be called a canonical form for
a. We will see in 11.37 that the number of free primes, that is, the number K, in a canonical
form for a plays a crucial role in determining the structure of {< a}. Regular primes in the
canonical form will take the sidelines. In the extreme case, the Archimedean component of
a primely generated regular element is trivial in the sense of the following proposition:

Proposition 11.29. Let a be a primely generated reqular element in a refinement monoid.
Then
{xa} ={=a} 2G, = H, 2 G({< a}).

Proof. We will show first that {=< a} C {= a}. The opposite inclusion is trivially true.

Suppose b < a < b. Then b < na for some n € N. Since a is regular, we have na < a and
sob<a.

Also there is some m € N such that a < mb. This gives ma < mb, and using 11.18 we
get a < b.

The remaining claims of this proposition follow directly from 10.5 and 10.12. ]

The structure of primely generated regular (6.7) refinement monoids has been studied by
H. Dobbertin [8].

We remark that if a = ¢1 + g2+ ...+ ¢z for a set {q1,qo,...,qr} of incomparable regular
primes, then {x< a} = {= a}, even without refinement. Without the refinement hypothesis,
however, not every primely generated regular element is a sum of regular primes. Consider,
for example, the monoid M = {0,1,00} with 1+ 1 =1+ 0o = 00 + 00 = co. The element
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1 is a prime in M but is neither free nor regular. The element oo is a primely generated
regular element of M which is not a sum of regular primes. Further, {< oo} = {1,000} and

{= 00} = {00}.

We turn next to the structure of {=< a} when a is a free primely generated element of a
refinement monoid M. From 11.28, we have

a=nip1 +nep2 + ...+ NPk + Q1 +q2+ ... +qL

where {p1,p2,...,PK,q1,4G2,--.,q5} is a set of incomparable primes with p; free, ¢; regular
and n; € N for all 4. Since a is free we must have K > 1. We will write g = q1 +q2+...4+qr,
and f =nip; +nope+ ... +ngpr,soa=f+qand a+q < a.

For each prime p; there is a monoid homomorphism n,,: M — (Z)> defined in 11.22.
We note again that n,,(p;) = di;, np,(¢;) = 0 and ny, (a) = n; for all 4, j. We can combine
these to make a homomorphism N,: M — ((Z1)>)E by defining

No(z) = (n;Dl (z), Tpy ()., Npx (2))
for all z € M.
We will henceforth restrict our attention to the order ideal {< a}...
If + < a, then < ma for some m € N, so n,,(z) < n,,(ma) = mn; < co. Thus the
homomorphism N, maps {< a} into (Z*)¥. In particular, N,({=< a}) is cancellative.
It will be useful to define a right inverse for N, v: (Z*)X — {< a} by

v(m) = mip1 + mops + ... + mkpk,

where m = (my,ma,...,mx) € (ZT)X. One readily confirms that N, o v is the identity on
(ZT)K | so that N,({< a}) = (Z")X, and also v(N,(a)) = f. Notice also that v depends on
the particular primes used in its definition, whereas N, depends only on a and the order of
the primes p1,p2,...,0K-

Proposition 11.30. Let a be a free primely generated element in a refinement monoid M .
Leta=nipy +nops+ ...+ nxpx + @1+ g2+ ...+ a1, q, f, Ny and v be as above. Then
for all x < a,

1. ¥(Ny(z)) <=z

2. No(2) =0 <= z<a

3. © =v(Ny(z)) +u for some u < a.

Proof.

1. We want to show that n,, (£)p1 + np, (2)p2 + . .. + np, (2)px < z.

By the definition of n,,, we have ny, (z)p1 < z, so there is some z1 € M such
that n,, ()p1 + 1 = z. Applying the homomorphism n,, to this equation gives
Np, (1) = Ny, (x). Thus there is some xo € M such that z1 = n,, (x)p2 + z2, that is,
Np, (2)p1 + Ny, (€)p2 + 22 = . Repeating this process in the obvious way gives the
required inequality.

2. If ¢ < a, then x + a < a. Applying N, we get N,(a) + Ny(x) < Ny(a). Thus
Ny(z) =0.

Conversely, suppose N, (z) = 0. Since z < a, there are y < a and m € N such that

x4y = ma. Applying the homomorphism N, to this equation gives N, (y) = mN,(a),
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so with 1, we have y > v(N,(y)) = mv(Ny(a)) = mf. Thus z + mf < x +y = ma.
Adding mgq to this yields x + ma < x + mf + mq < ma + mq < ma. Finally, using
11.12.2, we can cancel (n — 1)a from this inequality to get = + a < a.
3. From 1, we know that z = v(N,(z)) + u for some u € M. We need to check only
that u < a. ..
Applying N, to this equation yields N, (z) = Ng(z) + Ny(u). So Ng(u) =0, and
from 2, u < a.
O

We specialize 11.30 further to the case of x € {< a}...

Proposition 11.31. Let a be a free primely generated element in a refinement monoid M.
Leta=mnyp1 +nopo+ ...+ ngpx + 1 +q2+ ...+ qr, q, Ny and v be as above. Then for
all z € {=< a},

1. N,(z) € NK
2. 2 =v(Ny(z)) +4q
Proof.
1. Since « is in the Archimedean component containing a, N, (z) is in the Archimedean
component containing N, (a) = (n1,n2,...,nk), which is easily seen to be NX.

2. Let n € N be such that a < nx, then ng < ¢ < a < nx, so, from 11.18, we get ¢ < x.
Thus x = y + ¢ for some y € M. Since N,(¢q) = 0, we have N, (y) = Ny(z). From
11.30.3, y = v(Ny(x)) 4+ u for some u < a, and so x = v(N,(x)) + g + u.

From 1, we have N,(z) > (1,1,...,1), s0 v(No(2)) +q > p1 +p2 + ... + px + q.
This implies that a < v(Ng(x)) 4+ ¢ < a. From 11.13.6 we get u < v(Ng(z)) + ¢, and
s0 2 =v(Ng(z)) + ¢+ u=v(Ny(x)) +q

(|

It is worth recording the special case of these last two propositions when a is itself a
prime:

Proposition 11.32. Let a be a free prime element in a refinement monoid M. Then for
all x < a,

1. ng(x) < 00

2. ng(x) =0 <= z<a

3. (VneN) (ny(z) =neN <= z=na)

Proof. Since x < a, there is some n € N such that z < na. Using 11.26, this implies that
ne () < ng(na) =n < oo.

Since a is prime, N, and n, coincide, and so 2 is immediate from 11.30. If n,(z) =n € N,
then na < x. Since a is prime, this implies ¢ < x and so < a. Thus, from 11.31.2,
x = v(Ngy(x)) = na. The converse is immediate since n, is a homomorphism. O

Proposition 11.33. Let a be a primely generated element in a refinement monoid M.
Then all elements of {=< a} are primely generated.

Proof. Let x < a. By 11.13.5, we consider two cases:

e If a is regular, then from 11.29, x = a, and so by 11.11, = is primely generated.
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o If a is free, then from 11.31.2, x = v(N,(z)) + ¢q. Since v(N,(x)) + q is primely
generated, the claim follows from 11.11.
g

Monoids with the property that nx < a for all n € N implies © < a, are called
Archimedean by F. Wehrung [31], [32]. Example 14.2 is a cancellative refinement monoid
which does not have this property, so it is quite independent of any of the other cancellation
properties we have been studying.

Proposition 11.34. Let a be a primely generated element in a refinement monoid M.
Then for allz € M,
(r<a) < (YneN) (nx <a).
Proof. If © < a, then it true, in general, that nx < a for any n € N.
For the converse, by 11.13.5, we consider two cases:
e Suppose a is regular. Then x < a suffices to imply that = < a.
e Suppose a is free. Then z < a implies nz < a, and we can apply the homomorphism
N, to the inequality nz < a to get nN,(z) < N,(a) € (ZT)E. Since this is true for
all n € N we get N,(z) =0, and so, by 11.30.2, z < a.
|

Before going further with the structure of Archimedean components, we need to establish
analogs of 10.7 and 10.11 that apply to order ideals generated by primely generated elements.

Proposition 11.35. Let r be a primely generated element of a refinement monoid M.
1. The Archimedean component {< r} is embedded in H, by the monoid homomorphism
a— [a],.
2. H, is cancellative.

Proof. The proofs are essentially the same as for 10.7:

1. We show that the homomorphism is injective when restricted to {=<r}...
Suppose a,b € {=< r} such that [a], = [b],. Then a+r = b+ r, so we can use the
fact the Archimedean component containing r is cancellative (11.13.2) to get a = b.
2. Suppose a,b,c € {< r} such that [a], + [¢], = [b], + [¢],. Thena+c+r=b+c+r.
Since ¢ < r, there is some n € N such that ¢ < nr,and so a +r+nr =b+r + nr.

Canceling using 11.12.2, we get a + r = b+ r, that is, [a], = [b],.

|

Proposition 11.36. Let r be a primely generated element of a refinement monoid M such
that M = {< r}. Then for all a,b € M

G,Nrb s <a>M: <b>M

Thus the monoid homomorphism .. H, — G(M) given by [a], — (a)n is injective. In
particular, G, and H, embed in G(M). Further G(H,) = G(M).

Proof. The proof of this proposition is the same as for 10.11 except for the obvious replace-
ment of the separativity hypothesis by 11.12.2 O
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Now we can prove the main structure theorem for {< a}:
Theorem 11.37. Let a be a free primely generated element in a refinement monoid M,
and K the number of free primes in a canonical form for a. Then
1. H, = (ZY)X x G, (monoid isomorphism)
2. {=xa} 2 NK x G, (semigroup isomorphism)
3. G({=a}) 2 ZX x G, (group isomorphism)
Proof. We will continue to use the notation established for Proposition 11.30.
1. Let p: (Z*)X x G, — H, be the homomorphism defined by
p(m, [ula) = [v(m)]a + [ula,
for all m € (Z1)X and u < a.
To show that u is injective, we suppose that p(m,[u],) =
m,m’ € (ZT)X and u,v < a. Then [v(m) + u], = [v(m’) + v’
v(im)+u+a=v(m')+u +a.

Since N, (v(m)) = m, N,(v(m’)) = m’ and N,(u) = N,(u') = 0, we have from this
equation that

p(m’, [u'],) for some
la, that is,

m + Ny(a) = m’ + N,(a).
Thus m = m’, y(m) = v(m’) and v(m) + u+a =v(m) + v’ + a.

Now v(m) < a so there is some n € M such that v(m) < na. From the equation
v(m) +u+a=v(m)+u + a we then get na +u+a =na+ v + a. Using 11.12.2,
we can cancel na from this to get a +uv = a + v/, that is [u], = [u'],. We have shown
therefore that p is injective.

To show that p is surjective, we suppose that [z], € H, with < a. From 11.30.3,
x = v(Ng(x)) + u for some u < a. Hence [u], € G, and

[#]a = [V(Na(2))]a + [u]a = p(Na(2), [u]a)-

2. We have from 11.35.1 that {x< a} is embedded in H,, so by 1, it is embedded in
(ZT)% x G,. Using 11.31, it is then easy to show that {x a} = N¥ x G, via this
embedding.

3. From 11.36,

G({=<a}) =2 G(H,) =2 G((ZNHX xG,) =2 7K x G,.
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12 Artinian Decomposition Monoids

We have seen in 8.4 that the relation ag + cg = bg 4 ¢ in a refinement monoid gives rise
to a descending sequence of such relationships, a, + ¢, = b, + ¢y, for ag > a1 > as > ...,
bg > by > by > ...and ¢y > ¢; > co > .... It is then natural to expect that a refinement
monoid with a descending chain condition would have some strong cancellation properties.

In Section 11, we saw that certain cancellation properties occur in refinement monoids
containing primely generated elements.

The goal of this section is to show that these two sources of cancellation are closely
related: Every Artinian decomposition monoid is primely generated, and conversely, every
primely generated decomposition monoid such that the primes form an Artinian class, is
Artinian (12.13).

We begin by applying the definitions from Section 2 to monoids: Every monoid is a
preordered class when given its minimum order, so lower classes, exact maps and strictly
increasing maps are defined and we get

Proposition 12.1. Let 0: M — N be a monoid homomorphism, and I C M a sub-
class.

1. I is an order ideal if and only if I is both a submonoid and a lower class of M.

2. An exact homomorphism maps order ideals to order ideals.

3. M has decomposition if and only if the addition homomorphism +: M x M — M s
exact.

4. If M has decomposition and I is an order ideal, then the quotient homomorphism
or: M — M/I is exact.

5. The homomorphism o is strictly increasing if and only if

(VYa,b € M) (0(a) < o(b) = a < b).

1. This is just a restatement of 6.11.2 and the definition of order ideals.

2. Use 1 and the facts that a homomorphism maps submonoids to submonoids, and an
exact function maps lower classes to lower classes.

3. We temporarily write by +bs = +(b1, b2) so that + appears as a function from M x M
to M.

Suppose M has decomposition. If a < +(b1,b2) = by + by in M, then there are
a1, as such that a = +(a1,a2) = a1 +asg, a1 < by and ag < by. In M x M this implies
(a1,a2) < (b1,b2). Thus +: M x M — M is exact. The converse is just as easy.

4. We need to show that {< o;(b)} C o ({< b}) for all b e M.

Suppose then that [a]; < o7(b) = [b];. Then there is some u € I such that
a < b+ u. By decomposition, there are a’,u’ with o’ < b, v <wuwanda=ad + .
Since I is an order ideal, v’ € I and [a]; = [@]; € o1 ({< b}).
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5. Suppose o is strictly increasing and there are a,b € M such that o(a) < o(b). Then
o(a+b) = o(a)+0o(b) < o(b) and a+b > b. Since o is strictly increasing, this implies
a+b<b, that is, a < b.

For the converse, we know already that ¢ is increasing, so it remains to show that
(a<band o(a) > 0o(b)) = a>b
for all a,b € M.
If a < b then b = a+ c for some ¢ € M. Thus o(a) + o(c) = o(b) < o(a), that is,
o(c) < o(a). By hypothesis, this implies ¢ < a, and so, a > a+c=b.
(Il

We will also need the following monoid version of 2.12:

Proposition 12.2. Consider the following commutative diagram of monoids and monoid
homomorphisms:

K40>L

RN

M

1. If o is surjective and v is exact, then T is exact.
2. If T is injective and v is exact, then o is exact.

Proof. This follows from 2.12 and the fact that any monoid homomorphism is an increasing
function on the underlying preordered class. O

As a simple example of the use of these propositions, consider the following situation:
Suppose A < B are order ideals in a decomposition monoid M. Let o and @ be quotient
homomorphisms as in the diagram:

M —2= M/A

RN

M/B

Since A < B, there is an induced homomorphism 7 from M/A to M/B making the
diagram commute. The homomorphism ¢ is surjective and, from 12.1.4, ¢ is exact. So
using 12.2.1, we get that 7 is exact.

We now introduce the the main subject of this section:

Definition 12.3. A monoid M is an Artinian monoid if M is an Artinian preordered
class. The Artinian radical of a monoid M is Arad M as defined for preordered classes.
See 2.14 and 2.16.

Thus, by definition, M is Artinian if and only if M is Artinian. For example, if M; and
Ms are monoids, then M; x Ms is Artinian if and only if M, and My are Artinian.

Continuing the pattern established in Section 2 for preordered classes, if X is a subclass
of a monoid M, then a minimal element of X is an element a € X such that for any
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be X, b < aimplies a < b. Hence, a monoid M is Artinian if and only if either of the
following are true:
1. Every nonempty subclass of M has a minimal element.
2. For every decreasing sequence x1 > x2 > x3 > ... there is an N € N such that
T, > xy foralln > N.

If I is a submonoid of M then, as we have seen before, the order of I as a subclass of M
may be different than its minimum preorder as an independent monoid. Thus a submonoid
of an Artinian monoid may not be Artinian with its own minimum preorder. For an example
of this see 14.2. Conversely, a submonoid I which is Artinian with its minimum preorder
may not be an Artinian subclass of M.

Example 12.4. The minimum order on M = (R, +) is the same as the usual order on
real numbers, so RY is not Artinian. Let I = {0} U[1,00) C RY. Then I is a submonoid
which is not an Artinian subclass of RY. Nonetheless, with its own minimum order I is an
Artinian monoid.

The complications described above do not occur for order ideals, and so we can use the
expression “Artinian order ideal” without ambiguity.

Note that {< 0} is an Artinian lower class of M, so for any monoid, {< 0} C Arad M.
Also, any order ideal of M is a lower class, so every Artinian order ideal is contained in
Arad M. On the other hand, Arad M may not be a submonoid or order ideal of M. Of
course, M is Artinian if and only if M = Arad M.

From 2.17 and 2.18 we get

Proposition 12.5. Let o0: M — N be a monoid homomorphism, and I C M, J C N.
1. If o is strictly increasing and J is an Artinian order ideal, then o= (J) is an Artinian
order ideal in M, so c=*(J) C Arad M.
2. If o is exact and I is an Artinian order ideal, then o(I) is an Artinian order ideal
in N, soo(I) C Arad N.
If o is strictly increasing then o~ *(Arad N) C Arad M.
If o is exact then o(Arad M) C Arad N.
If o is exact, strictly increasing and injective, then Arad M = ¢~!(Arad N).
If o is exact, strictly increasing and surjective, then Arad N = ¢)(Arad M).
If I is an order ideal in M, then AradI = Arad M N 1.

N ot

Proof. These results follow directly from the above-mentioned propositions, 12.1.2, 6.13.3
and the fact that any monoid homomorphism is an increasing function. O

As we have already seen, if M is a decomposition monoid then the addition homomor-
phism +: M x M — M, and division by an order ideal are exact homomorphisms, so
applying the previous proposition we get
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Proposition 12.6. Let A,B < M be two order ideals of a decomposition monoid and

oa: M — M/A the quotient homomorphism.

Arad M is an order ideal.

Arad(A+ B) = Arad A + Arad B

Arad(ANB) = Arad AN Arad B

A and B are Artinian if and only if A+ B is Artinian.

For all a € M, {< a} is Artinian if and only if {< a} is Artinian.

oa(Arad B) C Arad(M/A). In particular, if B is Artinian then o4(B) = (A+ B)/A

is an Artinian order ideal in M /A, and if M is Artinian then so is M/A.

7. If A = {< 0}, then oa(Arad M) = Arad(M/A) and o (Arad(M/A)) = Arad M.
In particular, M is Artinian if and only if M /A is Artinian.

ARl e

Proof.

1. By definition, Arad M is a lower class, so we need to show that it is a submonoid. . .
We have already noted that 0 € Arad M so it remains to show that Arad M

is closed under addition: If zq,29 € Arad M then the lower classes {< z1} and
{< x2} in M are Artinian, as is {< 21} X {< 29} € M x M. The addition map
+{< 21} x {< @2} — {< (21 + 22)} is exact and surjective, so from 12.5.2, the
lower class {< (z1 + x2)} is Artinian. That is, x1 + x2 € Arad M.

2. Arad(A+B) = (A+B)NArad M = (ANArad M)+ (BNArad M) = Arad A+ Arad B.
Here we have used the distributivity of £(M) (7.10).

3. Easy using 12.5.7, and, in fact, does not require that M have decomposition.

4. This follows easily from 2.

5. If {< a} is Artinian, then {< a} C Arad M. But Arad M is an order ideal, so it also
contains the order ideal generated by a. Thus {< a} is Artinian.

6. Since o4 is exact, this follows from 12.5.2 .

7. This follows easily from the fact that M = M/A.

O

Clearly any finite monoid is Artinian, as is any monoid M such that M is finite. Any
Abelian group, for example, is trivially an Artinian monoid. Any free monoid is Artinian
since for any element z, {< x} is a finite set (Reminder: Any element of a free monoid is a
finite sum of the generators. See 5.13).

