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Topic 5-

Eigenvalues , Eigenvectors
,

and Diagonal ization



①

Def : Let V
be a vector space

over

afield F. Let
T : ✓ → V

be a

linear
transformation .

If ✗ c-✓

with ✗ ≠
and TCH

= Xx

where XEF,
then we

call ×

an eigenvector
of T and X

the

eidi¥
.

ICx≠ )

n⇔¥÷i÷÷:



ELI Let V=R2 and F- IR . ②

Let T : IRI> IR
≥

be given by

you
can

T is a
1- (5) = (¥+1b) ←;;÷¥[
We have

that
11-31-11

Tf:/ = (ya)+za, /
= (E) = -2 (f)

So
,
✗ = (f) is an eigenvector

with

eigenvalue
✗ = -2 [because 1- (x ) =

- 2- ×]

Also ,

1-
(71--4%+4%1)=(81--517)

So
,
y = (7) is an eigenvector

with

eigenvalue ✗ = 5 [because Tly )=5y]



③
E Let

✓ =P, / IR)={
atbxtcx / a.b.CEIR}

f- = IR
can

T :P, ( IR)
→ P2 (R)

this is

Tlatbxtcx
≥ )=b+2c×

}¥£
[Note that

1- (f) = fi]
transformation

BAR)
PIR)

+×1- •
- • o=o.1]

Note that

1- (1) = 0=0.1

So
,
1 is an eigenvector with eigenvalue

✗ = 0 .



④

De Let V be a finite-

dimensional vector space
over a

field F.
Let T : ✓

→ V be

a linear
transformation .

We say
that T

is diagonalizing

if there
exists

an
ordered

basis p
for V such that

[T]p is a
diagonal matrix

.

R:Adiixh
d , 0

• . . 0

the form ( °;%i÷ ;)



E Let T : IRL> IR
' ⑤

be given by 1- (5) = (49++38)
We saw on Monday that

(4) and (7) are eigenvectors
for T .

You can check that
(4) , (7) are

linearly independent
and thus

since

there are
two of them

and

dim ( 1124=2 they
form a

basis for IR?

Let 13=[41,17-1] .

Let's compute [T]p.←[t]%
1- (f) = (E) = -2 (f) =

- 2. (4) to (7)

:¥:¥¥÷÷::i÷:¥



Thus . [t]p=(? 8)

wÉÉ¥÷÷¥;
⑥

Let v.
= (4) , vi. (7) .

We know

B. = [v , ,
V2) is a basis

for IR?

Given any
✗ EIR

≥

we
can
write

✗ =
C

,
V
,
1- Czvz .

Then
,

1- ( x ) = 1- (Civ ,
+ Czvz )

1- is
TEC

,
T (4) + CzT(Vz )

lined ME c
, C- Zv , / tcz

(5h )

Tlv
,)= -24 =

- 2C ,
V
,
+ 5 Cz V2T(h=5In matrix notation we have

[T(xDp=[T]p[x]p=(T°s=(z)



theorems Let V be a finite - ⑦

dimensional vector space
over a

field F. Let
T : ✓ → V be

a linear transformation
.

T is diagonal
izable Iff

there exists
an

ordered basis

13 = [v , ,
V2 , . .

. ,
Vn] of V

Consisting of eigenvectors
of T.

Moreover,
if this is the

case

then
X ,

O 0 .
◦
◦
0

0 Xz 0
•
. ◦

0

E)p=( 0 ◦ ↳ •
•

•

? ): : :

o
o

°

O O
O •

◦ °
✗ n

where ti is the eigenvalue
corresponding to vi.



proofio Tis diagonalizable

Iff there exists
an
ordered basis

⑧

B=[Vi , V2, . Vn] of V such that

ie

÷: :-.:p[t]p=( ! ! !
.

is

diagonal

where di
>
dz
,
. . ,tn C-

Tiffthere exists an
ordered basis

P=[Y,Ve , . . ., Vn )
of V such that

Tlv
,
/ = 1,4+04+04

1- ' " torn

1-(vz ) = Or ,
tdzvztovzt . _ . torn

1- (b) = Out
Ovzttsvst - i. 1- 0th

i.
:

:
1-( Vn ) __ 041-04+04+1

" ttnvn

iff



Iff there exists an ordered basis

P=[v , ,Vz , .
Vn] of V

consisting of eigenvectors
of

⑨

T where
T(Vi)=tiVi

⑤ each ti
is an eigenvalue

for Vi] . ☒

Ñ?É
Let T :V→V

be a linear transformation

and P= [v , ,
V2 , . . ,

Vn) be an
ordered

basis of eigenvectors
with eigenvalues

Xi .

Let ✗ c-V.

Express
✗ =

C
,
V

,
tczvzt

. . _
tcnvn .

So
,

1- (x)
=TC9VitCzVzt.i.tCnVn1lEciTCvdtCzTCvz1t.i.tCnTCvn1Tli@a-qt.v

,
+ cizvzt

-
- - tcntnvn

TWi=d.}



Let's learn how to find the ④

eigenvalues
and eigenvectors

dimensional

vector space
over a

field F. Let

T : ✓
→ V be a

linear
transformation .

Let 13
and 8 be ordered

bases

Icx) = ✗

for V.
Then ,

det (G) p
)=det(G]s¥¥¥

proo [
Hw

5 # 4) We
have that

det (E) p/
= det (E)IT] ,

[I];)

☒
det([⇒8)

del- (G) o)det(
[1=7,5 )

def /ABI =
det([T]o)det([I]É)det([Ip

)

=ᵈet(Adet(=det([if)det([I]Ñ[IÑ
)

→
= To



=det([The)det([I¥I?Ñ )
[I]É=([1=7,4/-1

④
-

¥¥ñ¥

=de+(GHᵈet(¥In=(¥!÷=det(Edo)•1 I¥elements in 13

=det( CT]s) .

☒



÷:÷::makes the next definition

Def Let V be a finite -

dimensional vector space
over a

field F. Let T :
✓→ V

be a
linear transformation

.

The determinant
of T is

defined to be

detctl = det
( [T] , /

Where p
is any

ordered

basis for
V.



E Recall

BAR)={atbxtc.li/a,b,celR
}
④

Let T : B.
( IR ) → B. ( IR )

be given by T(atb×+cx4=bt2c×
T is a

linear
transformation .

Let's calculate
det ( T ) .

Let's pick p=[
1
,

×
,
×
≥]

( ie the
standard

basis )

1- (1) =
0
= 0-1+0

. ✗ +
0.x }

1- ( x )
= I = I.

I 1-
0.x +

0.x

1- ( ✗21=2
✗
= 0 . It 2 .Xt0.X

th%[t]p=[t] ? =/ § %)



Then, ④

det(T1=det(⑤É ! ) -1=0

[IfamatrixhaT[A row
or
column

expand of zeros,
then

◦ ^ its
determinantc is Zero

Éi
Let V

be a
finite -

dimensional

vector space
over

a field F
and

T : ✓→
V be a linear

transformation .

T is 1- I iff
detftl -1-0 .

Pro By HW
3 # 6lb ),

since
T.VN

we know
T is I - I iff T

is onto .

By HWS
# 5cal,

detct / =/ o iff

T is 1-1 and
onto . ☒



theorems Let V be a finite - ④
dimensional vector space

over a

field F. Let
T :v→V

be a linear
transformation .

""¥""""
"

]
TFAE

① There exists
an eigenvector

✗EV,
✗ =/ ,

of T

with eigenvalue
X .

② det ( T
- + I )=O

③ NCT- + I)≠{
}

IÉIÉTFAEmea_if one of

(THI) ( x )
É¥at②

,
or ③

is true
then

= -11×7 - + I /✗ 1=17×1-1×1 they are
all

true



prints ①③ ④

We will

prove
this like this &② @

É①l⇒③-
Suppose ①

is true .

That is,

there exists
✗ c- V,

✗ ≠ ,
where T( × )=t×

and ✗ c- F.

Then
,

T( × )=tI( ×
)←1Ih

So
,
1- ( x ) - tI( ✗ I

= É
.

Thus
,
(T- ✗I )(✗7=8 .

So
,
✗ ENCT

- ✗ I ) .

Since ✗ ≠É , NCT
- +I)≠{ 8 }

y



proofthal-30fz.GL : ④

Suppose ③ is true,
that is

NCT- ✗ I)≠ {
8 } for some

XEF.
.