A finitely generated free monoid is isomorphic to (Z)™ for some n € N, and the minimal
order of this monoid coincides with the ordering of this same set as a direct product of
posets. Thus we get the following important result:

Proposition 12.7. Any finitely generated submonoid of a monoid is an Artinian subclass.

Proof. Let I be a finitely generated submonoid of M. Then [ is the image of the monoid
(Z*)™ for some n € N under a monoid homomorphism o. Since o is increasing, we can
apply 2.26, to get that I is an Artinian subclass of M. O

This proposition has the consequence that any finitely generated monoid is Artinian.
But this fact alone does not suffice to prove the proposition, since, as mentioned before, a
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submonoid may be Artinian when given its minimum preorder, but nonetheless fail to be
an Artinian subclass of the monoid that it is embedded in.

In the remainder of this section we investigate the relationship between the Artinian
condition and the existence of primes, indecomposables and regular elements in monoids.

Proposition 12.8. Ewvery element in an Artinian partially ordered monoid is a sum of
indecomposables.

Proof. Let M be an Artinian monoid and let B be the subclass of elements of M which are
not sums of indecomposables. If B is not empty it has a minimal element p. We will show
that p is indecomposable, contradicting p € B.

Suppose p = a + b for some a,b € M, then either a or b must be in B otherwise p would
be a sum of indecomposables. But the minimality of p in B then implies that either a = p
or b = p, thus p is indecomposable. ([l

In an Artinian monoid M that is not partially ordered it is possible that elements are
not sums of indecomposables, even though every element of M is a sum of indecomposables
of M. The complication is that two elements a,b € M may satisfy a = b with a, but not b,
a sum of indecomposables. This happens in the following example:

Example 12.9. Let M be the monoid generated by two elements a and b such that 3a = a
and 2a = 2b. M has siz elements, {0,a,2a,b,a + b,2a + b}, and these form the three
=-equivalence classes: {0}, {b},{a,2a,a + b,2a + b}. Thus M = {0,1,00} with 1+ 1 = co.
Since 0 and 1 are all the indecomposables in {0,1,00}, the elements 0 and b are all the
indecomposables of M. Both M and {0,1,00} are, of course, Artinian. FEvery element of
{0,1,00} is a sum of indecomposables, but only 0, b, 2a, and 2a + b are sums of indecom-
posables in M.

Note that the elements of M which are not sums of indecomposables, namely, a and a+b,
are regular.

Proposition 12.10. FEvery element in an Artinian monoid is a sum of indecomposables
and reqular elements.

Proof. Let M be an Artinian monoid and let B be the subclass of elements of M which
are not sums of indecomposables and regular elements. If 55 is not empty it has a minimal
element p. We will show that p is indecomposable or regular, contradicting p € B.

First we note that if p is not regular, then any ¢ < p is not in B, since otherwise the
minimality of p would give p < ¢ and then 2p < p+c < p.

Suppose then that p is not regular and p = a + b for some a,b € M, thenp=a+b+c
for some ¢ < p. Since c is not in B, either a or b must be in B, otherwise p would be a sum
of indecomposables and regular elements. But the minimality of p in B then implies that
either p < a or p < b, thus p is indecomposable. O

If the monoid M has decomposition we get a much stronger result:
Proposition 12.11. Any Artinian decomposition monoid is primely generated.

Proof. Let M be an Artinian decomposition monoid and let I be the subclass of elements
of M which are not sums of primes. If B is not empty it has a minimal element p. We will
show that p is prime, contradicting p € B.
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Suppose p < a1 + ag for some a1,as € M, then there are py,ps € M such that p; < aq,
p2 < ag and p = p; +po. Either p; or po must be in B otherwise p would be a sum of primes.
But the minimality of p in B then implies that either p < p; < aj or p < py < ag, thus p is
prime. ([l

Next we consider a condition on the primes of a monoid that ensures that the monoid is
Artinian:

Proposition 12.12. Let M be a primely generated monoid such that the prime elements
of M form an Artinian subclass of M. Then M is an Artinian monoid.

Proof. Note that if M satisfies the hypothesis, then the same is true of M, and also, by
definition, M is Artinian if and only if M is Artinian. Thus without loss of generality, we
can assume that M is partially ordered.

Let £ be the class of prime elements of M with order induced from M, then by hypothesis,
L is an Artinian poclass.

Let a; > as > ... be a decreasing sequence in M. For each a, let A,, C £ be the primes
which appear in a minimal prime expression for a,. By 11.20, A, is a finite antichain in
L. Since a, > ap41, every prime in A, 41 is less than or equal to some prime in A4,. Thus
this sequence of antichains satisfies the hypothesis of 2.28, and by that proposition, the set
A = U, ey An is finite.

The sequence a1 > ag > ... is then contained in the submonoid generated by A. By 12.7,
this submonoid is an Artinian subclass of M. Thus there is some N € N such that a,, > an
for all n > N. O

Finally, putting the last two propositions together we get:

Theorem 12.13. A decomposition monoid M is Artinian if and only if
o M is primely generated, and
e The prime elements of M form an Artinian subclass of M.

Proof. Combine the previous proposition, 12.12 and the fact that, if M is Artinian, then so
is the subclass of prime elements of M. O

One might wonder at this point whether an Artinian monoid whose elements are all
primely generated is necessarily a decomposition monoid. This is not true in general, and
one counterexample is the monoid M of Example 11.21 which is generated by two elements
p and g subject to the relations 3p = 2p, 3¢ = 2q and 2p + ¢ = 2¢ + p. p and ¢ are primes,
so every element in the monoid is primely generated, but the inequality (2p) < (2q) + (p)
can not be decomposed, that is, 2p can not be written as 2p = p; + p2 with p; < 2¢ and
p2 < p. So M is not a decomposition monoid.
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13 Artinian Refinement Monoids

In this section we will consider Artinian refinement monoids and their properties. From
Theorem 12.13, Artinian refinement monoids are primely generated, so the results of Sec-
tion 11 apply to such monoids:

Proposition 13.1. Let M be an Artinian refinement monoid. Then

1. M is an Artinian refinement monoid.

2. M and M are weakly cancellative, midseparative and separative.

3. M has no proper regqular elements <= M has no proper reqular elements
<= M is strongly separative <= M 1is strongly separative.

4. M and M have <-multiplicative cancellation.

Proof. Since Artinian refinement monoids are primely generated, these results follow from
11.9, 11.15 and 11.19. (]

One interesting consequence of weak cancellation for Artinian monoids is

Proposition 13.2. Let M be a partially ordered Artinian refinement monoid. Then M is
a join-semilattice (6.19).

Proof. We need to show that a V b exists for any a,b € M...
Suppose a,b € M and set

A={ceM|a<candb<c}

The element a+b is in A, so this subclass is not empty and must have some minimal element.
Suppose ¢; and c¢p are two minimal elements of A.

The monoid M is weakly cancellative, and we have a,b < c¢q,co, so from the Riesz
interpolation property (9.15), there is some ¢ € M such that a,b < ¢ < ¢1,¢2. cisin A, so
the minimality of ¢; and ¢y then implies ¢; = ¢ = cso.

Thus A has a unique minimum which is then the supremum of a and b. O

Unlike the situation for M (6.21), in this proposition, the operations + and V do not
coincide.

Combining this result with 13.1, we have that for any Artinian refinement monoid M,
M is a semilattice.

Even though we know already that Artinian refinement monoids are weakly cancellative,
it is worthwhile giving a direct proof since it serves as a prototype for the more complicated
proofs to come:
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Proposition 13.3. Let a,b, c be elements of a refinement monoid such that a +c=b+ c.
If {< ¢} is Artinian, then there exists a refinement matriz

with ¢ < cy.

Proof. Define

C={d<clat+d =b+}.
Since C C {< ¢} and ¢ € C, the subclass C is Artinian and nonempty. Let ¢y be a minimal
element of C. Then a + ¢y = b+ ¢y and we can make a refinement of this equation:

b Co

a dl al
Co bl Cll

Now ¢f <c¢p <cand a+cj =di+co=b+cj, so ¢} € C. By the minimality of ¢y in C,
we get ¢g < ¢}. Since ¢y < ¢ there is some xg such that ¢ = ¢g + xg. Set ¢; = ¢} + z¢. Then
¢ < ¢; and we have ¢ = ¢g + g = ¢} + a1 + 9 = ¢1 + a1 and, similarly, ¢ = ¢; + b;. O

A similar direct proof that Artinian refinement monoids are midseparative could be given,
but, in fact, we have a stronger result:

Proposition 13.4. Let a and b be elements of a refinement monoid M such that 2a = a+b.
If {< b} is Artinian, then there exists an idempotent e such that a = b+ e.

Proof. Define
B={b e€M|3d,d such that a =d +ada',b=d +b,2d =ad +V'}.
Since B C {< b} and b € B, the subclass B is Artinian and nonempty. Let by be a minimal

element of B and ag, dy such that a = dg + ag, b = do + by, and 2a¢g = ag + by.
From 8.6 (with n = 2, ¢o = ag), there is a refinement matrix

bo ay

ag (d2 a2
ai (b2 C2>
with ¢g < ag and 2by < ag. We also have a = (dg + d2) + a2, b = (do + d2) + ba, and, by
8.1.2, 2a3 = ag + ba, so by € B. Since by < by, the minimality of by implies by < bs. In
particular, 2by < 2by < ag.
Since 2by < ag, there is some xg such that ag = 2bg + x9. From 2ag = ag + by we then
get 4by + 2x¢ = 3by + xg-
By 13.1, {< b} is separative. Since by € {< b}, we can use 8.14, to cancel 2by from the
above equation to get 2bg + 2z = by + x¢. Set e = by + xg. Then e is an idempotent such

thatb+e:(d0+b0)+(b0+mo):do+a0:a. O

Note that we have actually shown that 0 € B, since if we set d = b, o’ = e and b’ = 0,
thena=d +d,b=d +b and 2a' =d’ + V.

The significance of this proposition is that it is not true with the weaker hypothesis that
{< b} is midseparative (instead of Artinian). A counterexample is the monoid of Example
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9.7. Putting a = (00,1) and b = (0,1) in this monoid, we have 2a = a + b. Notice that
{=< b} 2 R* so is cancellative and midseparative, but since the only idempotent is 0, there
is no idempotent e such that a = b+ e. Thus 13.4 implies, but is not implied by, the fact
that Artinian refinement monoids have midseparativity.

This situation is to be contrasted with proposition 13.3, which remains true (by 9.10.1)
if the hypothesis that {< c} is Artinian is replaced by {< ¢} is weakly cancellative.

This difference will allow us to prove an extension theorem (13.6) for midseparativity,
which is not true for weak cancellation, and will eventually be used to show in Section 15
that semi-Artinian refinement monoids are midseparative but not weakly cancellative.

To prove the extension theorem we make use of the following lemma:

Lemma 13.5. Let I be an Artinian order ideal in a refinement monoid M .
1. If a,b,c € M witha+c=b+c¢, c<a and b € I, then there is an idempotent e < ¢
such that a = b+ e.
2. If 2le]; = le]r for some e € M, then there is an idempotent ' < e such that
[€]r = le]s-
3. If 2[e]; = le]1 < [a]r for some e,a € M, then there is an idempotent ¢’ < a such that

Proof.
1. f a+c=0b+ c and ¢ < a then, by 8.5.1, there is a refinement matrix

b ¢

a d1 aq

C <b1 C1 >
with ¢; < ay. From 8.1.2 we get 2a; = a1 +b;. We have by <be Iso {<b} CI
and {< b1} is Artinian. Using 13.4, there is some idempotent e € M such that
a1 =b1+e Thuse<ag; <canda=dy+a;=di +b; +e=b+e.

2. Since 2[e]; = [e];, there are elements u,b € I such that 2e + u = e + b. Hence
(e+u)+e=>b+e with e < e+ u and {< b} Artinian. From 1, there is some
idempotent ¢’ < e such that e +u = b+ ¢’. Since u,b € I, we have [¢']; = [e];.

3. From [e]; < [a]r, there is some u € I such that e < a + u. Decomposing this we can
write e = €’ + v with ¢’ < a and v” < u. Since u” € I, we have [¢]; = [e]; and
so, 2[e”"]; = [€”];. Using 2, there is some idempotent ¢’ such that ¢/ < ¢’ < a and
[€']r = [¢"]r = [e]r-

]

Proposition 13.6. Let I be an Artinian order ideal in a refinement monoid M. Then if
M/I is midseparative, so is M.

The proof of this proposition is a variation of the proof of 8.16:

Proof. Suppose there are a,b € M such that 2a = a + b. From 8.5.1, there is a refinement

matrix
b a

a d1 a1
a bl C1
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with ¢; < ay. In M/I we get 2[a1]; = [a1]r + [b1]1, so using the midseparativity of M/I,
there is some idempotent [e1]; such that [a1]; = [b1]1 + [e1]r. We have [e1]; < [a1]s, so using
13.5.3, we can assume that 2e; = e; < a. In particular, a 4+ e; = a.
Since [a1]r = [b1]r + [e1]r, there are uy, vy € I such that a; +u; = by + €1 +v;. From a
refinement of this relationship,
by +e1 w1

ay ( da Uz)
Uy Ug e
we get the equation a; + ug = b1 + e1 + va, and hence,
a+ve=a-+e +vya=c1+b+e1+ve=c1+a+us
=at+uy=dy+a;+uy=dy+by+e+ vy
= (b+e1) + va.
Note that va < v1 80 v9 € I, and also vy < a; < a. Since {< vy} is contained in I, it is

Artinian, and, from 13.1, midseparative. Using 9.10.2, there exists some idempotent es < vg
such that a = (b+e1) + e3. Set e = e1 + eg, then 2¢e = e and a = b+ e. O

Artinian refinement monoids are primely generated so, by 11.34, they have the property
that na < b for all n € N implies a < b. We give next a direct proof of this fact:

Proposition 13.7. Let M be an Artinian refinement monoid. Then
(Va,be M) (a < b < (Vn €N) (na <b)).

Proof. The implication = is easy to prove and true in any monoid. We prove here the
converse. . .

Since na < b for all n € N, there are ¢y, ca, ... such that na + ¢, = b. Let N € N be such
that @ + ¢y is minimal in the set {a + ¢, | n € N}.

Now Na+cy =b=(N+1)a+ cy1, S0, since M is separative, a + ¢y = 2a + c¢ny41. In
particular, a + ¢y > a + ¢y4+1. The minimality of a 4 ¢, then implies a + cy < a + cyy1,
andsoa+b=a+ Na+cy <a+ Na+cyy1 =0, that is, a < D. O
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14 Semi-Artinian Decomposition
Monoids

We will see in Section 19 that the monoid M (R-Noeth), for a commutative Noetherian
(or FBN) ring R, is an Artinian refinement monoid. So for these rings, M (R-Noeth) has all
the cancellation properties described in the previous two sections. For other rings, however,
M (R-Noeth) may not be Artinian. See Example 17.1.

Nonetheless, for any ring, the monoid M (R-Noeth) is semi-Artinian. In the next sec-
tion we will see that semi-Artinian refinement monoids have midseparativity but not weak
cancellation or <-multiplicative cancellation. In this section we consider the semi-Artinian
chain condition in decomposition monoids.

Definition 14.1. A monoid is semi-Artinian if there is a well ordered chain of order
ideals In < I < --- <1, <--- < M with indices a € Ord, such that

1. I ={< 0}
2. In41/1, is an Artinian monoid for all o € Ord.
3. In =g, g for all limit ordinals o € Ord.

4. M = U(xGOrd IO"

A chain of order ideals as above which satisfies 1, 2 and 3, we will call a semi-Artinian
series.

Obviously, any Artinian monoid is semi-Artinian. The following example is probably the
simplest semi-Artinian/non-Artinian monoid:

Example 14.2. A cancellative semi-Artinian refinement monoid which is not Artinian:

We will construct this example as a submonoid of the cancellative partially-ordered Ar-
tinian refinement monoid " X 7. . .

Let L ={(0,n) |n € N} = (0,N) CZ* X Z and M = (Z* x Z)\ L. It is easily checked
that M is a submonoid of Z+* x Z. M is a subset of a cancellative partially ordered monoid
so s itself cancellative and partially ordered.

We prove that M has refinement:

Suppose we have (w1, ws), (x1,x2), (Y1, Y2), (21, 22) € M such that (w1, ws) + (x1,x2) =
(y1,92) + (21,22). Since these elements are in the refinement monoid 2" x 7, there is a
refinement matrizc

(U/1,’w2) ($1,$2)

(Y1, 92) ( (s1,52)  (t1,t2) )

(21,22) \ (ur,u2) (vi,v2)

with entries in ZT x Z. We will show that this refinement matriz can be modified so that
all entries are in M

If all the entries happen to be in M then we are done. So suppose (without loss of
generality) that (s1,s2) € L, that is, (s1,52) = (0,n) for some n € N. We can rewrite the
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refinement matrix as
(w1, ws) (z1,22)
(yhyg) ( (0,0) (tl,tg +n) >
(21,22) \ (u1,u2 +n) (v1,v2 —n)
We have (0,0) € M, (t1,t2 +n) = (y1,y2) € M and (u1,uz +n) = (w1, w2) € M so the
only possible remaining problem is if (v1,v2 —n) € L, that is if (vi,v2 —n) = (0,m) for
some m € N. If this happens then we can rewrite the refinement matriz as

(w1, ws) (1, 22)
(y1,92) ( (0,—m) (t1,t2 +n+m)>
(2’1722) (Ul,UQ +n+m) (0,0)

Now (0,0), (0, —m) € M, (t1,ta+n+m) = (z1,22) € M and (u1,us+n+m) = (z1,22) € M
so we are finished.

Thus we have shown that M has refinement.

M is not finitely generated. A convenient generating subset is {c,ap,a1,as,...} where
c¢=(0,-1) and a, = (1,n) forn € Z*. These generators satisfy the relations a, = any1+c
foralln € Z+.

The order in M is not the same as in Z% x Z. In particular, a, < a,m < n > m,
so the sequence ag > a1 > as > ... is strictly decreasing. Thus M is not Artinian and no
an is in Arad M. On the other hand, the order ideal I = {< ¢} = {(0,—n) | n € ZT} is
isomorphic to ZT so is Artinian. Thus we have shown that Arad M = I. In the quotient
monoid M/I, we have [ay]r = [am]r for any m,n € Z+ so M/I has one generator and is
isomorphic to Z7. In particular, M/I is Artinian and hence M is semi-Artinian.

Notice that M is not Artinian even though it is a submonoid of an Artinian monoid, and
that since O and c are the only primes, M is not primely generated.

Notice also that nc + a, = ag for all n € N. So nc < ag for all n € N does not imply
that ¢ < ag, even though M has the strongest possible cancellation property. See 13.7 and
11.34.

The above example happens to be cancellative and so weakly cancellative, but example
15.9 shows that, in general, semi-Artinian refinement monoids do not have to be either.

Recall that in a decomposition monoid, the Artinian radical is the largest Artinian order
ideal. This suggests the following definition:

Definition 14.3. Let M be a decomposition monoid. Define inductively an increasing
sequence of order ideals, Aradg M < Aradi M < --- < Arad, M < ... for a € Ord, as
follows:

1. Aradg M = {< 0}
2. Aradyy 1 M = o (Arad(M/ Arad, M)) where o, is the quotient homomorphism
from M to M/ Arad, M.

3. If a is a limit ordinal, define Arad, M = U,B<a Aradg M
In addition, we define the semi-Artinian radical of M by

srad M = U Arad,, M.
aceOrd
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Notice that, by 5.10, we have
(Aradgy1 M)/(Arad, M) = Arad(M/ Arad, M).

So (Arad,y1 M)/(Arad, M) is Artinian for all @ and Aradg M < Arad; M < ... is a semi-
Artinian series in M.

From 12.6.7, we get directly that Arad M = Arad; M. A simple induction argument
shows that if there is some « € Ord such that Arad,4+1 M = Arad, M, then Aradg M =
Arad, M for all 3 > «, so that srad M = Arad, M. In particular, if Arad; M = Arady M,
that is, if Arad M = {< 0}, then srad M = {< 0}.

Proposition 14.4. Let M be a decomposition monoid, and Ip < I < --- < M a semi-
Artinian series. Then I, C Arad, M for all o € Ord.

Proof. Proof by induction on «. ..
e o =0 Trivial.

e o is a successor ordinal Suppose o« = $+ 1 and Ig C Aradg M. Let 7 and og be
quotient homomorphisms as in the diagram.

M;)M/Iﬂ
\ lp
a3
M/AradgM

Then since Iz C Aradg M, there is a homomorphism p making the diagram com-
mute. og is exact and 7 is surjective, so from 12.2, p is exact. 7(I,) = Io/Ig is
Artinian so, using 12.5.2, p(7(I)) = 05(I,) € Arad(M/ Aradg M). Thus

I, C G‘El(o‘ﬁ(fa)) - Ugl(Arad(M/ Aradg M)) = Arad, M,

and the claim is true for successor ordinals.
e o is a limit ordinal We have Iz C Aradg M for all 5 < a.. Thus

In=|J Is € | Arads M = Arad, M,
B<a B<a
so the claim is true for limit ordinals.
O

Corollary 14.5. A decomposition monoid M is semi-Artinian if and only if M = srad M.

Proof. If M = srad M then the chain of order ideals Arady M < Arad; M < ... satisfies the
requirements of the definition of semi-Artinian monoids.

Conversely, if [y < I; < --- < M is a chain of order ideals as required by the definition,
then from the previous proposition,

M = U I, C U Arad, M = srad M C M.
aeOrd aeOrd
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Proposition 14.6. If I is an order ideal in a decomposition monoid M, then for all
a € Ord
Arad, I = (Arada M) NI
and
srad I = (srad M) N 1.

Proof. We prove the first claim by induction on «a. ..
e o =0 Since {<0} CI, we get Aradg ] = {< 0} = Aradg M = (Aradg M) N 1.
e o is a successor ordinal Suppose & = [+ 1 and Aradg ] = (Aradg M) NI. Let o
and oj; be quotient homomorphisms and ¢ the inclusion homomorphism as in the
diagram:

I —2>1/Aradg I
b,k
M 22> M/ Aradg M

Since Aradgl C Aradg M, there is a unique homomorphism ¢ which makes the
diagram commute. Since Aradg I = (Aradg M)NI, from 7.14 we have that 1 induces
a monoid isomorphism from I/ Aradg I to (I + Aradg M)/ Aradg M. In particular,

Arad(I/ Aradg I) = ¢~ (Arad((I + Arads M)/ Arads M)).
Using 12.5.7, 5.10 and 7.11.2 we calculate
Arad((I + Aradg M)/ Aradg M) = Arad(M/ Aradg M) N (I + Aradg M)/ Aradg M
= op(Arad, M) Nop (1)
=op((Arady M)NI)
Finally, using 7.11 and the distributivity of £(M) 7.10, we get
Arad, I = o '(Arad(I/ Aradg )
= o7 (¥ (Arad((1 + Aradg M)/ Aradg M)))
o7 (W (on((Arade M) N 1))))
=1 Yoy} (o ((Arad, M) N 1))))
= 1" ((Arad, M) N I + Arads M)
=1N((Arady M) NI+ Aradg M)
= (Aradog M) NI+ (Aradg M) NI
= (Arad, M) NI
e o is a limit ordinal We have Aradg I = (Aradg M) NI for all 3 < o. Thus
Arad, I = | ) Arads I = | ((Aradg M) N 1) = (| Arads M) N T = (Arad, M) N 1.

B<a f<a B<a

The second claim is immediate from the first claim. O
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Corollary 14.7. Let I be an order ideal in a decomposition monoid M and x € M.
1. I is semi-Artinian if and only if I C srad M.
2. {< z} is semi-Artinian if and only if x € srad M
3. M is semi-Artinian if and only if {< x} is semi-Artinian for all x € M
4. srad M is the union of all semi-Artinian order ideals of M

Proof. Immediate from 14.6. (]

Corollary 14.8. Let A, B be two order ideals in a decomposition monoid M. Then for all
a € Ord

Arad, (A + B) = Arad, A + Arad, B

Arad, (AN B) = (Arad, A) N (Arad, B)

srad(A + B) = srad A + srad B

srad(A N B) = (srad A) N (srad B)

A+ B is semi-Artinian if and only if A and B are semi-Artinian.

Proof. Similar to proof of 12.6. ]

ANl

Lemma 14.9. Let Io < I < --- < M be a semi-Artinian series in M and o: M — N
an exact monoid homomorphism with N a decomposition monoid. Set J, = o(1,) for each
a € Ord. Then Jy < J; <--- < N is a semi-Artinian series in N.

Proof. Since o is exact, each J, is an order ideal. We have three requirements to check. ..

1. Since Iy = {< 0}, we have Jy = o(Iy) C {< 0}. Conversely, Jy = o(lp) is an order
ideal which contains ¢(0) =0, so Jy O {< 0} = {< 0}.
2. Let a € Ord, and T, p the quotient homomorphisms as in the diagram.

o
Ioyr ———Jan1

Pk
P
Ia-i—l/loc —— Ja+l/Ja
Since I, C ker(p o o), there is a homomorphism ¢ making the diagram commute.
Since N has decomposition, p and, hence poo are exact. 7 is surjective so, by 12.2,
¥ is exact. Io41/I, is Artinian, so by 12.5.2, ¥(Iq41/1a) = Jat1/Jo is Artinian.
3. If @ € Ord is a limit ordinal, then
Jo=0a)=0(|J Ip)= | ocls) = | Js.
B<a B<a B<a

O

Proposition 14.10. Let 0: M — N be an exact monoid homomorphism with N and M
decomposition monoids. Then for all o € Ord
o(Arad, M) C Arad, N,
and
o(srad M) C srad N.

In particular, if M is semi-Artinian, then so is o(M).
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Proof. The sequence Aradg M < Arad; M < ... < M is a semi-Artinian series in M, and
o is exact, so by the previous proposition, o(Aradg M) < o(Arad; M) < ... < N is a semi-
Artinian series in N. From 14.4 we therefore get o(Arad, M) C Arad, N. The rest of the
claim then follows directly. O

If I is an order ideal in a decomposition monoid M then from 12.1.4, the quotient homo-
morphism is exact, so we get immediately

Corollary 14.11. Let M be a decomposition monoid and I < M an order ideal, with
o: M — M/I the quotient homomorphism. Then for all o € Ord

o(Arad, M) C Arad,(M/I),
and
o(srad M) C srad(M/I).
In particular, if M is semi-Artinian, then so is M/I.

So far we have been constructing a semi-Artinian series using the Artinian radical. Since
the Artinian radical is the largest Artinian order ideal (for decomposition monoids), the
resulting series takes the largest possible jumps between successive order ideals.

We consider next the opposite extreme, namely, taking at each step a minimal non-trivial
Artinian order ideal. If such an order ideal exists it will be generated by an atom:

Definition 14.12. Let M be a monoid. An element a € M is an atom of M if it is
minimal in the subclass M \ {< 0}.

The following are easily checked consequences of the definition:

Proposition 14.13. Let M be a monoid, I < M an order ideal, and a € I. Then the
following are equivalent

1. a is an atom of M

2. a £0 and for all b < a, either b <0 orb=a.

3. a is an atom of I.

4. [a] is an atom of M.
- la] # [0] and {< a} = {[0], [a]} € M.
In addition, atoms are indecomposable.

Also worth noting is that in a conical monoid, an element a is an atom if and only if
a#0and (b<a = b=0orb=a).

ot

Proposition 14.14. Ifa is an atom of a decomposition monoid M, then {< a} is Artinian.

Proof. Since {< a} = {[0], [a]} is a finite set, {< a} is Artinian. From 12.6.5, this implies
that {< a} is Artinian. O

Corollary 14.15. For a decomposition monoid M, Arad M D {< 0} if and only if M has
an atom.

Proof. If M has an atom, then {< a} is Artinian, so Arad M contains a ¢ {< 0}. Conversely,
if Arad M D {< 0} then the Artinian subclass Arad M \ {< 0} has a minimal element, which
will be an atom of Arad M and hence an atom of M. |
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Since Arad M = {< 0} if and only if srad M = {< 0} we get immediately

Corollary 14.16. For a decomposition monoid M, srad M D {< 0} if and only if M has
an atom.

In particular, if M is a semi-Artinian decomposition monoid such that M D {< 0} then
M has an atom. More generally

Corollary 14.17. If I C J are order ideals in a semi-Artinian decomposition monoid M,
then J/I has an atom.

Proof. From 14.11 and 14.7, J/I is semi-Artinian. By hypothesis J/I D {0} = {< 0}, and
so, from the previous proposition, J/I has an atom. (]

The significance of this proposition is that, except for set theoretical considerations, the
existence of atoms in subquotients characterizes semi-Artinian decomposition monoids. To
show this, we will need to consider the difference between sets and proper classes:

Proposition 14.18. If M is a decomposition monoid whose elements form a set, then
there is some o € Ord such that srad M = Arad, M.

Proof. We prove the contrapositive. . .

Suppose srad M # Arad, M for any a € Ord. Consider the increasing map from Ord to
L(M) given by a — Arad, M. We claim that this map is injective. Indeed if Arad,11 M =
Arad, M for some «, then, as we have already noted, srad M = Arad, M. This contradicts
our assumption.

We have then an injective map from the proper class Ord into L(M), hence L(M) is a
proper class. M itself must therefore be a proper class, since otherwise, if M were a set,
then £(M) would be also. O

Lemma 14.19. For an element x in a decomposition monoid, {< x} is a set if and only
if {= x} is a set.

Proof. Suppose {< z} is a set. If z < x then there is some n € N such that z < nz. By the

decomposition property there are z1,z29,...,2, suchthat z=21 + 20+ ...+ 2, and z; < z
for all 4 < n. Thus every element of {< z} is a finite sum of elements of {< z}. Since the
class of finite subsets of {< z} is a set, so is {< x}. The converse is trivial. O

Proposition 14.20. Let M be a decomposition monoid.
1. If M is a set and M/I has an atom for all order ideals I C M, then M is semi-
Artinian.

2. If {< z} is a set for all x € M and for all order ideals I C J of M, J/I has an
atom, then M is semi-Artinian.

Proof.

1. Since M is a set there is some a € Ord such that srad M = Arad, M. In particular,
Arad,41 M = Arad, M so Arad(M/ Arad, M) = {< 0}. From 14.15, M/ Arad, M
has no atoms, so by hypothesis, Arad, M = M, and M is then semi-Artinian.

2. Fix an x € M. From the lemma, {< z} is a set and, by hypothesis, {< 2}/I has an
atom for all I C {< z}. From 1, {< z} is semi-Artinian.

Using 14.7.3, M is then semi-Artinian.
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]

A semi-Artinian series for a monoid M can be constructed inductively using atoms as
follows:
1. Set Io = {S 0}
2. For any ordinal «, pick an atom a,, in M/I,, or, if M/I, has no atoms, pick a, = 0.
Set Iny+1 = 0, ({< an}) where o, is the quotient homomorphism from M to M/I,.
3. For any limit ordinal a set 1o =g, I
A monoid may have many atoms, so it may have many semi-Artinian series of this type.
In this construction, there is no obvious way of choosing a particular atom at each stage.
Thus we are led to consider the order ideal generated by all the atoms. This will give us a
canonical way of producing a semi-Artinian series, the socle series, in any monoid.

Definition 14.21. Let M be a monoid. The socle of M (written soc M ) is the order ideal
generated by all atoms of M.

The following are easily checked consequences of the definition:

Proposition 14.22. Let M be a monoid, and I < M an order ideal. Then
1. soc M = soc M
2. socl C INsocM

Proposition 14.23. Let M be a decomposition monoid, I < M an order ideal. Then
1. soc M = {all finite sums of atoms of M} J{< 0}
2. socl =1INsocM

Proof.

1. If x € soc M there are atoms aq, as,...,a, such that x < a; +as + --- + a,. From
this relationship we get the decomposition matrix
<a; <ax ... <ay,
z ( x Ty ... Tn ).
Since the a; are atoms, the x; are either atoms or in {< 0}.

If x; € {< 0} for all 4, then x € {< 0}. If, on the other hand, one of the z; is an
atom then adding any elements of {< 0} to this element leaves it an atom. Thus z
can be written as a sum of atoms.

2. From 14.22, we have already that socI C I Nsoc M.

To show the opposite inclusion, suppose x € I NsocM. Then from 1, either
x € {< 0} Csocl, or there are atoms ay, as, . ..,a, such that © = a1 +as+ -+ a,.
Since a; < x € I, each a; is in I. Thus, using 14.13, x € socI.

O

Proposition 14.24. If M is a decomposition monoid then soc M is an Artinian order
ideal.

Proof. From 14.22.1, we can assume M is partially ordered.

Let 0 # a € soc M. Then there are atoms ay,as, ..., a, such that a = a; +as+ ...+ ay,.
Suppose b < a, then using decomposition, b can be written b = by +ba+. ..+ b, with b; < a;
foralli =1,2,...,n. For each i, a; is an atom, so either b; = a; or b; = 0. Thus b is a sum of
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a subset of the atoms a1, as, ..., a,, and {< a} is a finite set. In particular, {< a} is Artinian,
and a € Arad M. Since this is true for all a € soc M, we have soc M C Arad M. O

This proposition allows us to construct a semi-Artinian series in any decomposition
monoid based on the socle:

Definition 14.25. Let M be a decomposition monoid. Define inductively an increasing
sequence of order ideals, soco M < soci M < --- <soc, M < ... for a € Ord, as follows:
1. socg M = {< 0}
2. 80Cq+1 M = o (soc(M/soc, M)) where o4 is the quotient homomorphism from M
to M/ soc, M.
3. If a is a limit ordinal, define soc, M = U5<a socg M
In addition, we define the Loewy radical of M by

Lrad M = U soc, M.
aeOrd

As in 14.3, we have
(socat1 M)/ socqy M = soc(M/soc, M)

and so using 14.24, soco M < soc; M < ... is a semi-Artinian series in M. Consequently,
Lrad M C srad M.

Proposition 14.26. If I is an order ideal in a decomposition monoid M, then for all
a € Ord

socq I = (soc, M) N T
and

Lrad I = (Lrad M) N I.

Proof. The proof is the same as the proof of 14.6, except for the use of 14.23.2 in place of
12.5.7. (Il

Given reasonable set theoretic conditions we get Lrad M = srad M:

Proposition 14.27. Let M be a decomposition monoid.
1. If M is a set then there is some a € Ord such that Lrad M = soc, M.
2. If M is a set then Lrad M = srad M.
3. If{<x} is a set for all x € M then Lrad M = srad M.

Proof.
1. The proof is almost the same as for 14.18, since if soc, M = socq1 M for some
« € Ord then Lrad M = soc, M.
2. From 1, there is some o € Ord such that Lrad M = soc, M C srad M. So, in
particular, M/TLrad M and hence, (srad M)/ Lrad M, have no atoms. Since srad M
is semi-Artinian, by 14.17, this is only possible if Lrad M = srad M.
3. Let x € srad M. Using 14.19, {< z} is a set, so using 2 and 14.26,

xz € {< 2z} =srad({< «}) = Lrad{< «} C Lrad M.

Thus srad M C Lrad M. The opposite inclusion is always true, as we have already
noted.
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Since atoms are defined in terms of the order of the monoid, it is no surprise that they
behave well with respect to exact and strictly increasing functions:

Proposition 14.28. Let o: M — N be a monoid homomorphism.

1. If o is strictly increasing and a € N an atom, then all elements of o~*(a) are atoms.
2. If o is exact and a € M an atom, then o(a) is an atom or o(a) < 0.
3. If o is exact then o(soc M) C soc N.

Proof.

1. Let a’ € 071(a). If o’ < 0 we would have a = o(a’) < 0, contrary to a being an
atom. So we must have a’ £ 0.

Now suppose b < a’. Then o(b) < o(a’) = a, so either o(b) < 0 or o(b) > a. In
the first case, we have 0 < b and ¢(0) > o(b), so, since o is strlctly increasing, b < 0.
In the second case we have b < o’ and o(b) > o(a’), so b > a’. Therefore a’ is an
atom of M.

2. Let @’ = o(a) and suppose a’ £ 0. Then to show a’ is an atom it remains to check
that ¥’ < a’ implies either &’ < 0or & >da'...

Suppose V' < o/ = o(a). Then, using exactness, b’ € {< o(a)} C o({< a}). So
there is some b < a such that b = o(b). Since a is an atom, either b < 0 or b > a,
and hence, either &’ < 0 or ¥’ > a’. Therefore a’ is an atom of N.

3. If a € soc M then there are atoms aq,as,...,a, such that a < a; +as + ...+ ay,.
Thus in N, o(a) < o(ay)+o(az)+...+0(ay). From 2, for each i < n, o(a;) is either
an atom or in {< 0}. Thus o(a) € soc(N).

]

Proposition 14.29. Let o: M — N be an exact monoid homomorphism with N a decom-
position monoid. Then for all o € Ord

o(socq, M) C socy N.
Proof. By induction. . .
e a=0 o(socg M) =0({<0}) C{<0} =s0co N

e a is a successor ordinal Suppose a = 5+ 1 and o(socg(M)) C socg(N). Let 7, p be
the quotient homomorphisms as in the diagram.

M N
] lp
M/SOC,gML N/socg N

Since o(socg(M)) C socg N, there is a homomorphism v making the diagram
commute.
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Since N has decomposition, p and, hence p o o, are exact. 7 is surjective so, by
12.2, 9 is exact. By 14.28.3,

W (soc(M/socg M)) C soc(N/socg N)
(

Now suppose we have a € soc, M. Then 7(a) € soc(M/socg M), and therefore
p(o(a)) = ¥(7(a)) € soc(N/socs N). This means that o(a) € soc, N.
e o is a limit ordinal We assume o (socg(M)) C socg N for all § < a. Thus

o(socqe M) = o( U socg M) = U o(socg M)

B<a B<a
- U socg N = socy(N).
B<a

For the remainder of this section we will turn our attention to strongly separative monoids.
The reason for this is that the monoids M(R-Noeth) and M(R-Art), to be defined in
Section 16, are strongly separative (as well as semi-Artinian).

Proposition 14.30.
1. If M is a strongly separative decomposition monoid, then for all a,b € M

a<besocM — a<0.
2. If M is an Artinian monoid, then for allb e M,
(Vae M) (a<xb = a<0)) = besocM.

Proof.

1. If b < 0 then a < 0 and we are done. Thus by 14.23, we can assume b = by +bao+. . .+b,

for some atoms by, bs, ..., b,.

We will assume first that a is an atom, and show by induction on n that this leads
to a contradiction. ..

n =1 We have a < b;. Since a £ 0 and by is an atom, this implies a = by, and so
a < a. But a strongly separative monoid has no proper regular elements, so
this contradicts our hypothesis.

n > 1 Since M has decomposition, a is prime. So from a < by + by + ... + by,
there is some index I such that a < b;. As above, this implies a = b;. Let
b = E#l b;. Then b =a + b and from a < b, we get 2a + b < a + . Since
M is strongly separative, we can cancel a from this to get a + &' < ¥/, that is
a < . Since V' is a sum of n — 1 atoms, we have completed the induction

step.
Finally, we consider the general situation. We have a € soc M, so either a < 0 or
a=ai;+as+ ...+ a, for some atoms ay,as,...,a,. In the second case we would

have a; < a < b, so a; < b. Since a1 is an atom, this leads to the contradiction
discussed above. Thus we must have a < 0.
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2. We prove the contrapositive. . .
Suppose b € soc M. Define

B={b|b <band b &socM}.