Recall that
⑤ ENCT-XI )

because
T-XI

is a linear

transformation
and so by

HW 3 # 1cal ,
(1--11--118)=8 .

Since NCT- XI )
≠ { 8 } there

exists ✗ EV with ✗ ≠ 8

and ✗ ENCT
-XI ) .

Then, CT
-11=11×1--8 .

Thus, f- ✗I )(✗ 1--8=(1--11--115) .

Since ✗ ≠ this shows
that

T- XI is not
one - to - one .

By our earlier
discussion ,

det(T-XI / =0 .



1wofthat②D①# : ④

Suppose ② is true,
that is

det( 1--11--1=0
for some

XEF .

By our previous
discussion FXI

is not
one

- to - one .

This will
lead to

N(THI / =/ {
} .

Why ?

Since T
- XI is

not one - to - one

there
exists × , ,

Xz
with × ,≠Xz

and F- ✗I )(× ,
/ = (T - JI

)( ✗a) .

Then , (THI)(× ,
) - (T -XI

)( ✗a) =
É

Since T
- XI is

a linear
transformation,

F-DI)( × ,
-✗a) = É

Thus, × ,
-✗ < C-

NCT -XI )
and

since × ,≠Xz we
have × ,

- ✗z≠ .



Let ✗ = ✗ ,
- × ≥ .

Then
,
✗ 1=8 and (1--11--14)=8 .

④

So
,
Tlx ) - ✗ IN

=
.

Thus, 1- ( x
) = ✗ I(×) ] IN -_ ×

Hence,
T( ✗ I = ✗ ✗

So
,
✗ ≠

É is an
eigenvector

of T with
eigenvalue

X .



theorems Let V be a finite _ ④

dimensional vector space over
a

field F. Let T : ✓ → V be

a linear transformation .

Let p be an ordered basis for V.

Then ,

det(T- XI) =
det (G) p - + In)

where
In is the identity matrix

with n= dim (V ) .

Recall I
:V→V where I(×

)=x

for all ✗ C- V.



prints we have that ④

g@fofd
det / T -XI )= det ( [T

- ✗ I]p )

=
det ( [ftp.tf-ITp )

¥24
→

t.tl#(sjp.J=de+(E7s-
+ [I] , )

[Tts]p=

ET]p=c[t] ,
= det([1-7*-4 In )

Hws%
] ☒

[I]p= In



Def Let V be a finite - dimensional ④

vector space over a
field F and

let T :V → ✓ be a linear transformation .

Let t be an eigenvalue of
T

.

Define

E. CTI
-

_ { ✗ EV /IE=tx}

TH)=X✗
= NCT- XI )

→

Ttx ) -11-7×1=8÷÷:::÷[ERT ) is called the

eigen space
of T

The dimension

%?de the geometric

muHipliciH°jfHw
• E > (T )

is a

• C- + (t
) consists

of and all the

eigenvectors corresponding
to X .



D Let V be a finite-dimensional ⑤
vector space over a field F. let

T : ✓ → V be a linear
transformation .

Let p
be an ordered basis for V.

Then the function

Let n=
dim ( V ) .

f- (d)
= det(T -XI)=det(Elphin

)

is called
the cʰa%Yeis◦+ , of

polynomial .

.

ft ( t ) are
the eigenvalues

of T .

If ✗
◦
is a

root of f-
( t ) then

it 's multiplicity
as a root

is
called

the algebraio.mu/lip1icityofI
.

That is , the
alg .

mutt . of to is

largest positive integer kg
,

ythat ( X
- Xo)k is a

factor of ]



Ext Let T :lRˢ→1R3 be given ④
- 2C

by T( § / = (atzbtc)at 3C

You can that T
is a linear

transformation .

Let's find the
eigenvalues,

eigenvectors ,
etc for T.

Let's find the eigenvalues
.

first
,

ie the roots
of ft (t ) .

We need
to pick a

basis for
KIR?

Let p
= [v , >

V2 ,
vs] where

v.
= (

'

:') , vi. (9) > ↳ = (9)

13 is the standard
basis

for IR?