Since b € B, B is not empty and has a minimal element, by. by & soc M so, in
particular, by is not an atom. Thus there is some b; < by such that by £ 0 and
b1 2 bg. Let ba be such that by = by + ba. We must have by £ 0, since otherwise we
would get by < b;.

soc M is an order ideal, so at least one of b; and b, must not be in soc M. Since in
the following we need only that b1,bs £ 0, we can, without loss of generality, assume
that b; & soc M.

We have b; € B and b; < by, so, by the minimality of by, by < by. Thus, setting
a = by, we get by + a < by + a = by, that is, a < by. Since by < b, we get finally
a < b with a £0.

O

Combining the two parts of this proposition we get

Corollary 14.31. If M is a strongly separative Artinian decomposition monoid, then for
allbe M,

(Vae M) (a<b = a<0)) < besocM.

Proposition 14.32. Let N be a strongly separative decomposition monoid, and o: M — N
a monoid homomorphism such that o=1({< 0}) = {< 0}. Then

o~ (soc N) C soc M.

Proof. First we note the following fact:

Suppose a,b € o~ !(soc N) such that o(a) < o(b). We have o(b) € soc N with N a
strongly separative decomposition monoid, so from 14.30.1, o(a) < 0. By the hypothesis,
this implies a < 0. In particular, a < b.

From 12.1.5, this implies that o is strictly increasing on o~!(soc V). From 14.24, soc N
is Artinian, and so, from 12.5.1, 0~ 1(soc N) is Artinian.

Let b € 0~ !(soc N). Then from the above discussion we have that a < b implies a < 0.
Since 0~ (soc N) is Artinian, 14.30.2 shows that b € soc(c~t(soc N)), and so, by 14.22.2,
b € soc M.

O

Proposition 14.33. Let M and N be decomposition monoids with N strongly separative,
and o: M — N a monoid homomorphism such that c=*({< 0}) = {< 0}. Then for all
a € Ord

0_1(soca N) Csoc, M.

Proof. By induction. . .

e a =0 By hypothesis, we have o~ !(soco N) = o1 ({< 0}) = {< 0} = soco M.
e a is a successor ordinal Suppose o = 3+ 1 and o~ (socg N) C socg M.
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Let p, 7 and p be quotient homomorphisms as in the diagram:

N

T P
M/ socg M <—~ M /o~ (socs N) L>N/SOC5N

Since o(0~(socsg N)) C socg N and o~ '(socg N) C socg M, we can fill in the
diagram with homomorphisms v and ¢ making it commute.

N is strongly separative, so by 8.15, N/socg N is also strongly separative. Also,
by construction, 9~ ({< 0}) = {< 0}, so, using 14.32, we get

Y~ (soc(N/socs N)) C soc(M/o~ (socs N)).

Since M has decomposition, the homomorphism v is exact (12.2). From 14.28.3, we
then get
v(soc(M /o~ (socs N))) C soc(M/socg M).

Now suppose a € 0~ 1(s0cy(IN)). We will show that a € soc, M. ..

We have o(a) € socy N, so ¥(7(a)) = p(o(a)) € soc(N/socg N). This implies
that 7(a) € ¥ ~1(soc(N/socg N)). From above, 7(a) € soc(M/o~1(socg N). Then
p(a) = v(r(a)) € v(soc(M /o~ (socg N))), and from above, u(a) € soc(M/socs M).
Hence a € soc, M.

e « is a limit ordinal We assume o~ (socg N) C socg M for all 3 < a. Thus
o (socy (N)) = o7} U socg N) = U o (socg N)
B<a B<a

C U socg M) = socq, M
B<a



132

15 Semi-Artinian Refinement Monoids

In this section we consider the properties of semi-Artinian refinement monoids. Unlike
Artinian monoids, semi-Artinian monoids are not, in general, primely generated, so we do
not expect to get all the properties that Artinian monoids have. The main result of this
section is that semi-Artinian refinement monoids are midseparative (and hence separative).
We will also show by example that semi-Artinian monoids do not have weak cancellation or
<-multiplicative cancellation.

The key to showing that semi-Artinian monoids are separative is the extension property
of separative monoids given in 8.16: If I is a separative order ideal in a refinement monoid
M such that M/I is separative, then M is separative. In particular, if I and M/I are
Artinian, then M is separative.

Proposition 15.1. Any semi-Artinian refinement monoid is separative.

Proof. Let Inp < I < --- < M be a semi-Artinian series such that M = Ua I,. We do the
proof by induction. ..

First we note that Iy = {< 0} is a group so I is both cancellative and separative. Now
suppose « € Ord such that I is separative for all 3 < o. We have two cases:

o If o is a successor ordinal, @ = §+ 1, then Iz is separative, and I, /I3 is an Artinian
refinement monoid, hence is also separative. From 8.16, this implies I, is separative.

e If o is a limit ordinal, then I, = Uﬁ<a Ig. This is easily seen to imply that I, is
separative.

Finally, since I, is separative for all o, M is also separative. O

The extension property of separative monoids used in this proof is not shared by weakly
cancellative or midseparative monoids. See Examples 9.7 and 15.9. Nonetheless for the
midseparative case we have the extension property given in 13.6: If I is an Artinian order
ideal in a refinement monoid M such that M /I is midseparative, then M is midseparative.
In particular, if I and M/I are Artinian, then M is midseparative. The existence of this
property suggests that semi-Artinian refinement monoids are midseparative. To prove this
we will first prove a semi-Artinian monoid version of Proposition 13.4.

Theorem 15.2. Let a and b be elements of a refinement monoid M such that 2a = a + b.
If {< b} is semi-Artinian, then there exists an idempotent e such that a = b+ e.

Proof. Let Iy < I < ... < {< b} be a semi-Artinian series such that {< b} =, Io. As in
13.4, we define

B={V e M|3d,d such that a =d +a',b=d +¥,2d =ad +b'}.

Now b € B, and b € I, for some v € Ord, so BN I, # 0.
Let o € Ord be the least ordinal such that BN I, # 0. We will prove that o = 0 by
showing that if « is either a limit or successor ordinal then we get a contradiction. . .
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e o is a limit ordinal Let by € BN I,. Since I, = U[3<a I, there must be some 3 < «
with by € Ig and hence by € BN Ig. This contradicts the minimality of o.

e o is a successor ordinal Suppose @ = B + 1. Let og: {< b} — {=< b}/I5 be the
quotient homomorphism. Then og(l,) = I, /I is Artinian and B’ = og(BN1,) is a
nonempty subclass of an Artinian monoid.

Let by € BN I, be chosen so that og(by) is minimal in B’. Since by € B, there are
ag and dg such that a = dg + ag, b = dy + by, and 2ag = ag + by.
Exactly as in 13.4, by 8.6, there is a refinement matrix

by ai

ap dz as

ap \b2 co
with ¢o < ag and 2by < ag. We also have a = (do + d2) +ag, b= (do + dg) + by, and,
by 8.1.2, 2as = ag + ba, so b € B. Since by < by, the minimality of o5(bg) implies
03(bo) < 0(bs). In particular, o5(2by) < 03(2b2) < gs(ao).

Since 03(2bg) < og(agp), there is some u € Ig such that 2by < ag + u. We make a
refinement of this inequality

<a <u

bo as us
bo a4 Uy
and then a further refinement of by = az + usz = a4 + u4:

az  ug

a4 (d’ yl)
Ug \Y2 Y3
Set b’ = y1 + y2 + y3 so that by = d’ + b'. We will show that ¥’ € BN Iz...
We have 2d’ < as+a4 < ag, so there is some x such that ag = 2d’+z. Set o’ = d'+=x
so that ag =d +a’. Thena =do+ap = (do+d')+a’ and b =dy+by = (dg+d')+V'.
Note that d’ < az < by < b, so that d’ € {< b} and also that, from 15.1, {< b} is
separative. From the equation 2ay = ag + by we get 2a’ + 2d’ = o’ + V' + 2d’ with
d < 2a',a’ +b. We can then use 8.14.3 to cancel 2d’ and get 24’ = a’ + b'. Thus
b e B.
Also b/ < wug+uy < wu € Ig, s0b € Ig, that is b’ € Ig N B. Since § < «, this
contradicts a being the least ordinal such that BN I, # 0.

Since « is neither a limit ordinal or a successor ordinal, we must have « = 0. Thus
there is some by € Ip N B = {< 0} N B. Let ag,dy be the corresponding elements such that
a = do+ ag, b = do + by and 2a9 = ag + by. Since by < 0, there is some b} such that
bo +b) = 0. Set e = ap + by. It is then easy to check that e is an idempotent such that
ag = bg + e. Adding dj to this equation gives a = b + e. O

As an immediate corollary we have
Corollary 15.3. Any semi-Artinian refinement monoid is midseparative.

The next two results follow from 15.2 in the same way that 13.5 and 13.6 follow from
13.4:

Corollary 15.4. Let I be an semi-Artinian order ideal in a refinement monoid M .
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1. Ifa,b,c e M witha+c=b+c, c<a andb € I, then there is an idempotent e < c
such that a = b+ e.

2. If 2[e]; = [e]; for some e € M, then there is an idempotent ¢/ < e such that
[€']r = [e]s-

3. If 2[e];r = [e];r < [a]; for some e,a € M, then there is an idempotent ¢’ < a such that
[€]r = [els

Proof. Exactly as in the proof of 13.5. ]

Proposition 15.5. Let I be a semi-Artinian order ideal in a refinement monoid M. Then
if M/I is midseparative, so is M.

Proof. Exactly as in the proof of 13.6. ]

The next goal of this section is to show that semi-Artinian refinement monoids do not, in
general, have weak cancellation or <-multiplicative cancellation. Constructing a counterex-
ample in the <-multiplicative cancellation case is made more difficult by the fact that any
weakly cancellative semi-Artinian refinement monoid has <-multiplicative cancellation. To
show this we will need the following two lemmas:

Lemma 15.6. [31, Lemma 1.9] Let M be a refinement monoid and a,b,c € M such that

a+ b =nc for somen € N. Then there are xg,x1,...,2, € M such that
n n n
a:Zkajk sz(n—k)xk C=Z$k~
k=0 k=0 k=0

Proof. The n =1 case is trivial. We will prove the other cases by induction. ..
Suppose the claim is true for some n € N and we have a + b = nc+ ¢ in M. Then we
make a refinement of this equation

nc c
a al an
b\ b1 b

Since a1 + by = nc, we use the induction hypothesis to get yg,y1,-..,yn € M such that

ar =Y g okyr, b1 = > i o(n—k)yy and ¢ = Y1 _ yx. We also have as+by =c= >} _, Yk
so we get a refinement

Yo Y1 - Yn
as up Ur ... Unp,
bg Vo U1 Un

For k=0,1,2,...,n,n+ 1, define
Vo k=0
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It is then straight forward to check that xg,x1,..., 2,41 satisfy the equations
n+1 n+1 n+1
a:kak b:Z(n—I—l—k)mk c:ka.
k=0 k=0 k=0

O

Lemma 15.7. Let M be a weakly cancellative refinement monoid, and ag,bg € M such that
nag < nbg for some n € N. Then there are a1,b1,dy such that ag = dy + a1, bg = dy + by,
nay; < nby and na; < (n — 1)agp.

Proof. Let u € M be such that nag+u = nbg. We write this equation as ag+((n—1)ag+u) =
nby and then use the previous lemma to get xg,z1,...,x, € M such that ag = ZZ:O kxy,
and by = >} _ Tk-

Set di = ZZ:l zr, and a; = 22:2(]6 — D)y so that ag = dy + a1 and by = dy + z9. We
also have

na; = nZ(k — Dz, = Z(nk —n)x, < Z(nk‘ —k)xg=(n—-1) Z kzi < (n— 1)ag.
k=2 k=2 k=2 k=2
From nay < nby we now get nd; + na; < nd; + nxg. Using separativity, we cancel
(n—1)d; from this to get dq +nay < di +nzxp, and using 9.13.1, there is some y; < dy such
that na; < nxg+yi. Let y» be such that di = dy +y1 + y2, and set by = 29+ y1 +y2. Then
di+bi=di+x0+y1 +y2 =di +x0 = by and nay < nxo+y1 < n(xo +y1 +y2) = nb.
O

Theorem 15.8. Any semi-Artinian refinement monoid which has weak cancellation, also
has <-multiplicative cancellation.

Proof. Suppose a and b are elements of a weakly cancellative semi-Artinian refinement
monoid M such that na < nb for some n > 2. We will show that a <b...
Let Ip < I; < ... < M be a semi-Artinian series such that M =, I,. We define

A={ad | W, d such that a =d +ada’,b=d + b, and na’ < nb'}.

Now a € A, and a € I, for some vy € Ord, so AN I, #0.
Let o € Ord be the least ordinal such that AN 1T, # (. We will prove that a = 0 by
showing that if « is either a limit or successor ordinal then we get a contradiction. . .
e « is a limit ordinal Let a9 € ANI,. Since I, = Uﬁ<a I, there must be some < o
with ag € Ig and hence ag € AN Ig. This contradicts the minimality of a.

e « is a successor ordinal Suppose @ = 4+ 1. Let og: M — M/Ig be the quotient
homomorphism. Then o3(I,) = I, /I is an Artinian monoid and A" = og(A N I,)
is a nonempty subclass of an Artinian monoid.

Let ag € AN I, be chosen so that og(ag) is minimal in A’. Since ag € A, there
are by, dg such that a = dy + ag, b = dy + by, and nag < nby.

By 15.7, there are ai,b1,d; such that ag = di + a1, bg = di + b1, nay < nb;
and na; < (n — 1)ag. We have a = (dg + d1) + a1 and b = (do + dy) + by and
so a1 € A. Since also a1 < a9 € I, we have a1 € AN I, and og(a1) € A
with og(a1) < 03(ag). The minimality of o5(ag) then implies og(ap) < og(a1). In
particular, og(nag) < og(nai) < og((n — 1)ap).
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Since og(nag) < og((n—1)ag), there is some u € Ig such that nag < (n—1)ag+wu.
The monoid M is separative so we can cancel (n — 2)a from this to get 2ag < ag + u.
Using 9.13.1, there is some yy < ag such that ag < u + yo. Decomposing this, we
get ag = az + y1 with as < w and y; < yg < ag, that is, y1 <K ag. We will show that
as € A. ..

Let y2 be such that ag = ag+y1 +y2. Since nag < nbg, we have nby = nbg+y1 +y2,
and since M is separative, by = by + y1 + y2. Set ba = by + y2. Then by = bs + y1, so
a=(do+y1)+ ag and b = (do + y1) + b2. Also nas < nag < nby < nbe, so as € A.

We also have ap < u € I, and so ag € Ig, that is as € Ig N A. Since § < «, this
contradicts a being the least ordinal such that AN I, # 0.

Since « is neither a limit ordinal or a successor ordinal, we must have o = 0, and so there
is some ag € Iy N A = {< 0} N A. Since ag € A, there are by, dy such that a = dy + ag,
b =dy + bg. Finally ag <0, so we get a =dg + ag < dy < b. O

This proposition explains the complexity of the following example, which to exhibit failure
of <-multiplicative cancellation in a semi-Artinian refinement monoid must also fail weak
cancellation. This example has many other interesting properties and serves also as a general
purpose counterexample for many hoped-for-but-not-true claims about monoids.

Example 15.9. A semi-Artinian refinement monoid containing two incomparable elements
ag, by such that 2ag = 2bg.
Let F' be the free monoid on the generators, ¢, d', ag, by, ay, by, ab,05,.... Let ~ be the
congruence on F' generated by
2a, ~ 2b),
a;z ~ a’;L+1 + ~ b;H—l +d

/ / / / U
by ~ by +¢ ~ap+d

for alln € Z+.
Let M = F/ ~ and 0: F — M the quotient homomorphism. We write a, = o(al,),
by =0(b),), c=0(c) and d = o(d'). Then in M we have
2a,, = 2b,
Qp :an+1+czbn+1 +d
b, = bn+1 +c=apy1 + d.

Note also that a, = anyo + 2¢ = anto + 2d, by, = bpyo + 2¢ = byt + 2d, and also
ap + 2¢ = a, +2d and b, + 2c = b, + 2d for alln € ZT.

e Claim a, and b, are incomparable:
Define monoid homomorphism o': F' — Z+ X Z x Zy by

a'(ay,) = (1,n,0) o' (b,) = (1,n,1)
o/ () = (0,-1,0) o (d) = (0,-1,1)
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for allm € Zt. Z+ x Z x Zy is a cancellative refinement monoid. Since
o' (2a,) = o' (2b],)
o'(a,) = a'(a,41) + /(') = o' (V1) + o/ (d)
o (by,) = o' (b41) + ' () = &/ (af11) + &/ (d),

there is an induced monoid homomorphism a: M — Z+ x 7 x 7y such that o/ = aoo,
in particular,

a(an) = (1,77,,0) Oé(bn) = (1,717 1)
a(c) = (0,—1,0) a(d) =(0,-1,1)
Since the images of ¢, d, ag, b, a1, b1, az, ba, . .. are distinct elements in Z+ X Zx 7,

these elements are distinct in M.

a(M) is (ZT x Z x Z3) \ ({0} x N x Zg) {(0,0,1)}), which is, of course, a
submonoid of Zt X 7. X Zy. Notice that a(c) + a(c) = a(d) + a(d). This equation has
no refinement in «(M), as is easily checked, so a(M ) does not have refinement.

Now we show that for each n € N, the elements a,, and b,, are incomparable. . .

If a,, < by, then there would be some uw € M such that a, + v = b,. Applying
a to this equation gives (1,n,0) + a(u) = (1,n,1) and hence a(u) = (0,0,1). But
(0,0,1) € (M), so no such u can exist. Therefore a,, £ by, and similarly, b, £ a.

e Claim M is partially ordered:

A straight forward calculation shows that for two elements u',v' € F, we have
o (u') + o/ (v') = (0,0,0) if and only if v’ = v = 0. Thus we have a similar result
for two elements u,v € M: a(u) + a(v) = (0,0,0) if and only if u=v =0.

A consequence of this is that u < x in M if and only if u=0: If t +u < x then
there is v such that x +u+v = x and hence a(z) = a(u) +a(v) + a(z). Cancellation
in Zt x Z x Ly gives a(u) + a(v) = (0,0,0), and so u = 0.

Now it is easy to show that M is partially ordered. ..

If x =y in M then there is u < x such that © = y+u. But u < x implies u =0,
and so x =vy.

e Claim M is not weakly cancellative:

Let I C M be the submonoid generated by ¢ and d. In fact, I is an order ideal,
since it is the inverse image under o of the order ideal {0} X Z X Zy < 7+ X Z X Zs.
We will also show that I is free. ..

Write (Z+ x ZT)> for the monoid obtained by adjoining an infinite element to

7T x 77T,
We define a monoid homomorphism 3': F — (ZT x Z1)>®
B'(ay,) = o0 B'(br,) =
B'(c) = (1,0) A'(d) = (0,1)
Just as for the homomorphism o', 3 induces a homomorphism 8: M — (ZT x Z7T)*®
such that
Blan) = oo B(bn) = o0
B(c) = (1,0) p(d) = (0,1)
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Using this homomorphism it is easy to see that mic 4+ nid = moc + nad in M if
and only if m1 = my and ny = ny. Thus ¢ and d generate a free submonoid in M.
One immediate consequence is that 2c # 2d, so the equation ag + 2¢ = ag + 2d does
not cancel. This means that M is not cancellative, and, since for any u, u < ag
implies uw = 0, M can not be weakly cancellative either.

Note that a(M) is cancellative but M is not, so M and a(M) are not isomorphic.

e Claim M is semi-Artinian:

We have already noted that the order ideal I is isomorphic to Z+* x Z+, so I is
Artinian and I C Arad M. In fact, we will show that I = Arad M. ..

We have a, = api1+ ¢ and by, = b1 +c¢ for alln € ZT, so ag > a1 > as > ...
and by > by > by > .... These sequences must be strictly decreasing since M is
partially ordered and all the a,, and b, are distinct. Thus M is not Artinian, no a,
or by is in Arad M, and I = Arad M.

In M/1, it is easy to check that [ao];r = [am]|r = [bn]r for all m,n € Z*, so that
M/I has a single generator. We will show, in fact, that M/I =7+ . ..

Let ~': F — Z* be the monoid homomorphism defined by v/ (al)) =~'(b],) =1 for
alln € Z* and v'(¢') = 4/(d') = 0. This homomorphism is surjective. It is easily
checked that v induces a surjective monoid homomorphism ~v: M — ZT such that
Y(an) = y(bn) =1 for alln € Z* and v(c) = y(d) = 0. Since I C ker~, there is
another induced homomorphism 5: M/I — Z% such that ¥([ag]r) = 1. Since [ao];
generates M /I and 7 1is surjective, we have M /I = Z*.

Thus both I and M/I are Artinian and so M is semi-Artinian. Notice also that T
and M/I are cancellative but M is not, and I and M/I are weakly cancellative but
M is not.

e Claim M has refinement:

Let x € M. Then x can, in general, be written as a sum of the generators in many
ways. Fix such an expression and let N € N be a number greater than any subscript
of a or b appearing in this expression. If there is no a, or b, in this expression,
then any N € N will do. Then using the rules a, = ap+1 +c¢ and b, = any1 +d a
sufficient number of times, x can be written in the form

z = lay +mc+ nd

for some l,m,n € Z*. Note that a(z) = (I, Nl —m —n, n (mod 2)).

We now consider how to construct a refinement of the equation x1 + x93 = T3+ 24
for elements x1,x9, 23,04 € M. ..

If we happened to have x1,22,23,24 € I, then, since I = Z+ x ZT which is a
refinement monoid, we are done.

So it remains to deal with the case where not all of x1,x2,x3, x4 are in I. We will
assume, without loss of generality, that x1 & 1. This, of course, implies that either
x3 or x4 s not in I. By choosing a suitably large N € N, we can write

z; = lany +mic+ n;d 1=1,2,3,4

with l;,m;,n; € ZT. Since x1 € I, we have [; > 1.
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Applying the homomorphism « to the equation x1 + xo = x3 + x4 we get

hit+le=Il3+1
N(ll—l—lg)—(ml—l—mg—l—nl—l—ng):N(lg+l4)—(m3+m4+n3+n4)

ny+ng =ng+ng (mod 2)

Set A =n3z+ny — (n1 +n2). Then from the above equations we get A =0 (mod 2),
that is, A is an even integer, and A = mq + ma — (ms + my). Without loss of
generality, we will assume A > 0. (If A < 0 we can interchange the variables x1, o
with x3, x4 and start over again.)

If A = 0 then we have ly +1y = l3+1y, my+mo = mg+my and ny+ngo = ng+ny.
Refinements of these three equations in Z© then provide coefficients of an,c,d for a
refinement of the original equation, r1 4+ xo = T3 + T4.

If A > 0 then we will show that by replacing N by N + 2 we can reduce A by 2.
Repetition of this process eventually gives A = 0.

We make new expressions for x1,xo,x3,4, using the rule ay = an42 + 2¢ =
an42 + 2d. . .

Since 11 > 1 we can write

€T = (aN+2 + 2d) + (ll — 1)((1N+2 + 20) + mic+ nid
=lhiant2 + (m1 + 20 — 2)c+ (n1 + 2)d,

and for i = 2,3,4 we write

x; = li(ansa + 2¢) + mic+ nid
= liaN+2 + (211 + mi)c + ’flzd

A simple check shows that the A for these new expressions is ng +ng — (ng +ng) — 2
as promised.

To close this section we combine the midseparativity of semi-Artinian refinement monoids
with 14.29 and 14.33 to produce a proposition which is in a useful form for application to
the monoids M (R-Noeth) and M (R-Art) in Section 17.

Corollary 15.10. Let M and N be refinement monoids such that N = Lrad N and N has
no proper reqular elements. Let o: M — N be an exact monoid homomorphism such that
o 1({<0}) = {<0}. Then

1. M = Lrad M, in particular, M is semi-Artinian.

2. M s strongly separative.

3. For all a € Ord, soc, M = o~ *(soc, N).

4. If, in addition, o is surjective, then for all a € Ord, socq, N = o(soc, M).

Proof. N is a semi-Artinian refinement monoid with no proper regular elements, so by 15.3
and 9.6, it is strongly separative. Thus from 14.33, o~ !(soc, N) C soc, M for all a € Ord.
In particular, M = 0~ 1(N) = 0~ !(Lrad N) C Lrad M, that is, M = Lrad M.
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Let e € M be regular, then o(e) is regular in N. But N has no proper regular elements,
so we must have o(e) < 0, and because 0~ 1({< 0}) = {< 0}, e < 0. Thus M is a semi-
Artinian refinement monoid with no proper regular elements. As above, this implies M is
strongly separative.

Since o is exact, we get from 14.29, o(socy(M)) C soc, N for all o € Ord. Hence

socq M C o (o(socq M)) C 07 (socq N) C soce M,
that is, soc, M = o~ (soc, N).
If, in addition, o is surjective, then we get
socq N = (0 (socy N)) = o(soce M) C soc, N,
so socq N = o(soc, M). O
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16 Monoids from Modules

The purpose of the current section is to construct monoids which will encode the prop-
erties of certain subcategories of R-Mod with respect to short exact sequences:

Definition 16.1. A Serre subcategory of R-Mod, is a full subcategory S of R-Mod
such that for every short exact sequence 0 - A — B — C — 0 in R-Mod, B € S if and
only if A,C € 8S.

In particular, a Serre subcategory is closed under taking submodules, factor modules and
finite direct sums. The zero module is an object in any Serre subcategory.
Some standard Serre subcategories of R-Mod are

e R-Noeth, the full subcategory of R-Mod consisting of all Noetherian R-modules.
e R-Art, the full subcategory of R-Mod consisting of all Artinian R-modules.
e R-len, the full subcategory of R-Mod consisting of all R-modules of finite length.

For each Serre subcategory S of R-Mod we will construct a monoid M (S) whose elements
are equivalence classes of modules:

Definition 16.2. A submodule series for a module A is a finite sequence of submodules
of the form 0 = Ag < Ay < --- < A, = A. The factors of this series are the modules
A;/A;—q fori = 1,2,...,n. A refinement of this series is a another submodule series
0=A) <A} <.-. <Al = A which contains all the A;, that is, A; € {A}, AL,..., AL} for
each 1.

Let A and B be R-modules. Then two submodule series 0 = Ag < A1 < ---< A, =A
and 0 = By < B; < --- < B,, = B are isomorphic if n = m and there is a permutation of
the indices, o, such that A;/A;_1 = By(;y/Bo(iy—1 for i =1,2,...,n. In this situation we
will say A and B have isomorphic submodule series and write A ~ B.

It is clear that isomorphism of submodule series is an equivalence relation, and that
f0=A4 <A <.---<A,=Aand 0= By < B; <--- < B, = B are two isomorphic
submodule series then any refinement of one of these series induces an isomorphic refinement
of the other series.

If S is a Serre subcategory of R-Mod and A € S then the factors of any submodule series
for A are also in S. So, in particular, if B € R-Mod with B ~ A then B € S. Thus S is a
union of ~-equivalence classes.

The most important property of submodule series is the Schreier refinement theorem
which says that any two submodule series in a module have isomorphic refinements. This
is exactly what is needed to make ~ an equivalence relation:

Proposition 16.3. ~ is an equivalence relation on R-Mod.

Proof. Reflexivity and symmetry are trivial, so it remains to check transitivity...

Suppose A ~ B and B ~ C. From the first relation we get isomorphic submodule
series 0 = Ag < A1 < --- <A, =Aand 0 = By < B; <.--- < B, = B. From the
second relation we get isomorphic submodule series 0 = B < B} < --- < B/, = B and



Section 16: Monoids from Modules 142

0=Cy <Cy <--- <) = C. From the Schreier refinement theorem, the two series
in B have isomorphic refinements. These new isomorphic submodule series in B induce
isomorphic refinements in A and C. Hence A ~ C. ]

Lemma 16.4. I[f A,B,C € R-Mod then A~ B — A C~BaC.

Proof. Let 0 = Ag < A3 <---<A,=Aand 0= By < B; <--- < B, = B be isomorphic
submodule series, then it is easily checked that 0 < AgC < A16C < --- < A,dC = ApC
and 0 < By C<B&C<---<B,®C =B®C are isomorphic submodule series in
A®C and Bd C. O

This lemma has the immediate consequence that if A ~ B and C' ~ D then AGC ~ B®D.
That is, @ induces a well defined operation on the ~-equivalence classes. We formalize this
in the following definition:

Definition 16.5. Let S be a Serre subcategory of R-Mod. We will write M (S) for S/~,
the class of ~-equivalence classes of S. We will write [A] € M(S) for the ~-equivalence
class containing A € S. Define the operation + on M(S) by [A] + [B] = [A & B] for all
A BES.

(M(S),+) is, in fact, a commutative monoid (and, by 16.10, a refinement monoid).
Rather than proving this directly we will use the following more general and useful propo-
sition.

Proposition 16.6. Let S be a Serre subcategory of R-Mod, N a class with a binary
operation +, and A: S — N, a function. Then the following properties of A are equivalent:

(i) A(B) = A(A) + A(C) whenever 0 - A — B — C — 0 is a short exact sequence in

S.
(ii) A(A) = A(B) for any A,B € S with A ~ B, and A(A® B) = A(A) + A(B) for all
A, BeS.

If either property is true, then A(S) is a commutative monoid with identity element A(0).
Also, for A € S, we have A(A) = A(A1)+ A(Az)+---+ A(A,) where Ay, Aa, ... A, are the
successive factors of any submodule series for A.

Proof. We show first that (i) implies (ii), and at the same time we prove the other claims
of the proposition:

1. For any A, B € S, the obvious exact sequence 0 - A — A® B — B — 0 implies
A(A® B) = A(A) + A(B).

2. LetA€S7thentheexactsequencesO—>AE>A—>O—>OandO—>O—>AE>A—>O
imply that A(A) + A(0) = A(A) = A(0) + A(A). Thus A(0) is an identity of A(S).

3. Suppose 0: A — B is an isomorphism with A,B € S, then 0 - A 5 B — 0 — 0
is an exact sequence and so A(B) = A(A) + A(0) = A(A). So we have shown that
A= B implies A(A) = A(B).

4. The commutativity and associativity of the operation 4+ on A(S) come directly from
these same properties of @ up to isomorphism. With 2, we have proved that A(S) is
a commutative monoid with identity A(0).

5. Suppose 0 = Aj) < A} <-.- < Al = A is a submodule series for A € S with factors
A; = AlJA,_,. All A, and A; are in S. For each i we have the exact sequence
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0—- A, ;- A — A —0,s0 A(A) = A(A;) + A(4,_;). A simple induction then
shows that A(A) = A(A1) + A(A2) + -+ A(A,).

6. If A, B € S have isomorphic submodule series, that is A ~ B, then using 3, 4 and 5,
we get A(A) = A(B).

To show that (ii) implies (i), suppose 0 — A % B — C — 0 is exact for some A, B,C € S.
Then C & B/im(o) with im(c) = A, so B has the submodule series 0 < im(c) < B with
factors isomorphic to A and C. The module A®C' has the submodule series 0 < AG0 < AGC
with these same factors, so A@® C ~ B. By (ii), A(B) = A(A® C) = A(A) + A(C).

Any function A which satisfies either of the conditions of this proposition will be said to
respect short exact sequences in S.

Since the map A — [4] from S to M(S) satisfies condition (ii) and is surjective, M(S) is
a commutative monoid with identity [0]. We will use the notation M (S) and M (S) for the
universal monoids constructed from M (S) according to 6.3 and 6.18, respectively.

The monoid (M (S),+) has the following universal property:

Proposition 16.7. Let S be a Serre subcategory of R-Mod, N a class with a binary
operation +, and A: S — N, a map which respects short exact sequences in S. Then A
factors uniquely through M(S). Specifically, there exists a unique monoid homomorphism X
from M(S) to A(S) such that the following diagram commutes:

Proof. Define the map A: M(S) — A(S) by A([4]) = A(A) for all A € S. This is well defined
because if [A] = [B], then A ~ B and, by 16.6, A(A) = A(B). For any [4],[B] € M, we have
AM[A]+[B]) = M[A®B]) = A(A@B) = A(A)+A(B) = M[A]) + A([B]). Also, A([0]) = A(0)
which is the identity for A(S). So A is a monoid homomorphism. O

We note that, in this proposition, if N happened to be a monoid, the homomorphism
A would not be a monoid homomorphism when viewed as a map to N unless, in addition,
A(0) = 0. This will indeed be the case in all the applications of the proposition we will
make.

Proposition 16.7 provides a second characterization of the equivalence relation ~ for mod-
ules A, B € R-Mod, namely, A ~ B if and only if the modules A and B are indistinguishable
by functions on R-Mod which respect short exact sequences.

By construction, M (S) is a submonoid of M (R-Mod) for any Serre subcategory S. In
fact, we will see that M (S) is not just a submonoid but also an order ideal of M (R-Mod),
and further that every order ideal of M (R-Mod) is M (S) for some Serre subcategory S:
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Let S be a Serre subcategory of R-Mod and define a map A: R-Mod — {0, 00} by

M=% dgs

It is easy to check that A respects short exact sequences so that there is an induced
monoid homomorphism A: M (R-Mod) — {0, 00} such that A([A]) = 0 if and only if A € S.
From 6.12, A=1(0) = M (S) is then an order ideal in M (R-Mod).

Conversely, given an order ideal I of M (R-Mod), it is easy to show that

S={A e RMod|[4] €I}

is a Serre subcategory of R-Mod.
These two constructions can be used to prove:

Proposition 16.8. The map S — M(S) is a bijection from the class of all Serre subcate-
gories of R-Mod to the class of all order ideals of M(R-Mod).

Proof. Tt remains only to check that the maps described above are inverses of each other. [

An immediate consequence of this proposition is that if A: S — N respects short exact se-
quences, then the inverse image of any order ideal in the monoid A(S) is a Serre subcategory
in S.

We collect in the next proposition some simple properties of M (R-Mod):

Proposition 16.9. Let A, B € R-Mod.
1. If A is a submodule of B, then
[B] = [A] + [B/A].

2. If A is a submodule, factor module or subfactor module of B, then [A] < [B].

3. [A] < [B] if and only if there are submodule series0 = Ag < A; <--- < A, = A and
0=DBy < By <--- < B,, =B and an injection, o: {1,2,...,n} — {1,2,...,m},
such that A;/A;—1 = Boiy/Byiy—1 fori=1,2,...,n.

4. [A] < [B] if and only if there is a submodule series 0 = Ag < A; < --- < A, =A
such that A;/A;_1 is isomorphic to a subfactor of B fori=1,2,...,n.

1. Follows from the existence of the obvious exact sequence 0 - A — B — B/A — 0.

2. Immediate from 1.

3. If [A] < [B], then there is some module C such that [B] = [A] 4+ [C] = [A @ C], that
is B and A @ C have isomorphic submodule series. The submodules series in A ® C'
can be chosen as a refinement of the series 0 < A® 0 < A @ C. The permutation of
factors of the two submodule series restricted to the factors in A gives the map o as
required.

The converse is easy.
4. Proved in a similar way to 3.
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We have, by definition, that a short exact sequence 0 — A — B — C — 0 in a Serre
subcategory S gives rise to the equation [B] = [4] + [C] in M(S). For an exact sequence
with four terms,

OﬂAﬂBiClDHO,

we get the equation [A] + [C] = [B] + [D]. This is proved by making the two short exact
sequences

0-A-B2img—o,
and
0—>ker7—>Cl>D—>O.
Since im = ker v, we get [A] + [C] = [A] + [ker(y)] + [D] = [A] + [im(B)] + [D] = [B] + [D].
Induction using this process gives the general rule that if
0—A — B —Ay,—>By—...—» A, — B, —0

is an exact sequence in S, then [A;] + [A2] + ...+ [4,] = [B1] + [Bz] + ... + [Byl].

The most important algebraic property of the monoid M(R-Mod) is that it has refine-
ment. . .

Suppose a submodule series is given for a module A and there is another module B such
that A ~ B, then the Schreier refinement theorem implies that there is a refinement of the
existing series in A which is isomorphic to a submodule series in B. If B also happened
to have a submodule series given, then a second application of the theorem would give
refinements of the two given series which are isomorphic. This principle is used in showing
that M(S) is a refinement monoid:

Proposition 16.10. M (S) is a refinement monoid for any Serre subcategory S of R-Mod.

Proof. Suppose there are modules A, B,C, D € S such that [A] + [B] = [C] + [D] in M(S).
Then [A® B] = [C @ D], that is, A® B ~ C @& D. From the above discussion, there
are isomorphic submodule series for these two modules which are refinements of the series
0 < A0 < A®pBand 0 < C®0 < CP® D. That is, there are submodule series
0<A; < <A 0<B; <---<B,0<(Cy<---<C,and 0 < Dy <--- < D such that
the series

0<A30<-- - <AG0<A®B <---<A®B
and

0<Cip0<L---<CO0LKCHD<---<C®D
are isomorphic.

The permutation that matches isomorphic factors in these submodule series divides them
into four types: (1) Ai/Aifl = Cj/ijl; (2) Ai/Aifl = Dj/Djfl; (3) Bi/Bifl = Cj/ijl;
or (4) B;/B;—1 = D;D;_; for suitable indices 4,j. If we let W, X,Y,Z € S be the direct
sums of the factors of type 1,2,3,4 respectively, then one can easily check that [W] + [X] =
S[Ai/Ai1] = [A] and, similarly, [W]+[Y] = [C], [X] +[2] = [D], [Y]+[Z] = [B], that is,
we have the refinement matrix

We can now identify the atoms and the socle of the monoid M (R-Mod):
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Proposition 16.11. Let A € R-Mod.

1.

IR

Proof.
1.
2.
3.

[A] <0 =1[0] if and only if A= 0. In particular, M(R-Mod) is a conical monoid.
If [A] < [M] with M a simple module, then either A=0 or A= M.

If [A] # 0, then there is a simple module M € R-Mod such that [M] < [A].

[A] is an atom of M (R-Mod) if and only if A is a simple module.
soc(M(R-Mod)) = M (R-len)

soc(M(R-Mod)) is a free monoid with the atoms of M(R-Mod) as its basis.

Direct from the definition.
Follows from 16.9.3 and the scarcity of submodule series for M.
Since [A] # 0, the module A is nonzero. Let Ra < A be a nonzero cyclic submodule.

We have Ra = R/ann(a) with ann(a) a proper ideal of R. Let I be a maximal
(one-sided) ideal of R containing ann(a), and M = R/I. Then M is simple and

[M] < [M] + [I/ann(a)] = [R/I] + [I/ ann(a)] = [R/ann(a)] = [Ra] < [A].

Suppose [A] is an atom of M (R-Mod). Since [A] # 0, there is a simple module M
such that 0 # [M] < [A]. Since [A] is an atom, this implies that [A] < [M], and
hence, from 2, that A = M.