Let's calculate
[T] ,



We have

1-(4--19)=0.41+1-(11+1.19)
1- ( 11--1%1=0.41+2.18/+0

- (9)

1- (9) =p /
E) = -2%1+1.111+3

- (f)

H&)=(¥+É
Thus, [t]p=( I } ] )
so ,

f- (d)
=det( [t] , - +
I[¥É

=ae+µ : ;) - Y : : :D



= de+ (( ! 1- ( & %
°

;D ④

expand0nlum[= out

= - o . / i 1×1+12-+4 ?#
- ◦ . /
"

if
~

:F H¥:→F¥¥
= 0 + a-HE to

=
- 6×+215-4 + 3-12-13

- z×

= - +3+5×2- 8 t t 4



⑦

%""""""
Let
f- ( ×)=anX^tan . ,X

"_ '

+ ◦ ◦ ◦ + a. ✗ tao

where an .am . . " ""ⁿ""ˢan -1-0 , 9,1--0
.

If a
rational

number ¥ is a root
of f-(✗ 1,

then p
divides ao

and

g-diu.de#
This theorem gives you

a

listofthepossibleralior.atroots



The possible rational
roots of ⑧

f. (d) =
3+512-81+4

are ¥ where p
divides

=4

and 9-
divides -1 .

So, 12--1--1,1--2,1=4
and 9- =

-1-1
.

This gives
that possible

rational

roots are

E- = ±
1,1=2,1--4 .

¥{ = - ( itself-8411-4=0
f- C- 11=-1-113+51-112

-81-11+4--16=10
So the only

rational
f-
+
(2) = 0

roots of f-
+
(X ) are

f-f-2) ≠ 0 ✗ = / and 1=2 .

f- (1--4)=10



Since ✗ =L is a root of ft / t ) ④

we know - l ) is a factor

of f-
+
it .

Let's divide !

+ , É¥+

_t4tt◦4#r%mai%
Thus
,

It -111-+2+4+-4 )



Reca If r, ,rz are ⑧
roots of a ✗2+6×+2=0

thena×2tbxtc=a(x-r,)(x÷
The roots of -17-4-1-4 are

✗ = -4+-77-4%1,41=-4+-1-0--2
Thus ,

2 is a
root twice !

So
,

-12+4+-4 =_(t-2)
Thus,

f- (d) =(
t - 1) (-144×-4) ]

=
- ( X - 1) ( x

-25



④
E#
From last time :

T :1Rˢ→1R3 1- (E) = c)

f- ( t) =
-13+5,12-8×+4
=
- ( X - 1) ( X

- 2)
2

"

algebraic

↳
multiplicity

as

a
rootoff
,-
(t )



⑦

letkcakulate-GCTIE.lt/--{ (E) c- IN / 1-(E) =/ • (E)}
THE

= { ( Elek / E¥¥:/ =/ { I }
add

%?{1%1141*+4=1:Dat 2C

to

atbtc = 0 }
= { 1%-1*1 ◦

Let's solve the
following system :

_:a+•¥ÉE



⑤

Fi -4 :|I 0 2

" ( i , ! :| :/

-17+13-43 ( ↓ 1° -21 / 8)
°re%

This gives
+ 2C

= 0 leading
variables

a ,
b⑨⑥ free variable

0=0 C

Give free variable new name .

Let c-- t .



Solve earns for leading variables . ④

8b. = C

Back substitute :

c-- t

② b=c=t

① a
= -2C =

-2T

Thus ,

E.H={ [¥1 / tell}
={tF://t.IR}
= span { (T )}



⑤
Let p ,=[f ! )] .

Then p , spans
E , (T )

and since

13 , consists
of one non - zero ]④

vector , P , is a
1in . Ind .

set .

So
, p , is

a
basis for E ,

(T )

The geometric
multiplicity

of

+ =\ is dim ( ERT ) )
= ¥

Let's calculate
Ez (T ) .