Conversely, if A is simple, then 2 shows immediately that [A4] is an atom.

. If A has finite length, then it is the zero module or it has a composition series whose

factors are all simple modules. In the first case [A] = 0 € soc(M(R-Mod)). In the
second case, from 4, we get that [A] is a sum of atoms of M (R-Mod) and hence is
in soc(M(R-Mod)).

Conversely, if a € soc(M(R-Mod)) then by 14.23, a is zero or a sum of atoms.
(Here we need that M(R-Mod) has refinement.) If @ = 0 then a = [0] € M (R-len).
Otherwise, using 4, there are simple modules Ay, Ao, ... A, such that

a:[A1]+[A2]++[An]:[A1@A2€B€BAn]

Since A1 @ As & ... ® A, has finite length, we have a € M (R-len).
If [A] € soc(M(R-Mod)) is nonzero, then A has finite length and so

[A] = [A1] + [A2] + ... + [Ay]

where Ay, As, ..., A, are the simple factor modules of a composition series for A. By
the Jordan-Holder Theorem [1, 11.3] these simple modules are uniquely determined
by A. Thus, with 4, [A] is uniquely a sum of atoms of M (R-Mod).

Let B be the class of all atoms of M(R-Mod) and A: B — M’ a map from B to
an arbitrary monoid M’. From the above discussion, there is a unique way to extend
A to a monoid homomorphism from soc(M(R-Mod)) to M’. Thus from Definition
5.13, soc(M(R-Mod)) is a free monoid with basis B.

O

For finite length modules, we have the composition series length function len from R-len

to Z7T.

Ifo—- A > B — C — 0 is a short exact sequence in R-len, then len B =

len A + len C. Thus len respects short exact sequences as a map to the monoid (Z%,+).
From 16.7, there is an induced monoid homomorphism, which we will also call len, from
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M (R-len) to Z" such that len[A] = len A for all A € R-len. So, for example, [A] < [B]
implies len[A] < len[B] implies len A < len B for all A, B € R-len. In Section 17, this map
will be extended to all of R-Noeth using the Krull length function.

Having established the main properties of M (R-Noeth), we calculate this monoid in the
simplest case:

Example 16.12. Suppose R is a field. Then, up to isomorphism, any R-module A is
determined by the cardinality of a basis, that is, by its dimension, dim A. Further, for any
short exact sequence, 0 — A — B — C — 0 we have dim B = dim A + dim C. Here the
operation is cardinal addition. Thus the map dim respects short exact sequences as a map
from R-Mod to (Card,+). By 16.7, there is a monoid homomorphism from M (R-Mod)
to Card. This homomorphism must be injective since elements of M (R-Mod) are unions
of isomorphism classes of modules and each isomorphism class maps to a different cardinal
via dim. The homomorphism is surjective because for every cardinal a, the free module R*
has dim R* = a. Thus M(R-Mod) is isomorphic to Card.

Note that, in this example, M (R-Mod) is not a set. This is, in fact, always the case:
Proposition 16.13. For any non-trivial ring R, M(R-Mod) is a proper class.

Proof. Let (Card, -) be the commutative monoid whose elements are the cardinal numbers
and whose operation is cardinal multiplication [25, Section 5.4]. Define a map ® from
R-Mod to (Card,-) by ®(A) = |A| for all A € R-Mod, that is, ®(A) is the cardinality of
Aasaset. f0 - A— B — C — 0 is a short exact sequence in R-Mod, then, as sets, we
have B = A x C. Thus ® respects short exact sequences. Let ¢: M(R-Mod) — (Card, -)
be the monoid homomorphism induced from ®.

We proceed by contradiction. . .

Suppose M (R-Mod) is a set. Then ¢(M(R-Mod)) is a set of cardinal numbers, so must
have an upper bound a € Card [25, 5.2.7]. The free module R® has cardinality |R|®, and
since R has at least two distinct elements, we get [25, 5.4.2p]

a < 2" < |R|* = ¢([R7]).
Thus a can not be an upper bound for ¢(M(R-Mod)). O
As partial compensation for this proposition we have
Proposition 16.14. For any ring R and a € M(R-Mod), the order ideal {< a} is a set.

Proof. Let a = [A] for some A € R-Mod. Since A is a set, so are the classes of all
submodules, factor modules, and subfactor modules of A. By 16.9, {< [A]} consists of all
elements of the form [A1] + [A2] + ... + [An] € M(R-Mod) where A; is a subfactor of A
for i = 1,2,...,n. Since the class of finite sets of subfactor modules of A is also a set, this
implies that {< [A]} is a set. O

Corollary 16.15. Lrad M (R-Mod) = srad M (R-Mod)
Proof. This follows from 14.27. (]
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Another feature of Example 16.12 is that each ~-equivalence class is an isomorphism
class of modules. That is, M (R-Mod) contains as much information as the classification
of the R-modules up to isomorphism given by the dimension function. To investigate when
this situation happens we define another monoid based on the category R-Mod:

Definition 16.16. For any module A € R-Mod, let {= A} be its isomorphism class.
Let V(R-Mod) be the monoid whose elements are the isomorphism classes of R-Mod with
operation + induced by the direct sum, that is,

{ZA}+{=B}={2 Ao B}
for all A, B € R-Mod.

It is easy to see that V(R-Mod) is a well defined commutative monoid. Further, there is a
well defined monoid homomorphism 7: V(R-Mod) — M (R-Mod) given by 7({= A}) = [A]
for A € R-Mod.

Proposition 16.17. For a ring R, the following are equivalent:
1. R is semisimple
2. 7: V(R-Mod) — M(R-Mod) is a monoid isomorphism
3. For A,B € R-Mod, A= B if and only if A~ B

Proof. See [26, Theorem 4.13] for the relevant properties of semisimple rings.

1=2 Let 0 > A — B — C — 0 be an exact sequence in R-Mod. Since R is semisimple,
this sequence splits to give B = A @ C, and hence {& B} = {& A} + {~ C}.
Thus the map which takes a module A to its isomorphism class {& A} respects
short exact sequences. By the universal property of M (R-Mod), there is a monoid
homomorphism o: M(R-Mod) — V(R-Mod) such that o([A]) = {& A} for all
A € R-Mod. Clearly o is the inverse of 7, so 7 is an isomorphism.
2 = 3 Since 7 is injective, [A] = [B] if and only if {& A} = {= B}.
3 = 1 We show that every R-module is projective. ..
Let A € R-Mod. Then there is an exact sequence 0 - K — F — A — 0 in
R-Mod such that F' is a free module and K < F. Thus [F] = [4] + [K] = [A® K],
and F~ A® K. By 3, F = A® K, that is, A is a direct summand of a free module.
This implies that A is projective.
O
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17 Noetherian and Artinian Modules

In this section we will investigate the cancellation properties of the monoid M (R-Noeth).
Since modules in R-Noeth satisfy the descending chain condition, one might expect that
there is some corresponding chain condition appearing in M (R-Noeth). This is indeed
true. For example, in Section 19, we will see that for FBN rings and, in particular, for
commutative Noetherian rings, M (R-Noeth) is Artinian.

Our goal in this section is to show that, though M (R-Noeth) may not be Artinian for
all rings, it is always semi-Artinian. Since M (R-Noeth) has no proper regular elements,
this then implies that M (R-Noeth) is strongly separative.

We start by providing an example that shows that M (R-Noeth) may not be Artinian:
Example 17.1. [9] A Noetherian R-module S such that [S] ¢ Arad(M (R-Noeth)):

Let F be a field of characteristic zero, and S = F[[t]], the formal power series ring over
F. For each n € N, define the ideal S,, = St™. Fvery nonzero ideal of S is S, for some
n € N, and these ideals form a descending chain S = Sy > S1 > So > ... of S-submodules
of S.

Define a derivation § on S according to the rule

d
i(s) = tdt(s)
for all s € S. Let R = S[0; 6], the skew polynomial ring over S with multiplication defined
so that
Os = 50+ 4(s)
for all s € S. This ring is Noetherian [11, Theorem 1.12], as is the left R-module R/Rf. To
discuss the properties of R/RO it is convenient to make S into a left R-module isomorphic
to R/R0:
Since R/RO is already isomorphic to S as an S-module, we need only define the action
of 0 on elements of s. In R/RO we have 6(s+ RO) = 6(s) + RO, for all s € S. Accordingly,
we define a new module multiplication - on S by

s s=1s"s
and
0-s=20(s)
for all s,s' € S. In particular, - t™ = §(t™) = mt™ for all m € N.
It is easily checked that S, is an R-module for all n € N. Since any R-submodule of

S must also be an S-submodule, Sy, S1,... are all the R-submodules of S. FEach of these
submodules has infinite length, whereas for any n < k, len(S,,/Sk) = k —n.
e Claim S, and S, are isomorphic as R-modules if and only if m = n.
Without loss of generality we assume m < n. Let ¢: S, — S, be an R-module
isomorphism. Since S, = St™, there is some u € S such that ¢p(t™) = ut™. Set
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v =ut""™ so that p(t"™) = vt™. Since ¢ is an R-module homomorphism, we have
d0-t"™) =0 -d(t™), and so,

mot™ = (mt™) = (0 - ™) = - H(t™)
=0 -vt™ =0(vt™) = 6(v)t™ + V(™)
= 6(v)t™ + mot™.

Thus 6(v)t™ = 0, and, since S is a domain, §(v) = 0. From the definition of 0, it
is easy to see that 6(v) = 0 implies v € F. Since ¢ is an isomorphism, v = 0 is not
possible, so we have v =ut™™™ € F*. This implies m = n.

Consider the module S,, for some n € N. From the above discussion it is clear that any
submodule series for S, has exactly one factor which has infinite length, and this factor is
Sk for some k > n. All other factors in the series have finite length.

e Claim [S,,] <[S,] in M(R-Noeth) if and only if m > n.

Suppose [Spm] < [Sn]. Then, from 16.9.3, Sy, and S, have submodule series
such that every factor in the series for Sy, is isomorphic to a factor in the series
for S,.. Both of these series have ezxactly one factor with infinite length. From
the previous claim, these infinite factors must coincide in both series: Sy, say,
for some k > m,n. The remaining factors in the two series can then be used to
show that [Sm/Sk] < [Sn/Sk]. But S../Sk and S,/Sk are finite length modules, so
len(S,,/Sk) <len(S,/Sk), that is, k — m < k —n and m > n.

The converse is trivial since if m > n, then S,, is a submodule of S,,.

From this claim we get immediately that [S] = [So] > [S1] > [Se] > ... is a decreas-
ing sequence in M(R-Noeth) which has no minimal element. Therefore [S] is not in
Arad(M(R-Noeth)). In particular, M (R-Noeth) is not an Artinian monoid.

Having shown that M(R-Noeth) may not be Artinian, we turn to the positive result
that M(R-Noeth) is semi-Artinian. The main tool for proving this claim is the function
Klen®: R-Noeth — Krull which we defined and discussed in Section 4. Thus it will be
necessary to reformulate what we know about Krull length and Krull dimension in terms of
Serre categories, monoids and monoid homomorphisms. . .

Recall from 3.21 that Krull = (Ord x N) U {0} with operation + given by

1.0+0=0
2. 0+ (v,n) = (v,n) +0 = (v,n) for all (y,n) € Ord x N
3.
(71,m1) ifye <m
(71,m1) + (v2,n2) = (72, 12) if y1 <7
(v, +n2) iy =1
for all (v1,7n1), (y2,m2) € Ord x N.

We also defined Ord™ = Ord U {—1} and the function x: Krull — Ord* such that
k(y,m) = « for (y,n) € Ord x N and x(0) = —1. We will henceforth consider Krull
and Ord™ to be monoids with the operations + and max, respectively, and in the next
proposition we collect their basic properties.
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Proposition 17.2.
1. (Krull, +) and (Ord*, max) are commutative monoids. Ord™ is a semilattice monoid
whose identity element is —1, rather than 0.
2. The minimum order on Krull is given by

(71,m1) < (y2,m2) <= (11 <72 0r (71 =72 and ny < ny))
<— w'n; <w”ngy in Ord

for all (y1,m1), (y2,m2) € Ord x N. The minimum order on Ord”* is the usual one.
Both of these monoids are totally ordered and Artinian.

3. Krull is strongly separative and Ord™ is separative. Both monoids have refinement.
4. For all o € Ord, soc, Ord* = {< a} ={3€ Ord™ | 3 < a}
5. For all a € Ord, soc, Krull = k' ({< a}) = {(v,n) | ¥ < a and n € N} U{0}.

1. Trivial.

2. Trivial.

3. That Krull is strongly separative is an easy check, and that Ord™* is separative is
trivial. Since these monoids are totally ordered, by 9.4, they also have refinement.

4. This is an easy induction.

5. It is easy to see that the map x: Krull — Ord” is exact, so by 14.29,

k(socq Krull) C soc, Ord™ = {< a}

for all @ € Ord. That is, soc, Krull C s ({< a}).
To prove the converse inclusion we use induction:

o o =0 Trivial.

e o is a successor ordinal Suppose @ = 3+ 1 and socg Krull = s~ ({< }).
Then (5, 1) is the minimum element of Krull\ (socg Krull). It must therefore
map to an atom of Krull/(socg Krull). This implies that (3,1) € soc, Krull.
Since socy Krull is an order ideal, this means that (3, n) € soc, Krull for all
n € N, and so k1 ({< a}) C soc, Krull.

e (v is a limit ordinal Trivial.

The order in Krull is such that
0<(0,1)<(0,2)<...<(,) < (L,2)<...<(2,]) < ...

Thus len{< (2,1)} = w2, Klen{< (2,1)} = (1,2) and Kdim{< (2,1)} = 1. So it is not true,
in general, that Klen{< (y,n)} = (v,n) or Kdim{< (v,n)} = ~.

Now we consider the Serre category R-Noeth for some ring R. Of course, what we will
prove here applies equally well to R-Art. From 4.1, we have the Krull length function
Klen®: R-Noeth — Krull such that if

0—A—-B—-C—0
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is an exact sequence in R-Noeth, then
Klen® B = Klen® A + Klen® C.

That is, Klen® respects exact sequences. From 16.7, there is an induced monoid homomor-
phism, which we will also call Klen®, from M (R-Noeth) to Krull. Since Krull is partially
ordered, there is another induced homomorphism, again called Klen®, from M (R-Noeth)
to Krull.

We also have the monoid homomorphism Kdim® = x o Klen® from M (R-Noeth) to
the semilattice monoid O,I:Ei*' So, from 6.22, there is an induced monoid homomorphism,
also called Kdim®, from M (R-Noeth) to Ord*. Thus we get the following commutative
diagram:

R-Noeth N M (R-Noeth) =L M (R-Noeth) Rl M (R-Noeth)

Klen® o e
Klond Klen Kdim
en
K

Krull Ord*

For all A € R-Noeth we have
Klen® A = Klen®[4] = Klen®{= [A]} € Krull
and
Kdim® A = Kdim°[4] = Kdim°{= [4]} = Kdim°{x [A]} € Ord”*
where in all but the last case, Kdim® is the composition of the maps Klen® and x.

Lemma 17.3. The homomorphism Klen®: M (R-Noeth) — Krull is ezact.

Proof. We need to show that {< Klen®[A]} C Klen°{< [A]} for all A € R-Noeth. If A =0
then this is trivially true.

So suppose A # 0 and we have some (y,n) € Krull with (y,n) < Klen°[A] = Klen® A.
Then w¥n < len® A, so using 4.7.1, there is some submodule A" < A such that len(4/A4") =
w¥n. Thus we have [A/A’] < [A] and Klen®[A/A’] = Klen® A/A" = (v, n). O

We now have all the ingredients in place to prove the main theorem of this section:

Theorem 17.4.
1. Lrad M (R-Noeth) = M (R-Noeth). In particular, M (R-Noeth) is semi-Artinian.
2. M(R-Noeth) is strongly separative.
3. For all A € R-Noeth and a € Ord,

[A] € soce(M(R-Mod)) < Kdim A < a.

Proof. We apply 15.10, to the homomorphism Klen®: M (R-Noeth) — Krull...

We have already noted that Krull is a refinement monoid without proper regular ele-
ments. M (R-Noeth) is an order ideal in the refinement monoid, M (R-Mod), so is itself a
refinement monoid. The homomorphism Klen® is exact by the lemma, and, since the only
module with zero Krull length is the zero module, we have (Klen®)~1({< 0}) = {< 0}.

Therefore, using 15.10, we get immediately 1 and 2 above. From 14.26,

s0¢q (M (R-Noeth)) = soc, (M (R-Mod)) N M (R-Noeth),
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and from 15.10.3, we get
s0Cq (M (R-Noeth)) = (Klen®) ! (soc, (Krull)).
Thus for A € R-Noeth,

[A] € soce(M(R-Mod)) <= [A] € socy(M(R-Noeth))
<= Klen’[4] € soc, (Krull)
<— Kdim(Klen°[4]) < «
<= Kdim A4 < a.

The dual proposition for the Serre category R-Art is

Theorem 17.5.
1. Lrad M (R-Art) = M(R-Art). In particular, M (R-Art) is semi-Artinian.
2. M(R-Art) is strongly separative.
3. For all A € R-Art and o € Ord,

[A] € soce(M(R-Mod)) <— Kdim,(4) < a.
From these two propositions and 14.8, we have
M (R-Noeth) + M (R-Art) C srad M (R-Mod).

Before discussing the consequences of these theorems, we will provide a more direct way
of proving that M (R-Noeth) and M (R-Art) are strongly separative which avoids needing
to understand semi-Artinian monoids. The disadvantage of this method is that nothing
is learned about the relationship between the Loewy series in the monoid and the Krull
dimensions of modules as seen in 17.4.3 and 17.5.3.

First we prove a monoid theoretic lemma:

Lemma 17.6. Let M be a refinement monoid and K an Artinian monoid. If there is a
monoid homomorphism o: M — K such that 0(2a) < o(a) implies a < 0 for any a € M,
then M 1is strongly separative.

Proof. Suppose a,b,c € M such that a + ¢ = b+ c and ¢ < a. We will show that a =b...
Define

T={V,d,d)yeM*|d +c =V +c,a=d +a, b=d +V and ¢ <d'}.
Let C C M be the projection of 7 onto the third component. C is not empty since (a, b, ¢,0)
isin 7. Let ¢g € C be chosen such that o(cg) is minimal in o(C), and let ag, by, dg be such
that ((10, bo, co, d()) eT.
From Lemma 8.5.1, there is a refinement of ag + co = by + ¢,

bo c¢o
ap (di ay
Co b1 C1
such that C1 S ai. Thus a1 +c1 = b1 =+ C1, a4 = (do =+ dl) + ag, b= (do + dl) + bl, that

is, (a1,b1,c1,dg +d1) € T and ¢; € C. Since ¢ < ¢p, we have o(c1) < o(cp), and then the
minimality of o(cp) implies o(co) < o(cq).
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From ¢; < ay, we get 20(co) < 20(c1) < o(c1) +o(ar1) = o(e1 + a1) = o(cg). By our
hypotheses, this implies ¢g < 0. Thus ag = by and a = dg + ag = dg + bg = b. O

Theorem 17.7. The monoids M (R-Noeth) and M (R-Art) are strongly separative.

Proof. For these refinement monoids we have the maps Klen® and Klen, which satisfy the
hypotheses of Lemma 17.6. |

For the remainder of this section we will investigate the consequences of Theorem 17.4
for Noetherian modules. Similar results can, of course, be obtained by duality for Artinian
modules.

Many simple results can be obtained by reinterpreting a relationship among modules
as an equation in the monoid M(R-Noeth), and then applying strong separativity. For
example, the existence of any of the following types of exact sequences in R-Noeth implies
that A ~ B:

0—-A—-A®B—-A—0,
0—-A—-A¢A—B—0,
0-ADA—-APA®B — A—0,
0-A—-A—A— B—0,
0—-A—-B—->A—A—0,
0-A—-A—-A—-B—-A—-A—-0

We prove that A ~ B only for the last case: From the given exact sequence we get the
equation 3[A] = 2[A]+[B] in M (R-Noeth). Since this monoid is strongly separative, 8.12.4
implies that [A] = [B], that is, A ~ B.

We can also apply Theorem 17.4 in a similar way to direct sums of Noetherian modules.
For example, if A, B € R-Noeth, then

APAPA~APAGB — A~ B.

Since M (R-Noeth) is a strongly separative order ideal in M (R-Mod), we can use 8.14
to get stronger cancellation properties which involve modules which are not Noetherian. For
example, if

0-C—-A—-B—-C—0

is an exact sequence in R-Mod with C' € R-Noeth, then A ~ B. Here we use the fact that
C' is isomorphic to a submodule of A and so [C] < [4] as well as [A] + [C] = [B] + [C].
For comparison with Theorem 17.10 we single out one particular result of this type:

Proposition 17.8. Let A,B € R-Mod, C € R-Noeth and n € N. If C' is a submodule,
factor module or subfactor module of @"(A® B), and A® C ~ B® C, then A ~ B.

Proof. In the monoid M (R-Mod) we have [A] + [C] = [B] + [C] with [C] < [A] + [B]. Since
[C] € M(R-Noeth), we also have that {< [C]} is strongly separative. Thus from 8.14.2,
[A] = [B]. O
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The final aim of this section is to show that, in this proposition, we can drop the hypoth-
esis on C' if we have A® C = B @ C instead of A® C ~ B® C. To do this we need a way
of cutting down the size of C in the relation A ® C = B @ C so that C is comparable to
A& B:

For any R-module X we define a map Tx: R-Mod — R-Mod by

Tx(C) = Y {im~ | y € Homg(X, )},

that is, Tx (C) is the sum of all submodules of C' which are isomorphic to factor modules of
X. We note that if X is a direct summand of X then Tx(X;) = X;.

Lemma 17.9. For all C1,C9, X € R-Mod, Tx(C1 @ C) = Tx(C1) ® Tx (Ca).
Proof. See [1, Proposition 8.18]. O

Theorem 17.10. If A, B € R-Mod and C € R-Noeth such that A® C = B & C, then
A~ B.

Proof. We apply the map Tygp to the equation A C=BaC...

We have Tygp(A) = A and Tagp(B) = B, so using 17.9, we get A® C’' = B® C’ where
Cl - TA@B(C).

The module C is Noetherian, so C’ is a finite sum of images of A& B, that is, there is an
n € N such that C’ is a factor module of @" (A4 & B). Since C’ is Noetherian, 17.8 implies
that A ~ B. O

‘We should remark that this theorem is not true with the weaker hypothesis that A®C ~
B @ C. For example, let R = Z. Then from the short exact sequence

0—>Z£>Z—>Zg—>0
we get [Z] = [Za] + [Z) = [Z2 © Z]. Hence 0B Z ~ Zy & Z but 0 + Zs.

It is an interesting question to ask what further cancellation properties M (R-Noeth)
may have. We will see in Section 19 that if the ring R is FBN, or, in particular, commu-
tative Noetherian, then M (R-Noeth) is Artinian. Thus in this case, M (R-Noeth) has
<-multiplicative cancellation and weak cancellation in addition to strong separativity. Is
this true in general?

It is clear from Example 15.9 that a refinement monoid can be semi-Artinian but not have
<-multiplicative cancellation or weak cancellation. So if M (R-Noeth) has these properties,
they arise from some module property that has not yet been taken into account. Also
clear from 15.8, is that these two cancellation properties are closely related in semi-Artinian
monoids.
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18 The Radann Map

The radann map takes R-modules to semiprime ideals of the ring R and respects exact
sequences. With it we will be able to link the prime elements of the monoid M (R-Mod)
with the prime ideals of the ring.

Definition 18.1. Let Spec R be the set of all prime ideals of R, and SSpec R the set of all
semiprime ideals of R, that is, all intersections of sets of prime ideals. R is a semiprime
ideal by this definition since it is the intersection of the empty set of prime ideals.

For a two-sided ideal I C R we define

K(I)={P €SpecR|IC P} CSpecR
and the (prime) radical of I by
rad [ = ﬂIC(I) = ﬂ{P € SpecR | I C P} € SSpec R.

Clearly I C radl, and if I; C I then K(I;) D K(I2) and rad I; C rad . Alsoif [ is a
semiprime ideal then rad I = K(I) = I.

Lemma 18.2. If I and Iy are two-sided ideals of R then
IC(Il) U ’C(IQ) = K(Il n 12) = ]C(Ilfg)
rad I1 Nrad Is = rad(l; N Iy) = rad(l112)

P?”OOf. Since 11]2 - I1ﬂ]2 - I1, Ig, we get ]C(Illg) B K(Ilﬂfg) D) K(Il)U’C(IQ) COHVGI‘SQly,
if P e K([113) so P D 1115, then P 2 I or P D Iy, that is, P € K(I;) or P € K(I3). This
implies P € K(I;) UK(I2). Thus K(I112) € K(I;) UK(I2). The equation rad I; Nrad Iy =
rad(l; N Iz) = rad(I;I3) follows directly. O

Next we prove a simple property of annihilators of modules. Reminder: The annihilator
of a module A, ann A = {r € R|rA =0}, is a two-sided ideal in R.

Lemma 18.3. If 0 = A — B — C — 0 is a short exact sequence in R-Mod, then
(ann A)(ann C') C ann B C ann A Nann C.

Proof. Without loss of generality we can assume that A C B and C = B/A. If r € ann A,
s€annC and b € B, then b+ A € B/A so s(b+ A) =0, that is, sb € A. But then rsb = 0.
Therefore ann A ann C' C ann(B).

Now let » € ann B. Since AC B, r € ann A. Also, if b+ A € C =B/Athenr(b+ A) =
rb+ A =0+ A so that r € ann C. Therefore ann(B) C ann A NannC. O

If we had used right modules instead of left modules, the first inequality would become
(ann C')(ann A) C ann B.
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Definition 18.4. We define the map radann: R-Mod — SSpec R as the composition of
the radical and annihilator maps,

radann A = rad(ann A)
for all A € R-Mod.

From Lemmas 18.2 and 18.3 we get immediately

Proposition 18.5. If 0 = A — B — C — 0 is a short exact sequence in R-Mod, then

radann B = radann A Nradann C.

This proposition suggests that we should consider SSpec R to be a monoid with the opera-
tion N and identity R, so that radann respects exact sequences as a map to (SSpec R,N). The
radann map is surjective since for any semiprime ideal I we have radann(R/I) =radl = 1I.

We investigate the properties of the monoid SSpec R. . .

Proposition 18.6.
1. The minimum preorder on SSpec R is reverse inclusion:
51 <85 <= 51285
for all S1,S52 € SSpec R.
2. SSpec R is a partially ordered monoid.
3. SSpec R with its minimum order is a distributive lattice in which
S1V .Sy =51N5
Sl A SQ = rad(51 U SQ)
for all S1,52 € SSpec R.
4. SSpec R has refinement.
Proof.

1. If S; < S5, then there exists some S3 € SSpec R such that S;1NS3 = S55. So S1 D Ss.
Conversely, if S7 D Ss, then So N S; = 55 s0 .57 < 5s.
2. Immediate from 1.

3. The claims that S; V So = 51 N Sy and S1 A Sy = rad(S; U S2) are easy. To show
distributivity we calculate using 18.2

S1 A (S2V S3) =rad(S; U (S2NS3))
= rad((S1 U S2) N (S1 U S3))
=rad(S; U S3) Nrad(S; U S3)
= (51 AN S2)V (51 AS3)
4. Follows from the distributivity of the lattice as in Example 7.7.
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Proposition 18.7. S € SSpec R is a prime element of the monoid if and only if S = R
or S is a prime ideal of R.

Proof.

= Suppose S is a prime element of SSpec R and I1,I> C R are two-sided ideals such
that I; I C S. Using 18.2 , we get rad I; Nrad Iy = rad(I1I3) C rad(S) = S, or, as
elements of the monoid, rad Iy Nrad Iy > S. Since S is a prime element of the monoid,
either radI; > S or rad I > S. Hence, either Iy Cradl; € S or Is Cradl; C S.
This makes S either a prime ideal of R or R itself.

< Since R is the identity of the monoid, it is also a prime element.

Suppose S is a prime ideal and S7,S2 € SSpec R such that S; NSy > S, that is,

S1 NSy €S, Then §1.5; C S so either S7 C S or Sy C S, that is, either S; > S or
So > 5. Thus S is a prime element of SSpec R.

O

Since the map radann respects exact sequences, it induces a monoid homomorphism from
M(R-Mod) to SSpec R, and since the monoid SSpec R is a semilattice, there are further
induced monoid homomorphisms from M (R-Mod) and M (R-Mod) to SSpec R. These
induced maps we will also call radann so we get the following commutative diagram:

R-Mod — = M(R-Mod) =~ T7(R-Mod) -~ 1 (E-Mod)

radann
radann
radann radann

SSpec

We next will show that the homomorphism radann : M (R-Mod) — SSpec R has a right
inverse, so that SSpec R embeds in M (R-Mod). First we need an easy lemma:

Lemma 18.8. Let Ay and Ay be submodules of A € R-Mod. Then
L {=[A1 + Ao]} = {=x [Au]} + {x [42]}
2. {=x[A/(A1NA)]} = {= [A/A]} + {= [A/A:]}

Proof.

1. Since Aj, As are submodules of A; + Ay, we get [A;],[A2] < [41 + A3]. Thus
[A1] + [A2] < 2[A1 + Aj], that is, [A1] + [A2] < [A1 + A]. For the converse we
use the module isomorphism (A4; +A3)/A1 = Az /(A1 N Az) and the submodule series
0<A; <A+ Ay

[A1 + Ag] = [A1] + [(A1 + A2)/A1] = [A1] + [A2/(A1 N A2)] < [Aq] + [A2].

Thus [Al + AQ] < [Al] + [AQ]
2. Proof is very similar to the proof of 1.
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Proposition 18.9. Let U: SSpec R — M(R-Mod) be defined by U(S) = {= [R/S]}
for all S € SSpec R. Then V¥ is a monoid homomorphism, and radann oW is the identity
homomorphism on SSpec R.

Proof. First we check that ¥ is a monoid homomorphism. ..

The identity element of SSpec R is R and ¥(R) = {x [R/R]} = 0. Also, if 51,5 €
SSpec R then, using the lemma,

U(S1N82) = {=<[R/(S1NS)]} = {= [R/S1]} +{= [R/S1]} = ¥(51) + U (S2).

Thus ¥ is a monoid homomorphism.

To prove the second claim, suppose S € SSpec R. Then

radann ¥(S) = radann{x [R/S]} = radann(R/S) =rad S = S.
|

In particular, this lemma implies that SSpec R is embedded in M (R-Mod) by the homo-
morphism ¥. Since [R/S] < [R] for any S € SSpec R, we have more exactly that SSpec R
is embedded in the order ideal {< {= [R]}} of M(R-Mod). We will see later that for FBN
rings, and in particular, for commutative Noetherian rings, ¥ becomes an isomorphism
between SSpec R and M (R-Noeth).
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19 Noetherian and FBN Rings

The main purpose of this section is to show that if R is a (left) fully bounded Noetherian
(FBN) ring, then the monoid M (R-Noeth) is Artinian. The proof of this fact is primarily
a reinterpretation of theorems about FBN rings that are available in the literature. We will
use Chapter 8 of K. R. Goodearl and R. B. Warfield Jr., An Introduction to Noncommutative
Noetherian Rings [11], as a source of such results, and we refer the reader to this book for
further details.

All commutative Noetherian rings are FBN, and in fact, FBN rings are studied because
they share many properties with commutative Noetherian rings which do not occur in the
general non-commutative case.

Before discussing FBN rings we will prove some properties of arbitrary (left) Noetherian
rings. . .

For the first lemma, we do not require that R be a Noetherian ring:

Lemma 19.1. Let A € R-Mod be finitely generated module. Then [A] < [R/ann A].

Proof. Suppose A = Raq + Ras + ...+ Ra, for generators ay,as,...,a, € A. For each i,
we have ann A C ann(a;) so that » + ann A — ra; is a homomorphism from R/ann A to A.
Combining these, we get a homomorphism ¢: (R/ann A)™ — A defined by

(ri +annA,ro +ann A, ..., r, +ann A) — ria; +roas + ... + rpan.
¢ is surjective so [A] < [(R/ann A)"] = n[R/ann A], that is, [4] < [R/ann A]. O
For a Noetherian ring R, a module A € R-Mod is finitely generated if and only if it is
Noetherian. In M (R-Mod), we can add another equivalent condition:

Lemma 19.2. Let R be a Noetherian ring and A € R-Mod. Then
[A] < [R] < A is finitely generated <= A is Noetherian.

Proof. If A is finitely generated then from 19.1, [4] < [R/ann A]. But [R/ann A] < [R] so
[A] < [R].

Conversely, suppose [A] < [R]. Since R is Noetherian, [R] is an element of the order ideal
M(R-Noeth) C M(R-Mod), and so {< [R]} C M(R-Noeth). Thus [4] € M(R-Noeth),
and A is Noetherian. O

In particular, M(R-Noeth) = {< [R]} C M(R-Mod).

Lemma 19.1 says in particular, that if A is finitely generated and ann A is semiprime then
[A] < [R/radann A]. If R is Noetherian, then we get the same result without the restriction
on the annihilator. ..

Proposition 19.3. Let R be a Noetherian ring. Then for all A € R-Noeth we have
[A] < [R/radann A].

Proof. If A = 0 then the claim is trivial. Otherwise, from [11, 2.13], there is a submodule
series 0 = Apg < A; < ... < A, = A such that P, = ann(4;/A;_1) is a prime ideal for each
i. For each i, ann A C ann(A;/A;_1) = P;, so we have radann A C P;.
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Each quotient module A;/A;_; is Noetherian and so finitely generated. From 19.1,
[4;/A;_1] < [R/P;] < [R/radann A].
Thus

[A] = Z[Ai JA;_1] < n|R/ radann A],

and [4] < [R/radann A] O
We next consider prime elements in M (R-Mod) for Noetherian rings.

Proposition 19.4. Let R be a Noetherian ring, U € R-Mod such that [U] is a prime
element of M(R-Mod) and P = radannU. Then P is a prime ideal or P = R, and there
is a subfactor Uy of U such that [Up] = [U] and P = annUj.

Proof. Let
U = {U’" | U is a subfactor of U and [U’] = [U]}.
Since R is Noetherian, there is some Uy € U such that the ideal Py = ann Uy is maximal
among annihilators of elements of . We will show that Py is either a prime ideal or Py = R.
Suppose I and J are left ideals such that IJ C Py. The modules JUy and Uy/JU, are
subfactors of U, with ann(JUy) 2 ann Uy = Py and ann(Uy/JUy) 2 ann Uy = F.
Since [Up] = [U], the element [Up] is prime. The equation

[Uo] = [JUo] + [Uo/JUo]

implies that either [Uy] = [JUy] or [Up] = [Uy/JUp]-

In the first case we have [JUy] = [U], so JUy € U and the maximality of ann Uy implies
that ann(JUy) = Py. From I(JUy) C PyUy = 0, we then get T C ann(JUy) = Fo.

In the second case, the maximality of ann Uy implies similarly that ann(Uy/JUy) = Py
and so J C ann(Uy/JUy) = P.

Therefore Py is either a prime ideal or Py = R. Further, since Uy = U, we have P =
radann U = radann Uy = rad Py = Py completing the proof. O

From this proposition and 18.7, we see that radann function takes prime elements of
M (R-Noeth) to prime elements of SSpec R.

Proposition 19.5. Let U be a nonzero Noetherian R-module such that [U] is a prime
element of M(R-Mod) and P = annU is a prime ideal. Then there is a uniform cyclic
subfactor U’ of U such that [U'] = [U] and annU’ = P

Proof. Any Noetherian module contains a uniform submodule [11, 4.15], and any nonzero
cyclic submodule of a uniform module is again uniform. So any Noetherian module contains
a cyclic uniform submodule. Using this fact and the Noetherian hypothesis, there is a
submodule series 0 = Uy < U; < ... < U, = U in U whose factors are cyclic uniform
modules.

In M(R-Noeth) we get

[U] = [U1/Uo] + [Us /U] + ... + [Un /Up_1]-

Since [U] is prime, it is indecomposable and there is some index ¢ such that [U] = [U; /U;_1].
Set U’ = U;/U;_1. Then, since P is prime,

P=amU < annU’ <radannU’ =radannU = annU = P.
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Thus ann U’ = P. O

The module U’ is isomorphic to R/T for some left ideal I, so combining these two propo-
sitions we get

Corollary 19.6. Let R be a Noetherian ring and U € R-Noeth such that [U] is a nonzero
prime element of M(R-Mod). Then there is a left ideal I < R such that R/I is a uniform
module, [R/I] = [U] and ann R/I = radann U.

In this corollary, P = radannU is, by 19.4, a prime ideal. Since also ann R/I = P,
we have P < I. Thus every nonzero prime element of M(R-Noeth) is =-equivalent to a
uniform factor module of R/P for some prime ideal P < R.

Our next goal is to show that every uniform submodule of R/P for a prime ideal P < R
gives a corresponding prime element in M (R-Noeth).

Lemma 19.7. Let R be a Noetherian ring, P a prime ideal of R, and U,V uniform left
ideals of R/P. Then V is isomorphic to a submodule of U and vice versa. In particular,
Ul =1[v].

Proof. The ring S = R/P is prime left Noetherian (hence prime left Goldie). From [23,
3.3.4], V is isomorphic to a submodule of U and vice versa. This immediately implies
[U] < [V] and [V] < [U], that is, [U] = [V]. O

Proposition 19.8. Let R be a Noetherian ring, P a prime ideal of R, and U a uniform
left ideal of R/P. Then [U] is a prime element of M(R-Mod).

Proof. Suppose we have A, B € R-Mod such that [U] < [A] + [B] = [A @ B]. From 16.9.3,
there are submodule series for U and A @ B such that every factor in the series for U is
isomorphic to a factor in the series for A @ B. Using the Shreier refinement theorem, we
can assume that the series for A ® B is a refinement of the series 0 < A® 0 < A ® B.
In particular, considering the first factor of the series for U, there is a nonzero submodule
V' < U which is isomorphic to a subfactor of the series for A & B. Thus we have either
V] < [4] or [V] < [B].

Any nonzero submodule of a uniform module is also uniform, so by 19.7, [U] = [V], and
we have either [U] < [V] < [A] or [U] < [V] < [B]. Therefore [U] is prime. O

Of course, if U € R-Noeth as in this proposition then radannU = annU = P.

Given a prime ideal P in a Noetherian ring, the nonzero module R/P is Noetherian
and so, by [11, 4.15] has a uniform submodule, which by this proposition maps to a prime
element of M(R-Mod). Thus for Noetherian rings we have:

e Every nonzero prime element of M(R-Mod) is =-equivalent to a uniform factor
module of R/P for a prime ideal P.

e For every prime ideal P of R there is a uniform submodule U of R/P such that [U]
is a prime element of M (R-Mod).

Without further hypotheses, it is not possible to fill the gap between uniform factor
modules of R/P and uniform submodules of R/P :

Example 19.9. Let F be a field with characteristic zero and R = A1 (F') the Weyl algebra
over F. See [11, pages 14-16] for details. This ring is simple [11, 1.15], so 0 is the only
prime ideal of R. On the other hand, R is not a division ring. In particular, R has nonzero
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maximal left ideals. If I is such a mazimal left ideal, then S = R/I is a simple module and
[S] is an atom, and hence a prime element, of M(R-Mod). It is also trivially, a factor
module of R/ P where P =0 is the only prime ideal.