EITI -_ { (E) c- RYT(
{ 1=2 . / & )}
¥=z×

={(E) c-HE:&:) -1%1 }



=p { (E)
≤RYE E) =p:)}④a tc

add
a
tc = 0

(÷;)
Lets solve _z;Y¥
f. : -4 :/⇒¥p

: :/
°

to ,
8)

I 0 I

±E%µ : :| :)
- 12,1-123-3123 o o o

0

This becomes

⑨tg%
leading variables
a

0=0 free variable

b
,
c



Set b=t ⑤
c = S

Then
,

a = - C =
- sbc¥wherest

So
,

EdH={[¥ ) / ster}
= { 1%1+1%1 / ster}

={s(F) + tl://s.tk}
= span /{ till:|})



④Let 1%-11%1,1 :D .

Since (F) ' (f) are not
multiple '

of each other , by
HW they form

a linearly independent
set

.

So
, Pz is

a basis for E-< (T ) .

Thus
,
the geometric

multiplicity

of ✗ = 2 is dim ( Ez (1-1)=2

¥::÷÷÷÷÷:÷÷÷:÷:*



Let p=p,upz=[ (71,1-41,1%1)⊕

One can show p is a basis
for IR?

What is [T]p ?

4%1-11=1.41+0
- (F) + of:)

1- (F) = 2. F. 1=-0
. (7) + 2. (F) +0-(81

411--41)=0.171+0-(-41+2.11)
So
,

[t]p=( ! & E)
Thus
,
T is diagonal izabk



E Let ④

T : KURI→ KIK)

1- (f) = f
'

1- (atbxtcx2)
= btzcx

Let's find the eigenvalues of T.

Let F- [ 1
,
× ,

✗
2]

Then,

T( 1) = 0 = 0.1+0
- ✗ to

- ×

≥

TCX / = I = 1. It 0.x
+0 - ✗

2

T(✗2) =
2. ✗ = 0 . It 2- ✗

to - ✗
2

Thus ,

E) •=/ % ! %)



Thus, ④

f- (d) = det (G)it Is )

=detK : :| -1¥ 1)

= det -1 :)
O O

-X

texpandonthiscdunnIFQI.IT
=
- × . /¥, + ◦

to

=
-+ [+2-0]

FÉ =
- i

= _ ( f- ◦ 13



Since f-A) = - (-1-0) } ⊕
.

4=0 is the only eigenvalueof!
and it has

algebraic multiplicity 3 .

Lets calculate E. (T
)

.

EITI
= { atbxtcxzc-P.HR//T(a+bxtcx4=0(atbx+cxY}
= {atbxi-c-ic-P.dk /b+=
={ a Iaea} or

= { a. 1 / AER}=span({
1 })E



Thus
, p=[ 1] is a basis for EITI . ④

So
,
4=0 has geometric

multiplicity dim ( ECT ) )
= / q

# elementsi%

÷÷÷÷=-=T÷¥÷÷¥i¥i::÷:i≤
In this example

there aren't

enough eigenvectors
to diagonalize

T
.

It turns out that
T

is not diagonalize
able .

We

need 3 1in .

ind .
eigenvectors

and we only have 1
.



Lemma:_ Let T :v→V
be a linear transformation

where
④

V is a vector space
over a

field F.

Let V1 , V2, .
.

,
Vr be eigenvectors

of T with eigenvalues ditz,
. . .ir

Such that Xi
=/ Xj when i≠j

.

Then
,

V1 , V2 ,
.
. .

,
Vr are

linearly

independent .

[So,
eigenvectors from

different /distinct

eiycnspaces are linearly
independent

]
proo We prove by

induction on r.

Baseca Suppose r=l .

Suppose V
,
is an eigenvector

of T .

By def of eigenvector
V. ≠

By HW 2 # 6, { v , } is a
linearly

independent set .



Tnduct.vn#: Suppose any
k ④

eigenvectors of
T with distinct

eigenvalues
are linearly independent .

Nowweproveforktl
:

suppose V1
,
V2
,
. . .,
Vk ,Vk+ ,

are eigenvectors

of T with corresponding eigenvalues

✗ iiz , - - y
Xk, Xkt ,

where Xi ≠ Xj

if i≠j .

Consider the
equation

GV ,
+ carat .

. -
t ckvut Cut

,Vk+FÉ (4)⇐
Where

Ci ,
C2
,
- iyckt ,

can be in

Apply T
to 11--1 and

use
the

formulas 1- ( Vi)=XiVi
and 1- (8)

=É
.