Since R is a domain but not a division ring, it has no simple submodules: If I were a
simple left ideal, then for any 0 # x € I we would have R = Rx < I. Since I is simple, this
would imply that R = I, and R is a simple left module. This in turn would imply that R is
a division Ting.

Since R has no simple submodules, the prime element [S] cannot be constructed from a
submodule of R/P.

In FBN rings we will be able to bridge this gap between between uniform factor modules
of R/P and uniform submodules of R/P.

Definition 19.10.
1. A prime ring R is left bounded if every essential left ideal contains a non-zero
two-sided ideal.
2. A ring R is left fully bounded if every prime factor ring of R is left bounded.

3. A ring R is left fully bounded Noetherian (left FBN) if it is left fully bounded
and left Noetherian.

Right bounded, right fully bounded and right FBN rings are defined in the obvious way.
We will not need to discuss these right-handed variations, and so following the pattern
already established for Noetherian rings, any ring labeled as FBN, will be assumed to be
left FBN.

Proposition 19.11. Let R be an FBN ring and A € R-Noeth. Then there exist submod-
ules 0 = Ag < Ay < ... < A, = A such that, fori=1,2,...,n, P, = ann(A;/A;_1) is a
prime ideal of R, and A;[A;_1 is isomorphic to a uniform left ideal of R/P;.

Proof. See [11, Theorem 8.6]. O

If R is a commutative Noetherian ring then we may take A;/A4;_1 to be isomorphic to
R/P; in this proposition. See, for example, [22, 6.4].
Reinterpreting this as a property of M (R-Noeth) we get

Corollary 19.12. Let R be an FBN ring and A € R-Noeth. Then
[A] = [Uh] + [U2] + ... + [Un)

where, fori=1,2,... ., n, P, =annU; is a prime ideal of R, and U; is a uniform left ideal
of R/P;.

In this proposition we include the case A = 0 by defining the sum of an empty set of
terms to be 0. If R is commutative Noetherian, then we can take U; = R/P;, so that if
A € R-Noeth then

[A] = [R/Pi)+ [R/P2] + ...+ [R/Py)
where, for : =1,2,...,n, P; is a prime ideal of R.

Since, by 19.8, each term in the summation of 19.12 is prime we have

Proposition 19.13. If R is an FBN ring, then M(R-Noeth) is primely generated.
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Proposition 19.14. Let R be an FBN ring, A € R-Mod such that [A] is a prime element
of M(R-Mod) and P = radann A. Then A =0 or [A] = [U] where U is a uniform left ideal
of R/P.

Proof. If A # 0, then, from 19.12, [A] = [U1] + [Us| + ... + [U,] where for i = 1,2,...,n,
P; = ann U; is a prime ideal of R, and U; is a uniform left ideal of R/P;. Since [A] is prime,
it is also indecomposable, so there is some index I such that [U;] = [A]. This then implies
that P = radann A = radann U; = Py [l

In FBN rings we have therefore that every prime element in M (R-Noeth) is, up to =,
in the form discussed in 19.8.

Corollary 19.15. Let R be an FBN ring. Then the restriction of the radann map to prime
elements of M(R-Noeth) is strictly increasing.

Proof. Suppose [A] and [B] are prime elements of M (R-Noeth) such that [4] < [B] and
radann[A] > radann[B]. From [A] < [B] we get radann[A] < radann[B], hence radann[A] =
radann[B]. Set P = radann A. If P = R, then A = B = 0 and [4] = [B] = 0. Otherwise,
from 19.14, there are uniform left ideals U and V of R/P such that [A] = [U] and [B] = [V].
From 19.7 we get [U] = [V], so finally [A] = [B]. O

Now we prove the main theorem of this section:

Theorem 19.16. If R is an FBN ring then M (R-Noeth) is Artinian.

Proof. Since R is a Noetherian module, SSpec R is an Artinian monoid (the minimum
order in SSpec R is reverse inclusion). The subset of prime elements of M(R-Noeth) is
mapped to SSpec R by the radann map which, by the corollary, is strictly increasing. So,
by 2.17, the subset of prime elements of M (R-Noeth) is Artinian. Since M (R-Noeth) has
refinement and is primely generated (19.13), we can apply 12.13, to get that M (R-Noeth)
is Artinian. |

From 13.1, 13.2 and 17.4 we get

Corollary 19.17. If R is an FBN ring, then M (R-Noeth) and @R—Noeth) have weak
cancellation, strong separativity and <-multiplicative cancellation. M(R-Noeth) is a join-
semilattice when viewed as a poclass.

By the last claim we mean that any pair of elements a,b € M(R-Noeth) has a supremum
aVbe M(R-Noeth). It may not be true that a Vb = a + b.

We consider again the relationship between SSpec(R) and M (R-Mod) that we began in
Section 18. Recall from 18.9 that the monoid homomorphism ¥: SSpec R — M (R-Mod)
defined by ¥(S) = {x [R/S]} for all S € SSpecR, is a right inverse for radann, that is,
radann oV is the identity map on SSpec R.

From 19.3, we have, for R Noetherian and A € R-Noeth, that

[A] < [R/radann A].
Equivalently, this says that
{<[4]} < {x [R/radann A]} = ¥(radann A) = ¥(radann{x [A]})
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for all {= [4]} € M (R-Noeth). For FBN rings this inequality becomes an equality:
Proposition 19.18. Let R be an FBN ring, and A € R-Noeth. Then
{x A} = {x [R/radann A]}.

Proof. From the above discussion we have {x< [A]} < {x [R/radann A]}. So it remains to
prove the opposite inequality. . .

From [11, Theorem 8.9] there exists a finite subset {a1,as,...,a,} C A such that ann A =
N;_, ann(a;). Let ¢: R — A™ be the homomorphism defined by ¢(r) = (rai,ras, ..., ray).
Then ker¢ = ann A, and R/ann A is isomorphic to a submodule of A™. In addition,
ann A < radann A, so we get

[R/radann A] < [R/ann A] < [A"] = n[A],

That is, [R/radann A] < [A] and {x [R/radann A]} < {x [A]} O

Corollary 19.19. Let R be an FBN ring. Then radann: M(R—Noeth) — SSpec(R) is an
isomorphism with inverse V.

Proof. We know already that the homomorphism radann oW is the identity homomorphism
on SSpec(R). The proposition says that ¥ o radann is the identity homomorphism on
M(R-Noeth). O

In the remainder of this section we will calculate M (R-Noeth) for commutative principal
ideal domains (PIDs) and Dedekind domains. These are commutative Noetherian rings and
so are FBN.

First we note a few simple properties of domains:

Proposition 19.20. Let R be a (possibly noncommutative) domain and r = [R].
1. If I = Rx is a nonzero principal left ideal of R, then
[R] + [R/1] = [R].
2. For every nonzero left ideal I we have [I] = [R].
3. [R] is a prime element of M(R-Mod).
If, in addition, R is Noetherian and A € R-Noeth, then
4. n,.([A]) < o0
5. n.([4]) =0 < [A] < [R]
6. (VneN) (n.([4]) =n < [A] =n[R)])

Proof.
1. As left modules we have I = R, so [I| = [R] and [R] + [R/I] = [I] + [R/I] = [R].
2. Any ideal I of R is a submodule so we get [I] < [R]. For the opposite inequality, let
x be a nonzero element of I. Then, as in 1, [R] = [Rz] < [I].

3. To show that [R] is prime, it suffices to show that it is indecomposable:
Suppose [R] = [A]+[B] = [A® B]. Then R and A® B have isomorphic submodule
series. Without loss of generality, we can assume that the submodule series for A® B
is a refinement of the series 0 < A ® 0 < A @ B which has factors A and B. The
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first nonzero factor module in the series for R is a nonzero ideal, I, say, which by 2
satisfies [R] < [I]. Using the isomorphism of the submodule series, I is isomorphic
to a factor in the series for A @ B. Thus either [R] < [4] or [R] < [B].

4. Since M(R-Noeth) = {< [R]} is a strongly separative refinement monoid, [R] is
free. Also A is Noetherian, so we have [A] < [R] and Lemma 11.32.1 applies.

5. From 11.32.

6. From 11.32.

We can now describe precisely the structure of M (R-Noeth) when R is a PID:

Proposition 19.21. Let R be a commutative PID and r = [R] € M (R-Mod).

1. 7+ [S] = r for all simple modules S, and so r+a =1 for all a € soc(M(R-Noeth)).
2. For all a € M(R-Noeth) we have n,(a) < oo and

e n.(a)=0 < a<r < a € soc(M(R-Noeth))

e (VneN) (n.(a) =n < a=nr)

Proof.

1. Any simple module S is isomorphic to R/I for some maximal ideal I. Since I is
principal, we get, as in 19.20.1, [R] + [S] = [R].

2. The prime ideals of R are 0 and all maximal ideals. From 19.12, every element of
M(R-Noeth) is then a sum of elements of the form [R] and [R/I] where I is a
maximal ideal, that is, R/I is simple and [R/I] is an atom. Using 1, an element
a € M(R-Noeth) is then either in soc(M (R-Noeth)) or a = nr for some n € N.

From 1, a € soc(M(R-Noeth)) implies a < r implies n,(a) = 0 . In the converse

direction, since n,(nr) = n for any n € N, n,.(a) = 0 implies a € soc(M (R-Noeth)).
The rest of the claim is then trivial or is proved in 19.20.

O

This proposition, and the fact that soc(M(R-Noeth)) is isomorphic to the free monoid
generated by the atoms of the monoid, suffices to determine M (R-Noeth) for PIDs. Notice
that {=r} = {r} and so G, is the trivial group.

The next most complicated rings after PIDs are Dedekind domains. What distinguishes
M (R-Noeth) when R is a Dedekind domain from the same monoid when R is a PID, is that
in the former case, G} may be non-trivial. In fact, we will show that G is isomorphic
to the ideal class group of the ring.

Before discussing this fact, we recall the definition and some of the properties of Dedekind
domains. For more details, see [26, Chapter VIII.6]. There are many equivalent ways to
define Dedekind domains — we will choose one which will be useful in the proofs of the
upcoming theorems:

Definition 19.22. A Dedekind domain is a hereditary commutative domain. A frac-
tional ideal of a Dedekind domain R is a nonzero finitely generated R-submodule of the
quotient field of R.



Section 19: Noetherian and FBN Rings 167

Proposition 19.23. Let R be a Dedekind domain.
1. R is Noetherian.
2. All nonzero prime ideals of R are maximal.

3. FEvery fractional ideal is isomorphic to a nonzero ideal of R.
4. For all fractional ideals I,J of R

I¢eJ=ROI1J

5. For every fractional ideal I of R there is a unique fractional ideal, written I~1, such
that I(I7Y) = R.

6. Every nonzero projective module P € R-Noeth is isomorphic to nR ® I for some
n € Z% and nonzero ideal I. The number n is uniquely determined by P and the
fractional ideal I is determined up to isomorphism.

Proof. See [26, Chapter VIII.6] and [24, Chapter 7]. O

Definition 19.24. Let R be a Dedekind domain. For a fractional ideal I of R we will write
(I) for the set of all fractional ideals of R which are isomorphic to I. Then the ideal class
group of R, Z(R), is the set of all isomorphism classes of fractional ideals with operation
defined by

(1) + () = (1J).
Proposition 19.23.5 ensures that Z(R) is a group with identity 0 = (R).

Suppose that R is a Dedekind domain and r = [R] € M (R-Noeth). In the next propo-
sition we will show that G, = Z(R). To do so, we will need to think of {=r} C M itself as
the group G,. Recall from 10 that, since M(R-Noeth) is separative, we can do this if we
define the group operation +, in terms of the monoid operation as follows: If 1,79 € {= r}
then r; 4+, ro = r3 where r3 € {= r} is the unique element such that r; + 7o = r 4+ r3. With
this group structure on {= r}, r is the identity element.

Theorem 19.25. Let R be a Dedekind domain, M = M(R-Noeth), and r = [R] € M.
Then the map o: Z(R) — G, = ({=r}, +,) defined by o({I)) = [I], is a group isomorphism.

Notation: In this proof it will be convenient to write nR, instead of R™, for the direct
sum of n copies of R.

Proof. First we note that, since R is a Noetherian domain, Proposition 19.20 applies. In
particular, any fractional ideal I is isomorphic to a nonzero ideal of R, and so o({I)) = [I]
is in {= r} = {= [R]}. The identity (R) of Z(R) maps to [R] = r which is the identity of
({=r},+,). Further, for fractional ideals I, J we have

o((I) +(J)) = o({1.J)) = [1J]
and also from 19.23.4,
o) +o({( )=+ [J]=I®J =[R®IJ]=[R]+[IJ]]

Thus o({(I) 4+ (J)) = o({I)) +» o({J)), which makes o a group homomorphism.
We will show that o is an isomorphism by constructing the inverse homomorphism. To
do this we define first a map A: R-Noeth — Z(R) which respects short exact sequences. . .
Let A be a Noetherian R-module. Since A is finitely generated, there is a short exact
sequence of the form
0—-P—-mR—A—0
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where m € N, and P is a submodule of mR. The ring R is hereditary, so P is projective. It
will be convenient to assume that P # 0. This we can do since if P = 0, we can replace the
above sequence in an obvious way by

0—-R—-(m+1)R—A—0.

By 19.23.6, there is a fractional ideal I and n € Z* such that P =~ nR®I. Using 19.23.5,
we set A(A) = (I71).

We need to check that A(A) does not depend on the short exact sequence used. Suppose
we have a second short exact sequence for A,

0—-P —-mR—A—0,

with P 2 n’R @ I’. Then Schanuel’s Lemma, [26, Theorem 3.62], implies that P ¢ m'R =
P'@mR, that is (n+m/)R& T = (n' + m)R @& I'. The uniqueness part of 19.23.6 implies
that n+m’' =n'+m and I = I’. Thus I ~' 2 [~! that is, (I ~1) = (I"1).

Note that A(0) = A(R) = (R) = 0.

Suppose we have the exact sequence

0—A; — Ay — A3 —0

in R-Noeth. Using the method described above we can find projective resolutions for A;
and A3 to make up the top and bottom rows of the following diagram:

0

niR& I mi R Ay 0

O*>(n1 +n3)R@I1 @Igﬁ(ml +m3)R*>A2*>O

0

nsR @ I3 msaR Aq 0

0 0 0

Here I; and Iy are fractional ideals, mi,mo € N and ny,n3 € ZT. Using the Horseshoe
Lemma, [26, Lemma 6.20], we can fill in the middle row so that all rows and columns are
exact. Each new entry in the middle row is the direct sum of the corresponding entries in
the top and bottom rows. From 19.23.4, we get (n1+n3) RO DI5 = (n1+n3+1)R® I3,
so A(As) = (L)) = (7' Iy = (I7) + (I3) = A(A)) + A(Ay).

Since A respects short exact sequences, it induces a unique monoid homomorphism
A: M(R-Noeth) — Z(R). We will show that the restriction of A to {= r} C M is the
inverse map to o...

First we show that A o o is the identity on Z(R):
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Let (I) € Z(R) with I a fractional ideal. Then o({I)) = [I]. From 4 and 5 of 19.23, we
have I ® I~' = R@® R, so there is a short exact sequence

0—>I"1'>52R—>T1—0.

Thus A([1]) = (1)) = (1) and 50 A(o({1))) = (D).
Finally we show that o o X is the identity on {=r} C M:
Let [A] € {=r} for some A € R-Mod. To find o(A([4])) we find a short exact sequence
of the form
0—-nReI—-mR—-A—0
with m € N, n € Z* and I a fractional ideal. Then o(A([A])) = [I~!]. From the short exact
sequence we get m[R] = [A]+n[R]+[I], and from IS 171 = RS R, we get [I]+[I!] = 2[R)].
Combining these gives m[R] + [[7'] = (n + 2)[R] + [A].
From 19.20 we have n,.([4]) = n,.([I7!]) = 1, so applying the monoid homomorphism n,.
to the above equation gives m = n + 2 and hence m[R] + [[~!] = m[R] + [A].
We have [R] < [A] and [R] < [I] so that the separativity of M allows us to cancel m[R)]
from the equation to get [I~1] = [A]. Thus o(A([4])) = [[71] = [A].
]

We can now describe the structure of M(R-Noeth) when R is a Dedekind domain:

Theorem 19.26. Let R be a Dedekind domain and r = [R] € M(R-Mod).
1. For all a € M(R-Noeth) we have n,.(a) < co and
e n.(a) =0 < a<r < a < soc(M(R-Noeth))
e (VneN) (n.(a) =n < a=(n—1)r+[I] for some nonzero ideal I of R)
2. If a € M(R-Noeth) with n.(a) = n € N, then in the expression above for a, a =
(n—1)r+[I], the nonzero ideal I is uniquely determined up to module isomorphism.
We consider next how to add two elements of M (R-Noeth):
4. If a = [S] for a simple module S, then S = R/I for some nonzero ideal I of R. If J
is a nonzero ideal of R then
a+[J]=[JI].
In particular,
a+r=[I"1].
5. If I} and Is are nonzero ideals of R, then
[Il] + [IQ] =7+ [11[2]
In particular,
1]+ [ '] =2r

for any nonzero ideal 1.

Proof. We consider first the addition rules 4 and 5. ..

Item 5, of course, is just a restatement of 19.23.4.

To prove 4, suppose a € M (R-Noeth) is an atom, that is, a = [S] for a simple module S,
and J is a nonzero ideal. We have S = R/I for some nonzero ideal I, so a+[I] = [S]+[I] = .
Adding [J] + [I7'] = r + [JI7!] to both sides gives

a+[J]+2r = [JI Y +2r.
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We also have r < [J],[JI~!] and so we can use the separativity of M (R-Noeth) to cancel
2r from this equation to get a + [J] = [JI7].

From 19.23.2, we have that the prime ideals of R are 0 and all maximal ideals. Exactly as
in 19.21, this implies that M (R-Noeth) is generated by r and the atoms of M (R-Noeth),
and also that n,(a) =0 <= a < r <= a € soc(M(R-Noeth)).

Suppose n,.(a) = n € N. Then, by 19.20, a = nr so a = nr + s for some s < r, that is,
s € soc(M(R-Noeth)). Using 4, we can write a = (n — 1)r + [I] for some nonzero ideal I
of R. This ideal is unique up to isomorphism, since if a = (n — 1)r + [I] = (n — )r + [I'],
then, using r < [I],[I'] and the separativity of M (R-Noeth) we can cancel (n — 1)r from
this equality to get [I] = [I']. By 19.25, this implies that (I) = (I’) in Z(R), and hence
=N (]

We have already noted in 19.17 that, for an FBN ring R, the monoid M (R-Noeth)
will have <-multiplicative cancellation. With our new understanding of the structure of
M (R-Noeth) for such rings, we can show that M (R-Noeth) may not have multiplicative

cancellation. Specifically, we will show that 2a = 2b does not, in general, imply that a = b
in M(R-Noeth):

Example 19.27. Let R be a Dedekind domain whose ideal class group is isomorphic to
Zy. An example of such a ring is R = R[X,Y]/(X? +Y?% —1). See [23,12.1.6]. Let I be a
nonzero ideal of R such that (I) # (R) = 0, and 2(I) = (I?) = (R) = 0 in the ideal class
group. This implies in particular that I? = R, so, using 19.25 and 19.23.4, we get

2] =[[®I]=[R®I°] = [R] +[I*] = 2[R],

and [I] # [R].
Thus M (R-Noeth) does not have multiplicative cancellation.
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