This gives }



We get ④

TEN ,
+ . . _ . + cut ,Vu+ , ) = T( )

I
which becomes

C
,
T(4) t . . _ . t cut ,T(

Yet , ) =

Which becomes

ciiYt-itCktwVntCktitktInHg@ii.Y.it?+::i::i:::+.x.+.u:i*---E-mpng*t--t-t---w#-
✗ kti) V ,

t Cz i idk+ , )
V2 t . . .

n.tcncri.hn/Vr=0#



Since we have k eigenvectors v1
,
. . . ,Vk ④

with distinct eigenvalues we can

apply the
induction hypothesis and

get that vi.
V2
,
. .

, % are 1in .

Ind .

Thus (***
* ) gives

c. ( X ,

- Xun , ) = 0

Cziz - ✗ K+ , )
= 0

:
Ck( Xie- tut , )=

0

Since

4- tut , -1-0,
tithe , -1-9 - - .

,
he- Xk+ ,

-1-0

we must have

C
,
= Cz = . . .

= Cw = 0 .

Plug this back
into (4) and get

ckti Vkt ,
=



gives cut ,
= 0 .

Thus
,
C

,
= Cz = - - .

= Cu = Cut , = 0

are the only solutions
to

<
, Vit

. - - t Cnvkt Cut, Viet ,
= .

So
,
V. ,

V2 ,
-
. .,
Vk Are

"" ""

linearly independent .



theorems Let V be a finite - ④
-dimensional vector space

over a

field F. Let
n=dim(V1 .

Let T
:V→V be a linear transformation

Let t.cz , . ..ir
be the

distinct

eigenvalues
of T.

Let hi , . . . ,nr
be their geometric

multiplies, ie
ni __

dim ( ENT ) )

For each i ,
let

A- = [Vi, , , Vi , ≥ ,
◦ ° ,
Vi
, ni
]

be an
ordered basis

for Eti (T )

7



Let ⑤

13--13,013<0 . - - Upr

= [ Vi , , ,Vyz , _ ., V1 , n ,

← basis for
> E > , (T )

V2
,
I
,
✓
2) 2) • ◦ ° ) V2,nz ,←

basis for

◦
Exact)

:

V51 ) V42 , . .,
Vr
, nr] ←

basis
for

Esr (T )

Then
, p

is a linearly independent
set

.

④never, 13. might
not be

a
basis]for V.

Moreover ,

13 is
a
basis

for V

Iff hit
. . . + nr

= / is /
=

niffT is diagonalize able .



proofs
we first show p is a

1in
.

ind .

set .
④

Suppose

ÉÉicinvin=I
Where Cin

EF
.

G0a Show Ci,u=0
for all ik .

By HW 5 # 6,
E > i
(t ) is

a

subspace
of V .

Thus ,
since Vi, , ,

• ◦,
Vini

E Eti (T )

we know ni

Wi
= §

,

Cik Vik

is in E-
×;
(t ) .



So
,
(* ) becomes

WitWzt...tWr=Ñ(*#✓
④

itiic
We will now show that

W
,
= Wz = . . .

= Wr
= .

Suppose this
isn't the

case .

By

reordering /
renumbering

if necessary,

there must
then exist

in
with

l≤m≤ r
and Wi -48

if I ≤ i≤
m

and wi=É
if m

< i.≤ r



Thus (** 1 becomes

WitWzt...tWm=o→(**f
But then since

each Wi is
in Exit)

and non - zero,
we have

m eigenvectors

Wi
,

_
. .,
Wm with distinct

eigenvalues

di , _ . .tn
Satisfying the

dependency

relation (
*** )

ie 1-w.tl - wzt.it/.wm--
É

.

This would
contradict the previous

lemma .

Thus
,
W

,
=wz=

. .
_

= wr=É

↳ w.in?ici.uvi.u--ECEF-*
for each i



But by assumption, ④
Bi = [Vi, , , Vin , .

. _ , Vini]

is a basis
for E > ,

(t ) and

hence 13 is a 1in .

ind .

set
.

Thus from [ **
** )
,

Ci,k= 0
for all
i
,
k .

Thus
,

we've done
it !

13=13,0%-0 Br
is a 1in .

ind .

set
.

Moreoverpart :

since p is a 1in .

ind .

set and

a- dim (
V1
,
p will

be a
basis

for V iff Ip
/ = n = dim

(V )
-

hit Nzt • • • t Mr



Now we will show n=n
,
t - - - + Mr ④

iff T is diagonalize able .

[ Recall : ni-dimc-ta.lt/),n--dim(VD
(A) Suppose T is diagonal izable .

This means there exists
an
ordered

basis 8 of V of eigenvectors
of T .

Let D- = 8
ME> e. (

T ) for it ,
-⇒
r

.

Then
,

8=8 ,
V82V. . - U Jr

.

r

Then,

n =
dim (2¥81

) = Edin
(spank ;) )

e- = I

↑

dim (v)

And dim !s÷¥;D
≤ dim /ExitD=

ni

of E>:(Tl



Thus
,

n=Édim(span(oiD≤§,ni=n,+...+e- = 1

But since p is a
1in .

ind .

set with

nitrate .
_
+ Mr elements

and

they
sit inside

V with dim =n

we
must have

nitnzt.--tnr≤
By the

above two equations

n = hit nzt
.
_ .
+ Mr .



⇐D) Suppose
that ⊕

A- hit
. . .
1- Mr.

Wdimlvirtteementsinp

Then
,

13 is a basis
for V

consisting
of eigenvectors

of T .

[Because we know p
is a

1in .

ind .

set
.

and if Ipkdimcv
)

it must span
V also .]

Thus T is diagonal ,
-

2-
able

.

☒



about eigenvalues ⑧

0nemorethinghe.tvbe a finite-dimensional

rector space over
a field F.

Let T : ✓
→ V be a linear

transformation .

Then :

① Let ✗ be an eigenvalue
of T.

Then, algebraic
geometric

1 ≤
multiplicity ≤

multiplicity

0¥ m¥iÉoft
as a

root
dim (EXAM

of ←
haracteristic

polynomial
of T

② T is diagonalize
able
iff

molt .
of -1 )

(
geometric

multi ) = (
algebraic

of ×

for all eigenvalues
X

.



HW5①C ④

Check this
isT : 1311121 → BIR ) ] "[µ!!

1- (f) = f 't f
"

transformation

É!¥:%÷TB⇔
13=[1,11×3×3] ← ˢ¥s!
Make [

T]p

1- (1) =
0+0=0.1+0×+0

✗
2+0×3

1- ( ✗ /
= 1 to

= I • It
0×+0 ✗

2+0×3

1- ( x2 )
= 2×+2=2

. It
2×+0×40×3

1- (✗3)
= 3×2+611=0

. It
6×+3×40×3

0 0 2
6

a-i.=/ ! ! ! ;)



Thus , ⑥

f-
+
ill = det ( [ T ] p

- ✗ I y ).

0 I 2
°

◦ ×
O O

O O 2 6

=
•+4 : : : :) - (: : : :pO O O ×

=ae+(ÉHe÷;
⇒ I¥f+#+o
¥÷I

""
" °



④
= C-Hft )[C-Htt ) - (3) lol]

= +4=(-1-0)
"

so
,
4=0 is the only

eigenvalue

with algebraic
multiplicity

of 4 .

Eigenspacetr.me?---O.(atbxtcx7dxYEo(Tl--5a+bx+cx2+dx3/T(atbxi-cx4d✗4 }

={atbxtaitdx
} / (
bt2c✗t3d×4t(2ct6dx

)}
= 0+0

*
+0×2+0×3

= { atbxtaitdxs /
(
bt24t(2ct6dl×t3dx2 }
= 0+0

☒
+0×2+0×3

2C +64=0
we need

to solve bt2c,a=



= 0

b+É+§da=gffg;!
⑤

b- a ,d
⇒ ¥aᵈi!{?;Y

"

a=t

③ D=
0

② < =
-3d=

-3107=0

① b=
-2=-261--0

Edt)={ t / tell}={
tilter}

=span({ 1 } )



④

for E. ( X )

Thus , geometric
mutt . of

X is 1 .i.
±

basis
for

Is T diagonal
izable ? ]

Not enough
eigenvectors .

We only
have I 1in .

ind .

eigenvector .
We need 4 to

diagonalize
T because

dim ( B. ( IRI
)

= 4 .


